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Plan of the Talk

•Patterns of near-threshold behavior and examples

•Basic definitions

•A short review of the Klaus and Simon method

•Examples of halo formation
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•Examples of halo formation

•Bounds on the Green’s functions with repulsion

•Bound states at threshold in negative ions

•The case of N ≥ 4 and open problems. 



Nuclear Chart

Known Nuclei

Proton Dripline ?
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Proton Dripline ?

Neutron Dripline ?

SHE

Discovered Halo Structures



Exotic structures at the drip line

The nucleus 11Li lies on the drip line. Two neutrons form a halo

D. Gridnev, ERICE 18.10.2008



Table of Inonization energy for the first electron
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Electron Affinities in kJ / Mol

Small compared to ionization energies 

(near-threshold behavior)
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Stability diagram for three charges (-1, q1 , q2 ) with masses (1, m1 , m2 )
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The line of equal thresholds: 
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Stability diagram for three charges (-1, q1 , q2 ) with masses (1, m1 , m2 )
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Halo Structure !

On the arcs the wave function 

remains compact
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Halo Structure in the Stability Diagram

Proof of the halo structure 

Suppose that the Hamiltonian 
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has a bound state at threshold 

Then and  the Hamiltonian 

must be stable for 



Stability of Exotic Molecules

The map of stable systems for three unit charges

pe+e-

= area of stable systems

Halo formation
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Method of Klaus and Simon

How does E(λ) behave near λ = λcr?
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Method of Klaus and Simon

There are two possibilities for some c>0
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Formation of halo in the two-body system. 

ψ
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Behavior of the ground state near the drip-line
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•For the Coulomb tail there is a bound state with E = 0

•Only S-states can spread

•For rigorous results see D. Bolle, F. Gesztesy and W.Schweiger, J. Math. 

Phys 26, 1661 (1985); M Ho®mann-Ostenhof, T Hoffmann-Ostenhof and B 

Simon, J. Phys. A 16, 1125 (1983); D. Gridnev and M. Garcia J. Phys. A 40 

9003–9016 (2007) . 



Connections between bound states at threshold and spreading
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Hamiltonian must satisfy the requirements



Connections between bound states at threshold and spreading

The following theorems are helpful
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Upper Bounds for the Green’s functions (two-body case)
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Upper Bounds for the Green’s functions (two-body case)

D. Gridnev, ERICE 18.10.2008



Examples of the Bounds
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Examples of the Bounds

The case of a Coulomb-like potential
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This makes the wave functions fall off as )exp( r−



Absence of spreading for the two-cluster break up. 
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Absence of spreading for the two-cluster break up. 
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New Results and open problems

� Neither halos nor the Efimov effect exist for the number of 

clusters larger than 4 (the proof to be presented on the next 

conference). 

Some Open Problems
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�Prove rigorously that halos are formed in the ground 

state of 3 particles.

�Is a retardation possible in the three cluster break up? In 

other words, could it be that <W12>/<W13> goes to zero? 


