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The interaction of neutrinos with matter (e-, p, n) affect their propagation
⇒ modified oscillation parameters + a new phenomenon: matter-induced 
flavour conversion in a medium with varying density

Appropriate description:  Schrödinger-like equation

The Hamiltonian H contains a potential term describing the interactions of 
the neutrinos with the medium and can depend on t

It is convenient to write the Schrödinger equation in the flavour eigenstate 
basis                           ,  in which                                    :  

        is the probability amplitude to find the neutrino in the state        at t
if                           , then

Neutrino propagation in matter
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Vacuum oscillations in the Schrödinger formalism (2-flavour case)

The Hamiltonian in vacuum H0 is diagonalized by the PMNS matrix

One can check that this reproduces the standard oscillation formula (*)

It is customary to subtract a piece proportional to the unit matrix from H0 
(which only affects the overall phase of the neutrino state vector          , 
leaving oscillations unchanged) to bring it to the form:

(*) proof: use the fact that                                                              , where
to show that the solution of the Schrödinger equation is                                with
                                                        , which reproduces the known oscillation formula
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                     Neutrino propagation in matter

V induced by interactions (anti-)neutrinos / e-, p, n of the medium

Relevant interactions: forward elastic scatterings (     unchanged)

In the flavour eigenstate basis:

For anti-neutrinos,  V has the opposite sign:

For a sterile (= insensitive to weak interactions) neutrino:

H0 ! Hm = H0 + V

CC – only for ⌫e NC – same for            ⇒ can be subtracted from Hm⌫e,µ,⌧
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Example with electron neutrinos and another flavour:

For anti-neutrinos, 
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Energy levels in matter and matter eigenstates

In vacuum, the PMNS matrix U relates the flavour eigenstates to the mass 
eigenstates (= eigenstates of H0):

In matter, one defines matter eigenstates = eigenstates of Hm

Um contains the mixing angle in matter that diagonalize Hm :

By analogy with                            , one defines
(amplitude of probability to find the neutrino in the ith matter eigenstate at t)

then
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Medium with constant matter density

n(x) = n ⇒ Hm, hence the matter eigenstates        , energy levels       and 
mixing matrix Um, do not depend on t

Using                              , one can rewrite the Schrödinger equation for
the probability amplitudes

which is solved by                                   , giving

→ oscillations in matter with constant density are governed by the same 
formula as in vacuum, with the replacements
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Oscillation parameters in matter

MSW resonance (Mikheev-Smirnov-Wolfenstein): 

(irrespective of the value of the mixing angle in vacuum θ)

Resonance condition:

When neutrino oscillations are enhanced, antineutrino oscillations are suppressed, 
and vice versa
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Different regimes for oscillations in matter :

- low density (                ) :                             ⇒ vacuum oscillations

- resonance (               ) :

- high density (                ) :                                   ⇒ oscillations are
  suppressed by matter effects
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Application: determination of the mass hierarchy in long-baseline experiments

Two mass orderings allowed by experiments:

In vacuum:

For long baselines (> several 100 km), matter effects cannot be neglected

If nres is close to the Earth crust density, neutrino (antineutrino) oscillations 
are enhanced for NH (IH), while antineutrino (neutrino) oscillations are 
suppressed

[may have to disentangle CP violation from matter effect]
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                     Medium of varying density (e.g. Sun)

Now the matter eigenstates, energy levels and mixing angle depend on t

→ ‟instantaneous” matter eigenstates:

The Schrödinger equation now depends on the time variation of θm:

In most physical environments (including the Sun), the evolution is adiabatic 
(the neutrino state has the time to adjust to the variation of density) and one 
can neglect       in the Schrödinger equation.  A neutrino produced in a given 
matter eigenstate will stay in the same matter eigenstate during its 
propagation, but its flavour composition will change

→ adiabatic flavour conversion
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‟Level crossing” in the Sun (case ne (r=0) >> nres)

This is the case for high-energy solar neutrinos (E > 1 MeV)

⇒ a neutrino produced at the center of the Sun is a quasi pure matter 
eigenstate and exits the Sun in the eigenstate 
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⇒ a high-energy neutrino produced at the center of the Sun is a quasi pure 
matter eigenstate and exits the Sun in the eigenstate

and reaches the Earth as a       , giving 

For low-energy solar neutrinos, the level-crossing condition is not satisfied   
(                            ) and matter effects are small

⇒ averaged vaccum oscillations:
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Sun decreases with increasing radius. This means that
P

3⌫
ee for a given neutrino energy is expected to depend on

the neutrino species under consideration. Fig. 81 shows
P

3⌫
ee calculated according to the LMA-MSW and the stan-

dard high metallicity solar model. The gray band refers
to the 8

B neutrinos and was obtained averaging the value
of P 3⌫

ee for each energy calculated for di↵erent radii (that
is di↵erent ne) in the Sun according to the proper ra-
dial distribution of the production point of the 8

B. The
width of the curve is due to the uncertainties (1 �) as-
sociated with the mixing angles and �m

2

1,2. Similarly,
the plot also shows the value of the P

3⌫
ee calculated for

the monochromatic 7Be and pep neutrinos. Points at
specific energies for pp, CNO and hep neutrinos are also
included. From this figure we see that the dependence
of Pee from the neutrino production region in the Sun
is small and it is masked by current uncertainties. The
curve calculated for the 8

B matches well the prediction
of the MSW-LMA model for P 3⌫

ee versus energy.
The relative importance of the MSW matter term and

the kinematic vacuum oscillation is described by the
quantity �. For � < cos 2✓

12

' 0.4 the survival prob-
ability reaches the value corresponding to vacuum aver-
aged oscillations, while for � > 1, it corresponds to mat-
ter dominated oscillations. The P

3⌫
ee in the LMA-MSW

model exhibits a strong energy dependence only in the
region around 2 MeV, where P 3⌫

ee transitions between the
values corresponding to these limiting regimes. The mea-
surement of the low energy solar neutrinos spectrum with
Borexino o↵ers the perfect frame to test this prediction
of the LMA-MSW oscillation model. Di↵erent oscillation
models, including the possibility that neutrinos undergo
non standard interactions, predict survival probabilities
with a significantly di↵erent energy dependence [12].

