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The talk I will present di�ers a bit from typial ETMC talks...

typial ETMC this talktheory QCD QEDdimension 3+1 1+1fermions twisted mass staggeredformulation Lagrangian Hamiltonianmethod Monte Carlo tensor networks
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1. Introdution

• Motivation � Lattie QCD

• Shwinger model

• Hamiltonian approah

⋆ strong oupling expansion

⋆ Matrix Produt States2. Results

• Ground state energy
• Vetor and salar mass gap
• Chiral ondensate T = 0

• Chiral ondensate T > 03. Prospets

Based on:

• K. Cihy, A. Kujawa-Cihy andM. Szyniszewski, �Lattie Hamiltonianapproah to the massless Shwingermodel: Preise extration of the massgap,� Comput. Phys. Commun. 184(2013) 1666, [arXiv:1211.6393 [hep-lat℄℄

• M. C. Bañuls, K. Cihy, K. Jansenand J. I. Cira, �The mass spetrum ofthe Shwinger model with Matrix Prod-ut States,� JHEP 1311 (2013) 158,[arXiv:1305.3765 [hep-lat℄℄

• M. C. Bañuls, K. Cihy, J. I. Cira,K. Jansen and H. Saito, �MatrixProdut States for Lattie FieldTheories,� PoS(LATTICE 2013)332,[arXiv:1310.4118 [hep-lat℄℄



Lattie QCD
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• The most ommon approah to Lattie QCD simulations onsists insampling the QCD path integral numerially via the Monte Carlo method.
• The QCD path integral: Z =

∫
Dψ̄DψDU e−Sgauge[U ]−Sferm[ψ,ψ̄,U ].

• The fermioni degrees of freedom an be integrated out:
Z =

∫
DU e−Sgauge[U ]

∏Nf

f=1 det(D̂f [U ]),where det(D̂f [U ]) is the determinant of the Dira operator matrix for fermion�avour f .

• The fermioni determinant det(D̂f [U ]) is by far the highest ost in a MCsimulation. But, due to γ5-Hermitiity (γ5D̂fγ5 = D̂†
f ) it is real, so MCsimulations are possible:

det
(

γ5(D̂f +m)γ5

)

= det
(

D̂†
f +m

)

= det
(

D̂f +m
)†
.

• First approximation ⇒ neglet the determinant (�quenhed approximation�) �ommonly used until early 2000s.
• Dynamial simulations ⇒ take the determinant into aount.



Problems of Lattie QCD
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LQCD simulations led to spetaular suesses.However, there are some areas where progressis hard to ahieve:

• non-vanishing hemial potential µ � if µ 6= 0,the determinant beomes omplex:

det
“

γ5(D̂f + m + µγ0)γ5

”

= det
“

D̂
†
f + m − µγ0

”

=

= det
“

D̂f + m − µ∗γ0

”†
,determinant real only if µ taken to be purely imaginary.Ways to takle the problem: reweighting, Taylor expansion, analytiontinuation from imaginary µ.

• LQCD works in Eulidean spae, related to Minkowski spae by analytiontinuation � hene time is imaginary. Hene, it is not possible to simulatereal-time phenomena, i.e. non-equilibrium dynamis.Alternative approahes wanted for these lasses of problems!Tensor Networks?
[ K. Fukushima, T. Hatsuda, Rep. Prog. Phys. 74 (2011) 14001]



Road map to QCD with Tensor Networks
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The way to apply TNS to QCD is a long one.
• START: Shwinger model, i.e. an Abelian gauge theory with U(1)gauge group, 1+1 dimensions

L = −1

4
FµνF

µν + ψ̄(i 6∂ − g 6A−m)ψ

• NATURAL NEXT STEP: non-Abelian gauge theories (SU(2),SU(3)) in 1+1 dimensions
• AND ALSO: go to 2+1 dimensions
• FINALLY: go to 3+1 dimensions, non-Abelian gauge group SU(3)for QCDAll these next steps non-trivial and hallenging.



