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• The DGF method. 

• Vibrational spectrum.

• Geometrical structure.

• Rovibrational spectrum for J>0.
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1. The DGF method



  

Wave function



  

Hamiltonian



  

The centers of the DGF satisfy 
the triangular condition:

|Rl – Rm| ≤ Rn ≤ Rl + Rm         

Some points of the DGF might not 
satisfy the triangular condition:

|R1 – R2| ≤ R3 ≤ R1 + R2       

R1

R2

R3

Special care for specific situations



  

Definition of a badness function:

Evaluation in terms of the DGF 
basis set:

Ne3



  

2. Vibrational spectrum



  

Barrier to 
linearity

Barrier to 
linearity

Ar3

Ne3

c) I. Baccarelli et al. JCP 122, 84313 (2005)c) I. Baccarelli et al. JCP 122, 144319 (2005)

d) P. N. Roy JCP 119, 5437 (2003) d) P. N. Roy JCP 119, 5437 (2003)



  

Efimov states

For 3B  systems formed with 2B  systems which do not support bound states 
but zero energy resonances,  it is possible to observe an ∞ number of bound 
states when λ = λ2B, being V3B(r) = λV2B(r) .

Moreover, if λ  keeps on increasing, those bound states gradually disappear.

The same effect is found if:

• The 3B system is Borromean,

• Only two 2B  systems have ZER,

c)  The masses verify certain relations 
      among them.

1

2

3

V 123(r1,r2,r3)=λ(V12(r3)+V23(r1)+V13(r2))

For He3, for example, 

N

The actual number for such Efimov 
states in realistic systems is given by:



  

3B bound states appear 
through the 2B threshold 
as λ increases
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‘Usual’ system
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Efimov system

For He3, for example, 

N

3B bound states disappear through 
the 2B threshold as λ increases:

V3B(r) = Σ λV2B(r)

Σ



  

11.93-0.398834HeH-

36.80-0.001954He7Li

95.44-0.000234He6Li

51.87-0.000914He2

<R>  (A)E  (cm-1)

a ~ 100 Å

Candidates in Molecular Physics



  

4He3 Barletta, Kievsky (2001)
Motovilov, Sofianos, Kolganova (1997, 1998)
Blume, Esry, Greene, Esry (1999, 2000)
Nielsen, Fedorov, Jensen (1998)
Bressanini, Zavaglia, Mella, Morosi (2000) 
González-Lezana, Rubayo-Soneira, Miret-Artés, Delgado-
Barrio, Gianturco, Villarreal (1999, 2000)

4He2Li Yuan, Lin (1998)
Delfino, Frederico, Tomio (2000)
Baccarelli, González-Lezana, Miret-Artés, Delgado-Barrio, 
Gianturco, Villarreal (2000)

4He2H- Casalegno, Mella, Morosi, Bressanini (2000)
González-Lezana, Miret-Artés, Delgado-Barrio, Gianturco, 
Villarreal (2000)



  

Efimov 
state!

V=0

He3

Only He3(v=0)

He3(v=1): 
Efimov state

V=1

He3(v=1): 
Ghost state

T. González-Lezana et al. PRL 82, 1648 (1999)



  

3. Geometrical structure
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Probability density functions

Significant differences between 
the geometrical features of the 
extremely floppy He3 system and 
the more localised Ar and Ne 
trimers. 

T. González-Lezana et al. JCP 110, 9000 (1999)



  

1. Alternative way to calculate of geometrical magnitudes such as average 
values for the area, distances ...

Pseudo-weights

Definition :

2. Analysis of the participation of different triangular arrangements on the 
average geometry of the system:

Collinear
Equilateral

Isosceles

Scalene



  

Ar3

Pseudo-weights



  

Pseudo-weights

M. Casalegno et al. JCP 112, 69 (2000)

He2H-

Configurations in our basis set with the larger 
values of P(k)

j

H--GC distance

r(H--GC) = 2.7-4.8 bohr
r(H--GC) = 13.2 bohr

r(H--GC) = 10.8 bohr

r(H--GC) = 10.1 bohr

r(H--GC) = 10.7 bohr

r(H--GC) = 9.2 bohr



  

Pseudo-weights

M. Casalegno et al. JCP 112, 69 (2000)

He2H-

He-GC distance

Configurations in our basis set with the larger 
values of P(k)

j

r(He-GC) = 3.8-5 bohr



  

4. Rovibrational spectrum for J>0



  

General procedure

For an asymmetric rotor:

we construct the Hamiltonian matrix:

With the symmetry-adapted rovibrational basis:

       ?