The value of P 3⌫
ee for the monochromatic 7Be neutrinos

are obtained from the Borexino results using the relation
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P

3⌫
ee for pep neutrinos is obtained in the same way. The

number of electron target Ne� is reported in table V and
the solar fluxes are listed in table I. Using the fluxes of
the high metallicity solar model we get P 3⌫

ee (E⌫ = 0.862
MeV) = 0.51 ± 0.07 including both the experimental and
theoretical (solar model) errors and P

3⌫
ee (E⌫=1.44 MeV)

= 0.62 ± 0.17. A combined analysis of the Borexino data
together with those of other solar experiments allows to
also obtain values of the survival probability for the pp
and 8

B neutrinos. Fig. 82 reports the results.

XXVII. CONCLUSIONS AND PERSPECTIVES

The rich scientific harvest of the Borexino Phase-I was
made possible by the extreme radio–purity of the detec-
tor and of its liquid scintillator core in particular. Chal-
lenging design purity levels have been mostly met, and
in some cases surpassed by a few orders of magnitude.

The central physics goal was achieved with the 5%
measurement of the 7Be solar neutrino rate. Three more
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FIG. 82. Electron neutrino survival probability as a function
of energy. The gray band is the same as in Fig. 85.

measurements beyond the scope of the original proposal
were made as well: the first observation of the solar pep
neutrinos, the most stringent experimental constraint on
the flux of CNO neutrinos, and the low-threshold mea-
surement of the 8B solar neutrino interaction rate. The
latter measurement was possible thanks to the extremely
low background rate above natural radioactivity, while
the first two exploited the superior particle identification
capability of the scintillator and an e�cient cosmogenic
background subtraction. All measurements benefit from
an extensive calibration campaign with external sources
that preserved scintillator radio–purity.
In this paper we have described the sources of back-

ground and the data analysis methods that led to the
published solar neutrinos results. We also reported, for
the first time, the detection of the annual modulation of
the 7Be solar neutrinos, consistent with their solar ori-
gin. The implications of Borexino solar neutrino results
for neutrino and solar physics were also discussed, both
stand–alone and in combination with other solar neutrino
data.
Additional important scientific results (not discussed

in this paper) were the detection of geo–neutrinos [44]
and state-of-the art upper limits on many rare and exotic
processes [87].
Borexino has performed several purification cycles in

2010 and 2011 by means of water extraction [20] in batch
mode, reducing even further several background com-
ponents, among which 85Kr, 210Bi and the 238U and
232Th chains. After these purification cycles, the Borex-
ino Phase-II has started at the beginning of 2012, with
the goal of improving all solar neutrino measurements.
Borexino is also an ideal apparatus to look for short base-
line neutrino oscillations into sterile species using strong
artificial neutrino and anti–neutrino sources [88]. An ex-
perimental program, called SOX (Source Oscillation eX-
periment), was approved and it is now in progress.
The Borexino program is made possible by funding

[Borexino Collaboration,
arXiv:1308.0443]



Oscillation experiments measure only mass squared differences
➞ information on the neutrino mass scale from beta decay or cosmology

Cosmology

Current upper bound

Kinematic measurements (beta decay)

The non-vanishing neutrino mass leads to a distortion of the Ee spectrum 
close to the endpoint

The absolute neutrino mass scale

Planck Collaboration: Cosmological parameters
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Fig. 26. Marginalized posterior distributions for
P

m⌫
in flat models from CMB data. We show results for
Planck+WP+highL without (solid black) and with (red)
marginalization over AL, showing how the posterior is signifi-
cantly broadened by removing the lensing information from the
temperature anisotropy power spectrum. The e↵ect of replacing
the low-` temperature and (WMAP) polarization data with a
⌧ prior is shown in solid blue (Planck�lowL+highL+⌧prior)
and of further removing the high-` data in dot-dashed blue
(Planck�lowL+⌧prior). We also show the result of including
the lensing likelihood with Planck+WP+highL (dashed black)
and Planck�lowL+highL+⌧prior (dashed blue).

mation by marginalizing over AL
32. We see that the posterior

broadens considerably (see the red curve in Fig. 26) to give
X

m⌫ < 1.08 eV [95%; Planck+WP+highL (AL)], (70)

taking us back close to the value of 1.3 eV (for AL = 1) from
the nine-year WMAP data (Hinshaw et al. 2012), corresponding
to the limit above which neutrinos become non-relativistic be-
fore recombination. (The resolution of WMAP gives very little
sensitivity to lensing e↵ects.)

As discussed in Sect. 5.1, the Planck+WP+highL data com-
bination has a preference for high AL. Since massive neutrinos
suppress the lensing power (like a low AL) there is a concern
that the same tensions which drive AL high may give artificially
tight constraints on

P
m⌫. We can investigate this issue by re-

placing the low-` data with a prior on the optical depth (as in
Sect. 5.1) and removing the high-` data. Posterior distributions
with the ⌧ prior, and additionally without the high-` data, are
shown in Fig. 26 by the solid blue and dot-dashed blue curves,
respectively. The constraint on

P
m⌫ does not degrade much by

replacing the low-` data with the ⌧ prior only, but the degra-
dation is more severe when the high-` data are also removed:P

m⌫ < 1.31 eV (95% CL).
Including the lensing likelihood (see Sect. 5.1) has a signif-

icant, but surprising, e↵ect on our results. Adding the lensing

32The power spectrum of the temperature anisotropies is predomi-
nantly sensitive to changes in only one mode of the lensing potential
power spectrum (Smith et al. 2006). It follows that marginalizing over
the single parameter AL is nearly equivalent to marginalizing over the
full amplitude and shape information in the lensing power spectrum as
regards constraints from the temperature power spectrum.