The Shwinger model
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The Shwinger model is QED in 1+1 dimensions:
[ J. S. Shwinger, Phys. Rev. 128 (1962) 2425 ]

L = −1

4
FµνF

µν + ψ̄(i 6∂ − g 6A−m)ψwhere ψ is a 2-omponent spinor �eld. The �eld strength term is:

Fµν = ∂µAν − ∂νAµ.The oupling g has dimensions of mass (theory super-renormalizable).Using g as the sale of energy, the physial properties of the modelare then funtions of the dimensionless ratio m/g.

• simplest gauge theory
• but physis still surprisingly rih
• in several aspets resembles muh more omplex theories (QCD)

• standard toy model for testing lattie tehniques



The Shwinger model
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[ J. S. Shwinger, �Gauge Invariane and Mass. 2.,� Phys. Rev. 128 (1962) 2425.]Abstrat: The possibility that a vetor gauge �eld an imply anonzero mass partile is illustrated by the exat solution of aone-dimensional model.Most prominent feature of the Shwinger model: non-perturbativegeneration of mass gap!The mass gap an be alulated analytially: MV

g
= 1√

π
≈ 0.564189584.How well an lattie tehniques reprodue this number?

• 0.555(25) � MC [O. Martin and S. Otto, Nul. Phys. B 203 (1982) 297 ]

• 0.560(10) � Hamiltonian approah [D. P. Crewther and C. J. Hamer, Nul.Phys. B 170 (1980) 353 ]

• 0.565(2) � Hamiltonian approah + renormalization of oupling [A. C. Irvingand A. Thomas, Nul. Phys. B 215 (1983) 23 ]

• 0.56417(2) � Hamiltonian approah + renormalization of oupling

[P. Sriganesh, R. Bursill and C. J. Hamer, Phys. Rev. D 62 (2000) 034508 ]

• 0.56419(4) � Hamiltonian approah + DMRG [T. Byrnes, P. Sriganesh,R. J. Bursill and C. J. Hamer, Phys. Rev. D 66 (2002) 013002 ]



L → H
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The Hamiltonian H is the Legendre transform of the Lagrangian L:
H = πµȦµ − L,where:

πµ =
∂L
∂Ȧµ

= −F 0µ.We hoose the time like axial gauge A0 = 0 :
H =

∫

dx

(

−iψ̄γ1(∂1 + igA1)ψ +mψ̄ψ +
1

2
E2

)

.

The γ matries:
γ0 =

(
1 0
0 −1

)

, γ1 =

(
0 1
−1 0

)

.Going to the lattie:
U(n, n+ 1) = eiθ(n) = e−iagA

1(n)

fermioni �elds are assoiated with lattie sites and gauge �elds with lattie links



Staggered disretization
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The Hamiltonian beomes:

H = − i

2a

M−1∑

n=0

(

φ†(n)eiθ(n)φ(n+ 1) − φ†(n+ 1)e−iθ(n)φ(n)
)

+

+m
M−1∑

n=0

(−1)nφ†(n)φ(n) +
ag2

2

M−1∑

n=0

L2(n),

in the Kogut-Susskind disretization:
[T. Banks, L. Susskind and J. B. Kogut, Phys. Rev. D 13 (1976) 1043 ]

[ J. B. Kogut and L. Susskind, Phys. Rev. D 11 (1975) 395. ]
φ(n)/

√
a→

{
ψupper(x) n even

ψlower(x) n oddThe orrespondene between lattie and ontinuum �elds is:

1

ag
θ(n) → −A1(x)

gL(n) → E(x).