We assume:



  

General procedure

depends on R1, R2 and R3



  

Let’s suppose J = 1, Ω = -1,0,1   and three vibrational states k = 0, 1, 2

k = 0 k = 1 k = 2
Ω = -1 Ω = -1 Ω = -1Ω = 0 Ω = 1 Ω = 0 Ω = 0Ω = 1 Ω = 1

k = 0

k = 1

k= 2

Ω = -1

Ω = -1

Ω = -1

Ω = 0

Ω = 0

Ω = 0

Ω = 1

Ω = 1

Ω = 1

vibration

rotation

< J Ω | Hr | J Ω > = (1/2) (A+C) J (J+1) 
                         + (1/2) (A-C) [F J(J + 1) + (G - F) Ω 2 ]

< J Ω | H(κ) | J Ω ± 2 > = H [ f(J, Ω ± 1) ] 1/2



  

-191.28(13,0, III)-191.29(2,10)(0)A1’-191.29

-193.22(11-12,0,II-I )-193.21(1,11)(0)E’

-195.98(10,0, III)-195.97(2,00)(0)A1’-195.99(2,00)(0,0)

-209.33(6-7,0,II-I )-209.32(0,22)(0)E’

-202.58(8-9,0,II-I )-202.58(1,11)(0)E’

-229.79(2-3,0,II-I )-229.78(0,11)(0)E’

(14,0, I )

(5,0, III)

(4,0, III)

(1,0,III )

(k, Ω, Γ )

(0,33)(0) A2’

(0,20)(0)A1’

(1,00)(0)A1’

(0,00)(0)A1’

(v1,v2
 ℓ )(Ω) Γ

(0,20)(0,0)

(1,00)(0,0)

(0,00)(0,0)

(v1,v2
 ℓ )

(L,K )

-187.76-187.76

-209.48-209.48-209.48

-221.79-221.79-221.80

-252.23-252.23-252.24

E [cm-1]E [cm-1]E [cm-1]
DGFHC (this work)HC [1]

[1] F. Karlický et al. JCP 126, 74305 (2007)

Ar3
J=0

III
III Assignment ℓ   ↔ k,Ω for the J=0 case
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Symmetry-adapted vibrational functions:

Total symmetry as a product:

Coefficients after symmetry operations of D3h group:

Practical rules:



  

Rotational symmetry:

Symmetry-adapted vibrational functions:

Coefficients after symmetry operations of D3h group:

Practical rules:
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In summary:

For each value of k and Ω (and therefore ) ℓ :

The symmetry for the vibrational part         :

The symmetry for the rotational part         :



  

Ar3 J=6

Largest HC-DGF energy difference:  ≤ 0.4 cm-1



  

Ar3

J=15

Largest HC-DGF energy 
difference:  ≤ 0.6 cm-1



  



  

J=20

J=0

Ar3

Structural features of the bound 
states for J=0 seems to be also 
present at larger values of J



  

541.761601.10(0,31)771.561674.461660.451688.7111-12

644.371630.11(1,11)806.151669.441666.651672.238-9

627.731694.31(0,22)809.401687.461686.761688.166-7

785.881697.59(0,11)837.771713.201712.971713.432-3

(2,00)

(0,20)

(1,00)

(0,00)

(v1,v2
 ℓ )

782.531653.20782.321666.431660.201672.6610

809.921596.78812.151688.571688.221688.915

834.581691.92831.621692.481692.071692.884

863.321738.35861.321739.211739.171739.261

C [MHz]B [MHz]C [MHz]B’ [MHz]B [MHz]A [MHz]k

HC[1]DGF

[1] F. Karlický et al. JCP 126, 74305 (2007)

Rotational constants

VariablesAdjustable parameters

2x10-4

3x10-2

 1x10-4

 1x10-2

1x10-1

 2x10-3

1x10-1

7x10-2

rms



  



  

Need of a large number of J-partial waves to ensure convergence in terms of T



  



  



  



  

• The DGF method constitutes a reliable approach to study the 
vibrational spectrum and geometrical structure of different 
three body molecular systems.

• An approximate procedure based on the DGF method has been 
proposed to study the rovibrational spectrum of rotating 
trimers. Energy levels predicted by means of this method for 
the Ar3 system are in a fairly good accord with results of exact 
hyperspherical coordinate calculations even for large values of 
the total angular momentum (J = 20). 

• Future applications to other trimers will enable to test its 
possible limitations.

ConclusionsConclusions