likelihood to the Planck+WP+highL data combination weakens
the limit on

P
m⌫,

X
m⌫ < 0.85 eV (95%; Planck+lensing+WP+highL), (71)

as shown by the dashed black curve in Fig. 26. This is representa-
tive of a general trend that the Planck lensing likelihood favours
larger

P
m⌫ than the temperature power spectrum. Indeed, if we

use the data combination Planck�lowL+highL+⌧prior, which
gives a weaker constraint from the temperature power spectrum,
adding lensing gives a best-fit away from zero (

P
m⌫ = 0.66 eV;

dashed blue curve in Fig. 26). However, the total �2 at the
best-fit is only 0.3 lower than in the best-fitting base model
(
P

m⌫ = 0.06 eV). The fit to the lensing data is rather better
(��2 = �3.2) while the fit to the Planck temperature spec-
trum (excluding low-`) and high-` is worse (��2 = 0.4 and 2.6,
respectively). There are rather large shifts in other cosmolog-
ical parameters between these best-fit solutions corresponding
to shifts along the acoustic-scale degeneracy direction for the
temperature power spectrum. Note that, as well as the change
in H0 (which falls to compensate the increase in

P
m⌫ at fixed

acoustic scale), ns, !b and !c change significantly keeping the
lensed temperature spectrum almost constant. These latter shifts
are similar to those discussed for AL in Sect. 5.1, with non-zeroP

m⌫ acting like AL < 1. The lensing power spectrum C��` is
lower by 9.1% for the higher-mass best fit at ` = 400 and larger
by 2.1% at ` = 40, which is a similar trend to the residuals from
the best-fit minimal-mass model shown in the bottom panel of
Fig. 12. Planck Collaboration XVII (2013) explores the robust-
ness of the C��` estimates to various data cuts and foreground-
cleaning methods. The first (` = 40–85) bandpower is the least
stable to these choices, although the variations are not statis-
tically significant. We have checked that excluding this band-
power does not change the posterior for

P
m⌫ significantly, as

expected since most of the constraining power on
P

m⌫ comes
from the bandpowers on smaller scales. At this stage, it is un-
clear what to make of this mild preference for high masses from
the 4-point function compared to the 2-point function. As noted
in Planck Collaboration XVII (2013), the lensing measurements
from ACT (Das et al. 2013) and SPT (van Engelen et al. 2012)
show similar trends to those from Planck where they overlap
in scale. With further Planck data (including polarization), and
forthcoming measurements from the full 2500 deg2 SPT temper-
ature survey, we can expect more definitive results on this issue
in the near future.

Apart from its impact on the early-ISW e↵ect and lensing
potential, the total neutrino mass a↵ects the angular-diameter
distance to last scattering, and can be constrained through the
angular scale of the first acoustic peak. However, this e↵ect is
degenerate with ⌦⇤ (and so the derived H0) in flat models and
with other late-time parameters such as ⌦K and w in more gen-
eral models (Howlett et al. 2012). Late-time geometric measure-
ments help in reducing this “geometric” degeneracy. Increasing
the neutrino masses at fixed ✓⇤ increases the angular-diameter
distance for 0  z  z⇤ and reduces the expansion rate at low red-
shift (z <⇠ 1) but increases it at higher redshift. The spherically-
averaged BAO distance DV(z) therefore increases with increas-
ing neutrino mass at fixed ✓⇤, and the Hubble constant falls; see
Fig. 8 of Hou et al. (2012). With the BAO data of Sect. 5.2, we
find a significantly lower bound on the neutrino mass:
X

m⌫ < 0.23 eV (95%; Planck+WP+highL+BAO). (72)

The ⇤CDM model with minimal neutrino masses was shown in
Sect. 5.3 to be in tension with recent direct measurements of H0

42



Tritium beta decay:

                                        

The electron energy spectrum is given by:

Effect of the non-vanishing neutrino mass:

⇒ distorsion of the Ee spectrum close to the endpoint

3H ! 3He + e� + ⌫̄e E0 = m 3H �m 3He
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p
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Figure 2: The electron energy spectrum of tritium β decay: (a) complete and (b) narrow region
around endpoint E0. The β spectrum is shown for neutrino masses of 0 and 1 eV.

The signature of an electron neutrino with a mass of m(νe )=1 eV is shown in
fig. 2 in comparison with the undistorted β spectrum of a massless νe . The spectral
distortion is statistically significant only in a region close to the β endpoint. This is
due to the rapidly rising count rate below the endpoint dN/dE ∝ (E0−E)2. Therefore,
only a very narrow region close to the endpoint E0 is analyzed. As the fraction
of β decays in this region is proportional to a factor (1/E0)3, the very low tritium
endpoint energy of 18.6 keV maximizes the fraction of β decays in this region (in
fact, tritium has the second lowest endpoint of all β unstable isotopes). Nevertheless,
the requirements of tritium β decay experiments with regard to source strength are
demanding. As an example, the fraction of β decays falling into the last 1 eV below
the endpoint E0 is only 2 × 10−13 (see fig. 2), hence tritium β decay experiments
with high neutrino mass sensitivity require a huge luminosity combined with very
high energy resolution.

Apart from offering a low endpoint energy E0 and a moderate half life of 12.3 y,
tritium has further advantages as β emitter in ν mass investigations:

1. the hydrogen isotope tritium and its daughter, the 3He+ ion, have a simple
electron shell configuration. Atomic corrections for the β decaying atom -or
molecule- and corrections due to the interaction of the outgoing β electron with
the tritium source can be calculated in a simple and straightforward manner

2. The tritium β decay is a super-allowed nuclear transition. Therefore, no cor-
rections from the nuclear transition matrix elements M have to be taken into
account.