Basi ingredients
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• φ(n) is a single-omponent fermion �eld, de�ned on eah site of a
M -site lattie with periodi b.. and obeying the antiomm.relations: {φ†(n), φ(m)} = δnm, {φ(n), φ(m)} = 0, {φ†(n), φ†(m)} = 0

• The gauge �eld variable θ(n) is de�ned on the link between sites
n and n+ 1 and is related to the spatial omponent of theAbelian vetor potential by θ(n) = agA(n)

• The angular momentum variable L(n) is related to the eletri�eld E(n) by the relation L(n) = E(n)/g and to the gauge �eldby the ommutation relations: [θ(n), L(m)] = iδnm. The possiblevalues of L(n) are quantized: L(n)|l〉 = l|l〉, l = 0,±1,±2, . . ..This implies: e±iθ(n)|l〉 = |l ± 1〉
• m � fermion mass
• g � gauge oupling
• a � lattie spaing
• M � lattie size



Jordan-Wigner transformation

OverviewSeminar outlineIntrodutionLattie QCDProblemsRoad map to QCDwith TNSShwinger modelHamiltonianapproahTensor NetworkStatesResultsSummary
Krzysztof Cihy ETMC Meeting Grenoble � 26-28 May 2014 2014 � 12 / 43

H = − i

2a

M−1∑

n=0

(

φ†(n)eiθ(n)φ(n+ 1) − φ†(n+ 1)e−iθ(n)φ(n)
)

+

+m
M−1∑

n=0

(−1)nφ†(n)φ(n) +
ag2

2

M−1∑

n=0

L2(n),

For numeris, it is onvenient to perform the Jordan-Wignertransformation: [P. Jordan, E. Wigner, Z. Phys. 47 (1928) 631. ]
φ(n) =

∏

p<n

(iσ3(p))σ−(n),where σi(n) are Pauli matries (σ± = σ1 ± iσ2). This gives:

H = − 1

2a

M−1∑

n=0

(

σ+(n)eiθ(n)σ−(n+ 1) + σ+(n+ 1)e−iθ(n)σ−(n)
)

+

+
m

2

M−1∑

n=0

(
1 + (−1)nσ3(n)

)
+
ag2

2

M−1∑

n=0

L2(n).



Choie of basis
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Rewrite Hamiltonian in a dimensionless form: W = 2
ag2
HJW = W0 − xV , with:

W0 =
m

ag2

M−1∑

n=0

(
1 + (−1)nσ3(n)

)
+
M−1∑

n=0

L2(n),

V =
M−1∑

n=0

(

σ+(n)eiθ(n)σ−(n+ 1) + σ+(n+ 1)e−iθ(n)σ−(n)
)

x ≡ β = 1/a2g2.

• Natural hoie of basis: diret produt of Ising basis {|i〉}, ated upon by Paulispin operators, and the ladder spae of states {|l〉}:
|i0i1 . . . iM−2iM−1〉 ⊗ |l0,1l1,2 . . . lM−2,M−1(lM−1,0)〉,where (lM−1,0) is present if PBC are onsidered and absent for OBC.

• Formally, the operator W0 an be treated as an unperturbed part and V as aperturbation. Ground state of W0: |0〉 = |↓↑↓↑ . . . ↓↑〉 ⊗ |0000 . . . 00〉,
• The perturbation operator V �ips two neighbouring spins and ouples them viaa gauge �eld exitation (�ux line): V | • •〉 = | ↑ ↓〉



Choie of basis
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• The gauge degrees of freedom li,i+1 an be eliminated using the Gauss law:

Ln − Ln−1 =
1

2
(σzn + (−1)n) ,leaving the basis states as: |i0i1 . . . iM−2iM−1〉 ⊗ |l〉,with:

⋆ l = 0,±1,±2, . . . for PBC,

⋆ l = 0 (or other onstant) for OBC.
• With M -site lattie, dim(spin part)=2M , while for the gauge part the basis is

⋆ in�nite-dimensional for PBC ⇒ trunation needed,
⋆ one-dimensional for OBC.