The combination of all these features makes tritium an almost ideal β emitter for
neutrino mass investigations.
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Present bound (Troitsk/Mainz):

KATRIN will reach a sensitivity of about 0.2 eV (5σ discovery potential 0.35 eV)

In pratice, there is no electron neutrino mass, but 3 (or more) strongly mixed 
mass eigenstates. However the energy resolution does not allow to resolve 
them, and what is measured is the effective mass

Future experiments like Project 8 aim at the 50 meV level

m⌫e < 2.2 eV (95% C.L.)
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Figure 5: (Color online) The neutrino mass limits in eV as a function of mass of the

lowest eigenstatem0 also in eV, extracted from cosmology (left panel) triton decay (right

panel). From the current upper limit of 2.2 eV of the Mainz and Troitsk experiments we

deduce a lowest neutrino mass of 2.2 eV both for the NS and IS. From the astrophysical

limit value of 0.71 eV the corresponding neutrino mass extracted is about 0.23 eV for

the NS and IS. It is assumed: ∆m2
ATM = (2.43 ± 0.13) × 10−3 eV2 [158], ∆m2

SUN =
(7.65+0.13

−0.20) × 10−5 eV2 [81], tan2θ12 = 0.452+0.035
−0.033 [159] and sin22θ13 = 0.092 ± 0.016

[160].

• Cosmological bound:

mν = m3 +
√

(∆m2
ATM +m2

3) +
√

(∆m2
ATM −∆m2

SUN +m2
3) (41)

• 0νββ decay:

〈mν〉 = s213m3 + s212c
2
13e

2iα2

√

(∆m2
ATM

+m2
3)

+ c212c
2
13e

2iα1

√

(∆m2
ATM

−∆m2
SUN

+m2
3). (42)

Since in IH scenario m3 is negligibly small (m1 % m2 %
√

∆m2
Atm and

m3 &
√

∆m2
ATM), we find

|〈mν〉| %
√

∆m2
Atmc

2
13(1− sin2 2 θ12 sin2 α12)

1
2 , (43)

where α12 = α2−α1. The phase difference α12 is the only unknown parameter

in the expression for |〈mν〉|. From (43) we obtain the following inequality [170]

1.5 · 10−2 eV ≤ |〈mν〉| ≤ 5.0 · 10−2 eV. (44)

(iii) Quasi-degenerate (QD) spectrum, m0 = m1 % m2 % m3. Then

• Triton decay and Cosmology:

〈mν〉decay = m0, mν = 3m0 (45)

• 0νββ decay:

The effective Majorana mass is relatively large in this case and for both types

of the neutrino mass spectrum is given by the expression

m0|1− 2c213c
2
12| ≤ |〈mν〉| ≤ m0. (46)
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KATRIN  will test only
the degenerate case

data taking will start in 2017
inverted hierarchy

normal hierarchy

(lightest neutrino mass)



In pratice, there is no electron neutrino mass, but 3 (or more) strongly mixed 
mass eigenstates, and

If all mi are smaller than the energy resolution, this can be rewritten as:

If there is an eV-scale sterile neutrino (comparable to the energy resolution of 
KATRIN), its mass may be resolved (but difficult measurement):

dN

dEe
= R(Ee)

X

i

|Uei|2
q

(E0 � Ee)2 �m2
i ⇥(E0 � Ee �mi)

dN

dEe
= R(Ee)

q
(E0 � Ee)2 �m2

� m2
� ⌘

X

i

m2
i |Uei|2

1

R(Ee)

dN

dEe
= (1� |Ue4|2)

q
(E0 � Ee)2 �m2

�

+ |Ue4|2
q
(E0 � Ee)2 �m2

4 ⇥(E0 � Ee �m4)
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Figure 8.2: Fig. 8.2a: �-decay spectrum close to end-point for a massless (dotted) and massive
(continuous line) neutrino. Fig. 8.2b: 2⇧2� and 0⇧2� spectra.

needed to plan a �-decay experiment able of reaching the neutrino mass scale suggested by
oscillation data. In line of principle, a �-decay experiment is sensitive to neutrino masses mi and
mixings |Vei|:

dNe

dEe
=

�

i

|Vei|2F (Ee)(Q� Ee)
⇥

(Q� Ee)2 �m2
i . (8.3)

This is illustrated in fig. 8.2a, where we show the combined e�ect of a Heavier neutrino with little
e component and of a Lighter neutrino with sizable e component. Following Kurie we plotted
the square root of dNe/dEe, that in absence of neutrino masses is a linear function close to the
end-point, assumed to be known with negligible error. In fig. 8.3 we show the predicted reduction
of the �-decay rate around its end-point. The various curves are for di�erent values of the lightest
neutrino mass.

In practice the energy resolution is limited, and only broad features can be seen. If it is not
possible to resolve the di�erence between neutrino masses, it is useful to approximate eq. (8.3)
with (8.1) and present the experimental bound in terms of the single e�ective parameter

m2
⇥e ⇤

�

i

|V 2
ei|m2

i = cos2 ⇤13(m
2
1 cos

2 ⇤12 +m2
2 sin

2 ⇤12) +m2
3 sin

2 ⇤13. (8.4)

The last equality holds in the standard three-neutrino case. The expected ranges of m⇥e are
reported in table 8.1 in the limiting case where the lightest neutrino is massless. From this it
is immediate to obtain the ranges corresponding to the generic case of a non vanishing lightest
neutrino mass mlightest: as clear from the definition m2

⇥e ⇤ (m · m†)ee or from the more explicit
expression in eq. (8.4) one just needs to add m2

lightest to m2
⇥e . The resulting bands at 99% CL are

plotted in fig. 8.5b.

Searches for ⇧µ and ⇧⇤ masses have been performed by studying decays like ⌃ ⇧ µ⇧̄µ. The
resulting bounds, m⇥µ,⇥

<⌅ MeV are very loose. Notice that �-decay experiments probe anti-
neutrinos. If one does not trust CPT and allows neutrinos and anti-neutrinos to have di�erent
masses, the looser bound m⇥e < 200 eV applies to neutrinos.

Finally, [82] explores the futuristic possibility of studying atomic decays into ⇧⇧̄⇥, which
would be convenient since atomic energy di�erences are comparable to neutrino masses, allowing



violates lepton number by 2 units
⇒ possible only for Majorana neutrinos

Half-life:

Sensitive to the effective mass parameter:

possible cancellations in the sum (Majorana phases            in U)
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Fig. 9. – The standard mechanism for ββ0ν decay, based on light Majorana neutrino exchange.

In other words, the value of the effective neutrino Majorana mass mββ in eq. (27) can
be inferred from a non-zero ββ0ν rate measurement, albeit with some nuclear physics
uncertainties. Conversely, if a given experiment does not observe the ββ0ν process, the
result can be interpreted in terms of an upper bound on mββ.

If light Majorana neutrino exchange is the dominant mechanism for ββ0ν, it is clear
from eq. (27) that ββ0ν is in this case directly connected to neutrino oscillations phe-
nomenology, and that it also provides direct information on the absolute neutrino mass
scale, as cosmology and β decay experiments do (see sect. 2.1). The relationship between
mββ and the actual neutrino masses mi is affected by:

1. the uncertainties in the measured oscillation parameters;

2. the unknown neutrino mass ordering (normal or inverted);

3. the unknown phases in the neutrino mixing matrix (both Dirac and Majorana).

For example, the relationship between mββ and the lightest neutrino mass mlight

(which is equal to m1 or m3 in the normal and inverted mass ordering cases, respectively)
is illustrated in fig. 10. This graphical representation was first proposed in [58]. The width
of the two bands is due to items 1 and 3 above, where the uncertainties in the measured
oscillation parameters (item 1) are taken as 3σ ranges from a recent global oscillation fit
[3]. Figure 10 also shows an upper bound on mlight from cosmology (mlight < 0.43 eV),
also shown in fig. 2, and an upper bound on mββ from current ββ0ν data (mββ <
0.32 eV), which we will discuss in sect. 3.5. As can be seen from fig. 10, current ββ0ν
data provide a constraint on the absolute mass scale mlight that is almost as competitive
as the cosmological one.

In figs. 2 and 10, we have shown only upper bounds on various neutrino mass combi-
nations, coming from current data. The detection of positive results for absolute neutrino
mass scale observables would open up the possibility to further explore neutrino prop-
erties and lepton number violating processes. We give three examples in the following.
First, the successful determination of both mβ in eq. (3) and mββ in eq. (27) via β

hm⌫i ⌘
X

i

miU
2
ei = m1c

2
13c

2
12e
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2
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selection effectively reduces backgrounds from surface contaminants and external penetrating 
gamma rays owing to the self-shielding of the outer part of the volume compared to the inner 
region.  For smaller individual crystal detectors, a signal-shape analysis can effectively 
distinguish gammas from betas and, even in some situations, alphas.   Hybrid detectors such as 
time projection chambers (TPCs) combine scintillation light and ionization measurements to 
distinguish alphas from betas.  Similarly, a new idea for light-emitting bolometric crystals with 
dual readout would permit discrimination by the ratio of the heat to light signals, with the 
primary goal to veto alphas.   

In all cases, detector installations must be located deep underground to suppress cosmogenic 
backgrounds and their components that are close to the sensitive fiducial volume must be built 
from highly radio-pure materials.  The detectors also must include cosmic-ray veto capability, 
usually from an active shield.  These steps are designed to eliminate background because the 
sensitivity, and ultimately the scalability of the experiment, depend on the background level. 

 

Figure 2.1.  Illustration of a hypothetical two-neutrino (blue) and zero-neutrino (red) double 
beta decay energy spectrum. The resolution and ratio of decay rates affects the potential 
overlap of the blue and red curves in the ROI surrounding Q = 1.  

The sensitivity of a double beta decay experiment can be expressed in numerous formats. A 
generic one gives the half-life sensitivity as 

ଵܶ/ଶ >  ln 2 ߝ  ή ௦ܰ௢௨௥௖௘ ή ܶ
(ܶ)ܤ)ܮܷ ή ȟܧ)   

where H is the efficiency of detecting a �QEE event, ௦ܰ௢௨௥௖௘ is the number of isotope nuclei in 
the fiducial volume, and  ܶ is the observation time.  The product  ௦ܰ௢௨௥௖௘ ή ܶ is sometimes 
called the exposure.  The function ܷܤ)ܮ(ܶ) ή ȟܧ) represents the upper limit (UL) for a process 
that has the expectation of B background events in a ROI of width ȟܧ for an exposure of 
duration T.  With UL representing the expected background counts in the ROI the half-life 

ββ2ν
ββ0ν

The neutrino nature: neutrinoless double beta decay



• need to reach 10 meV to exclude IH (lower bound on        )

• need to reach few meV to test NH (if no mass degeneracy)

• if unlucky (m1 ~ 1-10 meV), may not observe ββ0ν even if 

neutrinos are Majorana (cancellation in        ) 

(experimental constraints 
as of May 2012 / optimistic 

future sensitivities)
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Figure 6: (Color online) We show the allowed range of values for |〈mν〉| as a function

of the lowest mass eigenstate m0 using the three standard neutrinos for the cases of
normal (NS, m0 = m1) and inverted (IS, m0 = m3) spectrum of neutrino masses. Also

shown are the current experimental limits and the expected future results [183] (QRPA

NMEs with CD-Bonn short-range correlations and geffA = 1.25 are assumed [174, 184]).