• Trunation for PBC:

⋆ at some �nite ±lmax, thus reduing the basis to dimension (2lmax + 1)2M ,

⋆ or use strong oupling expansion (SCE):
[T. Banks, L. Susskind and J. B. Kogut, Phys. Rev. D 13 (1976) 1043 ]

[ J. B. Kogut and L. Susskind, Phys. Rev. D 11 (1975) 395. ]



Tensor Network States
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• An arbitrary state from a Hilbert spae of an N -body interatingsystem needs in general an exponential number of oe�ients �thus omputational omplexity inreases very fast and prohibitsexat diagonalization of systems larger than e.g.:
⋆ O(20) Heisenberg spins (with a naive approah) or
⋆ O(40) Heisenberg spins (using symmetries et.).

• However, physial states (ground states, thermal states) of mostsystems are far from arbitrary.
• In many ases, they an be desribed by Tensor Network statesthat have only a polynomial number of parameters.

• In other words, only a small �orner� of the Hilbert spae isphysially relevant.



Matrix Produt States
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• A partiularly suessful and e�ient family of Tensor Network states is alledMatrix Produt States (MPS).

• The MPS ansatz for some state |Ψ〉 has the following form:
|Ψ〉 =

d∑

i0...iN−1=1

tr(Ai00 . . . AiN−1

N−1

)

|i0 . . . iN−1〉,where:

|ik〉 are individual basis states for eah site (k = 0, . . . , d − 1),
d � dimension of one-site Hilbert spae,eah Ai

j is a D-dimensional matrixand D is alled the bond dimension.PSfrag replaements
|Ψ〉

Ak

〈Ψ|H|Ψ〉

〈Ψ|Ψ〉

• The ground state an be found variationally by suessively minimizing theenergy 〈Ψ|H|Ψ〉
〈Ψ|Ψ〉 with respet to eah tensor Aj until onvergene is ahieved.

• Having the ground state, one an �nd ground state expetation values of anyoperator of interest.



Exited states
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• After having found the ground state of the system, |Ψ0〉, we an onstrut theprojetor onto the orthogonal subspae, Π0 = 1 − |Ψ0〉〈Ψ0|.
• The projeted Hamiltonian, Π0HΠ0, has |Ψ0〉 as eigenstate with zeroeigenvalue, and the �rst exited state as eigenstate with energy E1.
• Given that E1 < 0, what we an always ensure by adding an appropriateonstant to H, the �rst exitation orresponds then to the state that minimizesthe energy of the projeted Hamiltonian:

E1 = min
|Ψ〉

〈Ψ|Π0HΠ0|Ψ〉
〈Ψ|Ψ〉 =

〈Ψ| (H − E0|Ψ0〉〈Ψ0|) |Ψ〉
〈Ψ|Ψ〉 .

• This minimization orresponds to �nding the ground state of the e�etiveHamiltonian Heff [1] = Π0HΠ0.
• The proedure an be onatenated to �nd subsequent energy levels, so that, to�nd the M -th exited state, we will searh for the ground state of theHamiltonian:

Heff [M ] = ΠM−1 . . .Π0HΠ0 . . .ΠM−1 = H −
M−1∑

k=0

Ek|Ψk〉〈Ψk|.



Earlier works
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Density Matrix Renormalization Group approah:
• T. Byrnes, P. Sriganesh, R. J. Bursill and C. J. Hamer,�Density matrix renormalization group approah to the massiveShwinger model,� PRD 66 (2002) 013002, [hep-lat/0202014℄.

• T. Sugihara, �Density matrix renormalization group in atwo-dimensional λφ4 Hamiltonian lattie model,�JHEP 0405 (2004) 007, [hep-lat/0403008℄Matrix Produt States approah:
• T. Sugihara, �Matrix produt representation of gauge invariantstates in a Z(2) lattie gauge theory,�JHEP 0507 (2005) 022, [hep-lat/0506009℄

• A. Milsted, J. Haegeman and T. J. Osborne, �Matrix produtstates and variational methods applied to ritial quantum �eldtheory,� (λφ4 theory) arXiv:1302.5582 [hep-lat℄



Results
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SCE+ED, in�nite volume extrapolation
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SCE+ED, ontinuum extrapolation
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SCE+ED, omparison with literature
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MS/g MV /gresult error result errorexat 1.12837916710 � 0.5641895836 �this work 1.12837916719 8 · 10−9% 0.5641895845 1.8 · 10−7%

[Crewther, Hamer 1980 ] 1.120 0.7% 0.560 0.7%

[ Irving, Thomas 1982 ] 1.128 0.03% 0.565 0.1%

[Hamer et al. 1997 ] (I) 1.25 11% 0.56 0.7%

[Hamer et al. 1997 ] (II) 1.14 1% 0.57 1%

[Sriganesh et al. 1999 ] (I) 1.11 1.6% 0.563 0.2%

[ Sriganesh et al. 1999 ] (II) 1.1284 0.002% 0.56417 0.003%

[Byrnes et al. 2002 ] � � 0.56419 7 · 10−5%



Matrix Produt States
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We want to �nd:

• ground state energy

• vetor mass gap

• salar mass gapfor seleted values of the fermion mass m/g = 0, 0.125, 0.25, 0.5.Simulate with �nite D (bond dimension), N (system size), x (inverselattie spaing). We want:
• large enough D � hek D ∈ [20, 140],
• N → ∞ � hoose N ∈ [100, 850] (note that N ∝ x),

• x→ ∞ � hoose x ∈ [5, 600].



GS energy. Bond dimension

Krzysztof Cihy ETMC Meeting Grenoble � 26-28 May 2014 2014 � 25 / 43

0 0.005 0.01 0.015 0.02 0.025 0.03
−1

0

1

2

3

4

5

6
x 10

−4

1/D

E
−

E D
m

ax

E
0
=−18957.65026

0 0.005 0.01 0.015 0.02 0.025 0.03
−5

0

5

10

15

20
x 10

−5

1/D

E
−

E D
m

ax

E
0
=−18601.89956

m/g = 0, x = 100, N = 300 m/g = 0.125, x = 100, N = 300



GS energy. Finite size saling
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GS energy. Continuum extrapolation
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Computing the mass gap
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• After having omputed the GS energy, we want to ompute themasses of the two lightest bound states (�mesons�) of the theory:
⋆ vetor meson,

⋆ salar meson.

• Important: we have to reognize the vetor and salar states �use the harge onjugation transformation:
⋆ PBC � C = −1 ⇒ vetor state, C = +1 ⇒ salar state,

⋆ OBC � C no longer an exat symmetry, but �enough� todi�erentiate vetor vs. salar.
• Note: with OBC translational symmetry is lost � hene we alsohave momentum exitations of the vetor meson before we reahthe salar.



Dispersion relation
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Vetor binding energyexat 0.5641895

m/g MPS with OBC DMRG result0 0.56421(9) 0.56419(4)0.125 0.53953(5) 0.53950(7)0.25 0.51922(5) 0.51918(5)0.5 0.48749(3) 0.48747(2)

Salar binding energyexat 1.12838
m/g MPS with OBC SCE result0 1.1279(12) 1.11(3)0.125 1.2155(28) 1.22(2)0.25 1.2239(22) 1.24(3)0.5 1.1998(17) 1.20(3)

DMRG result:

[T. Byrnes, P. Sriganesh, R. J. Bursill and C. J. Hamer, Phys. Rev. D 66 (2002) 013002 ]SCE result:

[P. Sriganesh, R. Bursill and C. J. Hamer, Phys. Rev. D 62 (2000) 034508 ]
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• The Shwinger model posesses a U(1)A hiral symmetry, whih isbroken by the hiral anomaly.