Note that in the inverted hierarchy there is a lower bound, which means that in such

a scenario the 0νββ-decay should definitely be observed, if the experiments reach the

required level. The same set of neutrino oscillation parameters as in Fig. 5 is considered.

On the other hand in a recent global analysis more than one sterile neutrino are needed

[186], with somewhat smaller mass squared differences, but similar couplings. Due to

such a mixing, even if their couplings are of the usual Dirac type, the resulting mass

eigenstates are of the Majorana type due to their coupling to the usual neutrino.
The U(4× 4) neutrino mixing matrix in the presence of one sterile neutrino with a

small mixing becomes [187]:

U = R34R̃24R̃14R23R̃13R12P. (51)

It depends on 6 mixing angles (θ14, θ24, θ34, θ12, θ13, θ23, 3 Dirac (δ24, δ14, δ13) and 3

Majorana (α1, α2, α3) CP-violating phases entering the diagonal P matrix :

P = diag
(

eiα1 , eiα2 , ei(α3+δ13), eiδ14
)

. (52)

Similarly, one can parametrized the U(5× 5) mixing matrix for two sterile neutrinos as

(10 mixing angles and 5+4 CP violating phases)

U = R45R̃35R34R̃25R̃24R23R̃15R̃14R̃13R12P, (53)

where P = diag
(

eiα1 , eiα2 , ei(α3+δ13), ei(α4+δ14), eiδ15
)

.
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Sterile neutrinos

Several experimental anomalies suggest the existence of sterile neutrinos

LSND (1993-1998):                   oscillations

Excess of      events over background at 3.8 σ
Not observed by KARMEN

MiniBooNE (2002-2012):

               data: no excess in the 475-1250 MeV range,
but unexplained 3σ excess at low energy

               data:      excess in the E > 475 MeV
region consistent with LSND-like oscillations,
but not very significant (2.8 σ)

A low-energy excess is also seen

➞ unconclusive

⌫̄µ ! ⌫̄e
⌫̄e

⌫̄µ ! ⌫̄e ⌫̄e

⌫µ ! ⌫e

[MiniBooNE 2-neutrino fit using the full
200-1250 MeV data, arXiv:1303.2588]
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FIG. 3: MiniBooNE allowed regions in antineutrino mode
(top) and neutrino mode (bottom) for events with E

QE
⌫ > 200

MeV within a two-neutrino oscillation model. Also shown are
the ICARUS [28] and KARMEN [24] appearance limits for
neutrinos and antineutrinos, respectively. The shaded areas
show the 90% and 99% C.L. LSND ⌫̄µ ! ⌫̄e allowed regions.
The black stars show the MiniBooNE best fit points, while
the circles show the example values used in Fig. 2.

lous background processes. The neutrino mode running
also shows an excess of 162.0±47.8 events (3.4�), but the
energy distribution of the excess is marginally compatible
with a simple two neutrino oscillation formalism. While
this incompatibility might be explained by unexpected
systematic uncertainties and backgrounds, expanded os-
cillation models with several sterile neutrinos can reduce
the discrepancy by allowing for CP violating e↵ects. On
the other hand, global fits [12] with these expanded mod-
els show some incompatibility with the current upper lim-
its on electron and muon neutrino disappearance that will
need new data and studies to resolve.
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IceCube (2016):
excludes most of the LSND + MiniBooNE allowed region through      
disappearance

⌫µ
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stability. The Wilks confidence intervals [64] were vali-
dated using Feldman-Cousins ensembles along the con-
tour [39] and found to be accurate frequentist confidence
intervals.

An independent search was conducted using the 59-
string IceCube data [65, 66], introduced previously, that
also finds no evidence of sterile neutrinos. The IC59
analysis, described in detail in [17], used di↵erent treat-
ments for the systematic uncertainties, for the fitting
methods and employed independent Monte Carlo sam-
ples that were compared to data using unique weighting
methods. In particular, the event selection used for this
data set had higher e�ciency for low-energy neutrinos,
using a threshold at 320 GeV, extending the sensitivity
of the analysis to smaller �m2. However, detailed a pos-

teriori inspections revealed that a background contam-
ination from cosmic ray induced muons, on the level of
0.3% of the full sample, is largest in this region and could
lead to an artificially strong exclusion limit. Further-
more, the energy reconstruction algorithm used in both
analyses, which measures the level of bremsstrahlung and
other stochastic light emission along the muon track, is
vulnerable to subtle detector modeling issues and suf-
fers degraded energy resolution in the low-energy region
where most muons are minimum-ionizing tracks and a
large fraction either start or stop within the detector. It
was therefore decided to exclude these events to avoid bi-
asing the resulting exclusion regions. As a result of this
a posteriori change, the IC59 analysis retains a compara-
ble range of sensitivity in �m2 but the reach in sin2✓

24

is
strongly reduced (see Fig. 4). However, we still present
this result as it independently confirms the result pre-
sented here.

DISCUSSION AND CONCLUSION

Resonant oscillations due to matter e↵ects would pro-
duce distinctive signatures of sterile neutrinos in the large
set of high energy atmospheric neutrino data recorded by
the IceCube Neutrino Observatory. The IceCube collab-
oration has performed searches for sterile neutrinos with
�m2 between 0.1 and 10 eV2. We have assumed a mini-
mal set of flavor mixing parameters in which only ✓

24

is
non-zero.

A nonzero value for ✓
34

would change the shape of the
MSW resonance while increasing the total size of the dis-
appearance signal [25]. As discussed in [27], among the
allowed values of ✓

34

[8], the model with ✓
34

=0 presented
here leads to the most conservative exclusion in ✓

24

. The
angle ✓

14

is tightly constrained by electron neutrino dis-
appearance measurements [12], and nonzero values of ✓

14

within the allowed range do not strongly a↵ect our result.
Figure 5 shows the current IceCube results at 90% and

99% confidence levels, with predicted sensitivities, com-
pared with 90% confidence level exclusions from previ-

FIG. 4. Results from IceCube sterile neutrino searches (re-
gions to the right of the contours are excluded). The dot-
dashed blue line shows the result of the original analysis based
on shape alone, while the solid red line shows the final result
with a normalization prior included to prevent degeneracies
between the no-steriles hypothesis and sterile neutrinos with
masses outside the range of sensitivity. The dashed black line
is the exclusion range derived from an independent analysis
of data from the 59-string IceCube configuration.

ous disappearance searches [7–10]. Our exclusion con-
tour is essentially contained within the expected +/- 95%
range around the projected sensitivity derived from sim-
ulated experiments, assuming a no-steriles hypothesis. In
any single realization of the experiment, deviations from
the mean sensitivity are expected due to statistical fluc-
tuations in the data and, to a considerably lesser ex-
tent, in the Monte Carlo data sets. Also shown is the
99% allowed region from a fit to the short baseline ap-
pearance experiments, including LSND and MiniBooNE,
from [12, 13, 25], projected with |Ue4|2 fixed to its world
best fit value according to global fit analyses [12, 13, 67].
This region is excluded at approximately the 99% con-
fidence level, further increasing tension with the short
baseline anomalies, and removing much of the remaining
parameter space of the 3+1 model. We note that the
methods developed for the IC59 and IC86 analyses are
being applied to additional data sets, including several
years of data already recorded by IceCube, from which
we anticipate improvements in IceCubes sterile neutrino
sensitivity.
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Reactor antineutrino anomaly (2011): 

New computation of the reactor antineutrino spectra
[Th. Mueller et al., 2011 - P. Huber, 2011]
⇒ increase of the flux by about 3%
⇒ deficit of antineutrinos in SBL reactor experiments

Mean observed to predicted rate 0.943 ± 0.023 [G. Mention et al., arXiv:1101.2755]
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Could be explained by an oscillation of  the νe flux toward a sterile 
neutrino in the eV Δm2 scale 



Gallex-SAGE calibration experiments: 

Calibration of the Gallex and SAGE experiments with radioactive sources
⇒ observed deficit of       with respect to predictions
    R = 0.86 ± 0.05

All these anomalies suggest oscillations with a new 

However, no coherent picture of all data with an additional (or even 2) sterile 
neutrinos: tension between appearance (LSND/MiniBooNE antineutrino data) 
and disappearance experiments (reactors +     disappearence experiments, 
including IceCube) + tension between LSND and MiniBooNE neutrino data

Also, cosmology leaves little room for a sterile neutrino:

                                                                  [Planck 2015 + BAO]

➞ need experimental clarification

⌫e

�m2 & 1 eV2

⌫µ

Ne↵ = 3.15± 0.23 (68%C.L.)



Standard case (3 flavours):

Add a sterile neutrino:

  U = 4x4 unitary matrix

Only                   couple to electroweak gauge boson, but all four mass 
eigenstate are produced in a beta decay: 

Active-sterile neutrino mixing

⌫↵ =
P4

i=1 U↵i ⌫i
flavour eigenstate
mass eigenstate (m4)

⌫s
⌫4

[↵ = e, µ, ⌧ ]

⌫e, ⌫µ, ⌫⌧

⌫e =
P4

i=1 Uei ⌫i

e�



We are interested in short baseline oscillations with

➞ approximate

where

where

�m2
41L
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Tension between appearance (LSND + MiniBooNE antineutrino data) and 
disappearance experiments (reactors,       disappearence experiments)

Reactors:

require relatively small

CDHS, IceCube:

require relatively small

Appearance experiments (LSND + MiniBooNE antineutrino data):

require relatively large

⌫µ

P⌫̄e!⌫̄e ' 1� sin2 2✓ee sin
2

✓
�m2

41L

4E

◆

sin2 2✓ee ⌘ 4 (1� |Ue4|2)|Ue4|2 ' 4 |Ue4|2

(using info from solar neutrino data)

P⌫µ!⌫µ ' 1� sin2 2✓µµ sin
2

✓
�m2

41L

4E
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sin2 2✓µµ ⌘ 4 (1� |Uµ4|2)|Uµ4|2 ' 4 |Uµ4|2

(using info from atm. neutrino data)
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2

✓
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41L

4E
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sin2 2✓eµ ⌘ 4 |Ue4Uµ4|2 ' 1

4
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Figure 2. Allowed regions at 95% CL (2 dof) for 3+1 oscillations. We show SBL reactor data
(blue shaded), Gallium radioactive source data (orange shaded), ⌫e disappearance constraints
from ⌫e–12C scattering data from LSND and KARMEN (dark red dotted), long-baseline reac-
tor data from CHOOZ, Palo Verde, DoubleChooz, Daya Bay and RENO (blue short-dashed) and
solar+KamLAND data (black long-dashed). The red shaded region is the combined region from all
these ⌫e and ⌫̄e disappearance data sets.

source data in Tab. 5. For these two cases we find an improvement of 5.3 and 3.8 units in
�2, respectively, when going from the 3+1 scenario to the 3+2 case. Considering that the
3+2 model has two additional parameters compared to 3+1, we conclude that there is no
improvement of the fit beyond the one expected by increasing the number of parameters,
and that SBL

(–)

⌫
e

data sets show no significant preference for 3+2 over 3+1. This is
also visible from the fact that the confidence level at which the no oscillation hypothesis is
excluded does not increase for 3+2 compared to 3+1, see the last columns of Tabs. 4 and 5.
There the ��2 is translated into a confidence level by taking into account the number of
parameters relevant in each model, i.e., 2 for 3+1 and 4 for 3+2.