• This symmetry breaking is signaled by a non-zero value of thehiral ondensate:

Σ =

√
x

N

∑

n

(−1)n
1 + σzn

2

−→ ompute GS expetation value of Σ.
• The naively omputed ondensate has a logarithmi divergene

∝ m
g log ag. This divergene an be subtrated o� by subtratingthe free theory ontribution (in the in�nite volume limit):

Σ
(bulk)
free (m/g, x) =

m

πg

1
√

1 + m2

g2x

K

(

1

1 + m2

g2x

)

,

where K(u) is the omplete ellipti integral of the �rst kind.
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Substrated ondensate
m/g MPS with OBC exat Hosotani0 0.159930(8) 0.159929 -0.125 0.092023(4) - 0.09180.25 0.066660(11) - -0.5 0.042383(22) - -

Exat result: Σ
g = 1

2π3/2 e
γE ≈ 0.1599288.Hosotani (redution to a quantum mehanis problem and numerialsolution of the resulting Shrödinger equation):

[Y. Hosotani, �Chiral dynamis in weak, intermediate, and strong oupling QEDin two-dimensions,� In: Nagoya 1996, Perspetives of strong oupling gaugetheories, 390-397 [hep-th/9703153℄. ]



Chiral ondensate at �nite temperature

OverviewSeminar outlineIntrodutionResultsSCE+EDMPSGS energyExited statesDispersion relationMass gapsChiral ondensateSome resultContinuum limitSummary
Krzysztof Cihy ETMC Meeting Grenoble � 26-28 May 2014 2014 � 36 / 43

Analyti predition for the behaviour of the ondensate at �nite T :
[ I. Sahs, A. Wipf, �Finite Temperature Shwinger Model,� Helv. Phys. Ata 65,652 (1992), arXiv:1005.1822 [hep-th℄ ]

Σ

g
=

1

2π3/2
eγEe

2I
“

g√
πT

”

,

where: I(x) =
∫∞
0 dt

(
1 − ex cosh(t))−1

).
• Low-temperature limit:

Σ
g = 1

2π3/2 e
γE ≈ 0.1599288

• High-temperature limit:
Σ
g ≈ 2T

g e
−π3/2T/g
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Given some operator O, we want to alulate its thermal expetationvalue: 〈O〉β =
Tr (Oρ(β))

Tr (ρ(β))
,where β = 1/T , ρ(β) is the thermal density operator.

• ρ(β) = ρ(β/2)†ρ(β/2) to ensure positivity
• divide the interval β/2 into N = β/δ steps of length δ/2:

ρ(β/2) = e−
δ
2
H . . . e−

δ
2
H

︸ ︷︷ ︸

N=β/δ times
• 2nd order Trotter expansion:

e−
δ
2
H ≈ e−

δ
4
Hg e−

δ
2
(Hhop+Hmass)

︸ ︷︷ ︸

≈e−
δ
4 Hee−

δ
2 Hoe−

δ
4 He

e−
δ
4
Hg ,

He/Ho � on even/odd siteswhere:
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In�nite volume and ontinuum limitsat gβ = 0.2
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• Proof of onept � the MPS approah an be used to extrat:
⋆ mass spetrum (GS energy, masses of lightest partiles of atheory),

⋆ ground state expetation values (hiral ondensate).
• Preision better or omparable to best results in the literature, insome ases better than 0.01%.
• The suess of our work so far enourages to look in moredetail into the use of Tensor Network methods in lattiegauge theories.
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• We would like to look into aspets of lattiegauge theories where the standard methodshave problems:

⋆ thermodynamis at non-zero hemialpotential,

⋆ non-equilibrium properties.

• First attempts already underway: omputation of the hiral ondensate at �nitetemperature.

• Ultimate aim: full QCD , i.e.:
⋆ a non-Abelian theory (with SU(3) gauge group),
⋆ in 3+1 dimensions.

• Needs a lot of work of the Tensor Network + lattie gauge theoryommunity...

[ K. Fukushima, T. Hatsuda, Rep. Prog. Phys. 74 (2011) 14001]



Thank you for your attention!
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