3.3 Global data on ⌫
e

and ⌫̄
e

disappearance

Let us now consider the global picture regarding
(–)

⌫
e

disappearance. In addition to the
short-baseline reactor and Gallium data discussed above, we now add data from the fol-
lowing experiments:

• The remaining reactor experiments at a long baseline (“LBL reactors”) and the very
long-baseline reactor experiment KamLAND, see table 3.

• Global data on solar neutrinos, see appendix C for details.

• LSND and KARMEN measurements of the reaction ⌫
e

+ 12C ! e� + 12N [91, 92].
The experiments have found agreement with the expected cross section [93], hence

– 12 –
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Parameter region allowed by           disappearance data ⌫e/⌫̄e
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Figure 8. Results of the global fit in the 3+1 scenario, shown as exclusion limits and allowed regions
for the e↵ective mixing angle sin2 2✓µe = 4|Ue4|2|Uµ4|2 and the mass squared di↵erence �m2

41

. Left:
Comparison of the parameter region preferred by appearance data (LSND, MiniBooNE appearance
analysis, NOMAD, KARMEN, ICARUS, E776) to the exclusion limit from disappearance data
(atmospheric, solar, reactors, Gallium, CDHS, MINOS, MiniBooNE disappearance, KARMEN and
LSND ⌫e–12C scattering). Right: Regions preferred by experiments reporting a signal for sterile
neutrinos (LSND, MiniBooNE, SBL reactors, Gallium) versus the constraints from all other data,
shown separately for disappearance and appearance experiments, as well as their combination.

6 Combined analysis of global data

We now address the question whether the hints for sterile neutrino oscillations discussed
above can be reconciled with each other as well as with all existing bounds within a com-
mon sterile oscillation framework. In section 6.1 we discuss the 3+1 scenario, whereas in
section 6.2 we investigate the 3+2 and 1+3+1 schemes.

6.1 3+1 global analysis

In the 3+1 scheme, SBL oscillations are described by e↵ective 2-flavor oscillation prob-
abilities, involving e↵ective mixing angles for each oscillation channel. The expressions
for the e↵ective angles ✓

ee

, ✓
µµ

, ✓
µe

governing the
(–)

⌫
e

disappearance,
(–)

⌫
µ

disappearance,

and
(–)

⌫
µ

!
(–)

⌫
e

appearance probabilities are given in Eqs. (3.2), (4.2), (5.2), respectively.
From those definitions it is obvious that the three relevant oscillation amplitudes are not
independent, since they depend only on two independent fundamental parameters, namely
|U

e4

| and |U
µ4

|. Neglecting terms of order |U
↵4

|4 (↵ = e, µ) one finds

sin2 2✓
µe

⇡ 1

4
sin2 2✓

ee

sin2 2✓
µµ

. (6.1)

Hence, the appearance amplitude relevant for the LSND/MiniBooNE signals is quadrati-
cally suppressed by the disappearance amplitudes, which both are constrained to be small.
This leads to the well-known tension between appearance signals and disappearance data
in the 3+1 scheme, see e.g. [29, 30] for early references.

– 22 –
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Tension between IceCube and appearance data
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FIG. 5. Results from the IceCube search. (Top) The 90% (or-
ange solid line) CL contour is shown with bands containing
68% (green) and 95% (yellow) of the 90% contours in sim-
ulated pseudo-experiments, respectively. (Bottom) The 99%
(red solid line) CL contour is shown with bands containing
68% (green) and 95% (yellow) of the 99% contours in sim-
ulated pseudo-experiments, respectively. The contours and
bands are overlaid on 90% CL exclusions from previous exper-
iments [7–10], and the MiniBooNE / LSND 90% CL allowed
region from [12, 13, 21] assuming |Ue4|2= 0.023.
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Supplementary Methods and Tables – S2

SUPPL. FIG. 1: The solid (dashed) line represents the 90%
C.L. IceCube limit when calculated with ✓34 = 0� (✓34 = 15�).
The result of the SBL+IC global fit is overlaid, Red – 90%
CL; blue–99% CL.

analysis from being directly included into the global
fitting software. Instead, the global fits were used to
find a reduced set of parameters (called “parameter-set
points” below) that could be evaluated directly. The
60,000 parameter-set points for the SBL global fits from
Ref. [21], i.e. without IceCube data included, with the
lowest �

2 were used. From these every 40th point was
selected. This gave a fine sampling of the global fit near
the minima. Of the remaining ⇡140,000 parameter-set
points that are far from the minima, every 60th was se-
lected. Combining the fine sample and the coarse sample
yields 4,000 points. These 4,000 selected parameter-set
points only explored changes in the values for ✓

14

and
✓

24

. In order to incorporate the IceCube data and e↵ects
of ✓

34

, ten values of the ✓
34

angle were chosen for each pa-
rameter point, resulting in a total of 40,000 parameter-set
points. These points were fed into the IceCube analysis
likelihood and the resulting �

2 value, defined by Eq. 8,
was combined with the respective frequentist global fit
�

2.
This assumes that the e↵ect of IceCube on the global

fit is a small perturbation. This is reasonable given that
the IceCube-only ��

2 is small compared to the SBL only
global fit ��

2, as shown in Table I.

IceCube constraints vs appearance
[IceCube Collaboration, arXiv:1605.01990]

Global fit of SBL data + IceCube
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8

FIG. 5. Results from the IceCube search. (Top) The 90% (or-
ange solid line) CL contour is shown with bands containing
68% (green) and 95% (yellow) of the 90% contours in sim-
ulated pseudo-experiments, respectively. (Bottom) The 99%
(red solid line) CL contour is shown with bands containing
68% (green) and 95% (yellow) of the 99% contours in sim-
ulated pseudo-experiments, respectively. The contours and
bands are overlaid on 90% CL exclusions from previous exper-
iments [7–10], and the MiniBooNE / LSND 90% CL allowed
region from [12, 13, 21] assuming |Ue4|2= 0.023.
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