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1930: Quantum Electrodynamics  

1940: Feynman diagrams, path integral 

1950: Renormalization, deal with divergencies 

1954: Yang-Mills theories 

1973: Quantum Chromodynamics  

1976: Ken Wilson, Cargese lectures 
            “present methods for solving field theories do not work for strong coupling” 

1970+ : non-perturbative methods, lattice field theory 

1977: Giorgio Parisi, Cargese lectures  
            “ we do not know yet how to get correct answers, 
             but we begin to understand which are the right questions to ask “ 

1980+: Complexity 

1990+: String theories, CFT 

A sketchy (and subjective) timeline 

Examples: • Hadron structure
• The enigma of the muon g-2
• The strong coupling constant
• Flavor Physics for BSM searches





QCD - why a numerical approach



QED vs  QCD 

• Photons do not carry charge 
• Free electrons and free photons 

exist 
• Interactions are strong at short 

distance - Coulomb force 

• Gluons are charged  
• Free quarks and gluons do not 

exist: confinement? 
• Interactions are faible at short 

distance: asymptotic freedom

A theory with only photons 
Is free 

A  theory with gluons only   
is  interacting and Interesting



QED vs  QCD vs Yang-Mills 

• Photons do not carry charge 
• Free electrons and free photons 

exist 
• Interactions are strong at short 

distance - Coulomb force 

• Gluons are charged  
• Free quarks and gluons do not 

exist: confinement? 
• Interactions are faible at short 

distance: asymptotic freedom

A theory with only photons 
Is free 

A  theory with gluons only (Yang-Mills)  
is  interacting and Interesting



From QED to Yang-Mills theories 

Electrodynamics: 

Infinite mass 

Free photons

Yang-Mills

YM
(a) (a)

Gluons

 Self-interacting gluons



QCD : motivation for a on-perturbative approach  

Confinement: quarks and gluons are not observed as asymptotic states 

Breaking of chiral symmetry: due to the coupling becoming large at large distance 

Topological properties: non-existent at any order in perturbation theory



Calculational schemes 
from real to imaginary time 

Correlators, correlation length, masses



General calculations scheme:

<— note: Euclidean space time  

Integrate out fermions 

Rotate to imaginary time 

A RFT in d space  dimensions becomes a statistical field theory in d+1 dimensions



Green functions —> Correlation  functions

Minkowski Euclidean —>
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Mass = inverse correlation length 

In many cases correlation functions decay exponentially at large distance: 

Back to Minkwoski



Green functions —> Correlation  functions

Minkowski Euclidean —>

limt!1 < O(t)O(0) >/ e
�t/t0 t0
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M = lowest excitation in the channel which couples to O 

M
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In imaginary time G(t) G(t) =
R
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In real frequency space: 

From real time to real frequency space: 



Spectral functions and two point functions : a challenge for LFT

Yang-Mills QCD 

S0++

(!)
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Mixing, widths



FT Euclidean space — take home message 

Complete equivalence between Minkowski FT in d space dimension with statistical field theory in d+1 dimension 

Grand Canonical Partition Function defines all the observables of the theory 

Exponential decays of Euclidean two point functions —> mass of the lowest excitation in that channel 

More general functional forms may appear, which require a dedicated analysis



Computational Strategy:

1) Rotation to 
imaginary time + 
discretisation  



1) Rotation to imaginary 
time + discretisation  

2) Monte Carlo Simulation  

Computational Strategy:

Performing the integration



Discretising - general issues



—Discretization: from continuum space to a grid 

—Why? Two standard motivations: 
              1. Physical system intrinsically discrete (i.e. spin models) 
              2. Make it amenable to a numerical study —> QCD    

— Discretization is in principle trivial: 

      

— Already in this simple example: 
     .Strategies for improvement? 
     .How to check the ‘continuum limit?’ 
     .Suppose a, b   
        How to check convergence to infinite volume?  

— Slightly more complicated: increase the dimensionality, make the function less smooth.. 
     Computational costs?? 

! 1
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Matter (scalar) fields: on sites 

a 
n, n+1 



Gauge invariant

( )

Parallel transport: : gauge invariance ‘by fiat’

SU(3) Matrix

Gauge fields 



Build the Action ‘by guessing’..

? Does it work?

Check continuum limit a-> 0

Continuum limit OK



Coming back to correlation functions:  

Continuum limit 

M = dimensionless quantity, expressed in lattice units = 1/ 

M = Mphys * a  = 1/

⇠
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Continuum limit: singularity ! 



‘g’ in the Lattice Lagrangian is the coupling at the scale ‘a’

Physical scale — dimensional transmutation 

QCD Asymptotic freedom allows a rigorous continuum limit 

In perturbation theory, a(g) is known.  



Yang-Mills, continuum and lattice 

U : SU(3) matrix Det = 1 
U^{-1} = U*

Not unique — improvement

g only parameter. —> where is the spacing? 

a: 0.1 fm? 0.003fm? 1cm???



After discretising - 

Back to the continuum



Planning a simulation 

Parameters: N�, N⌧ , g
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Assume we have the lattice results for  
some masses 

M1Lat 

M2Lat 
M3Lat 

 

How do we get results in physical units?



Issues 

— Scale setting : one physical value needed as input! 

—Scaling : how strong are the discretisation effects?    

—Asymptotic scaling : are we sensitive to the g=0 singularity?  
  



Scelte correnti : a circa  0.05 fm, Ns, Nt > 48  

a*Mp = 0.25 

g=0.2

Mp = 970 MeV (approx.)

a = 0.25 *970 Mev**(-1) = 0.29*970/197 = 1fm 

An example of scale setting 

Suppose Mp=M1Latt= 0.25 is the proton mass in lattice units  

Knowing a, M2 and M3 can be computed 



Scaling : repeat for different couplings and check consistencies of results - 
              or, which is the same, check that dimensionless ratios do not depend on g 

Asymptotic scaling : repeat for different couplings, and check consistency with the two-loop 
                               universal scaling — implies scaling, but much harder to get 

Improvement: in general, a program aimed at controlling lattice artifacts, 
so to reach faster and with more confidence scaling (hence continuum limit) 



Sampling the phase space  

The functional integral 



Task: 



                                          from Mike Creutz: 

!!!



Monte Carlo methods: 

                     Create a sample of configurations distributed according to 

e�S
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The functional integral may then be traded with an average over configurations 

—-> 



Monte Carlo time ‘evolution’ 

New ?

Different methods use different strategies for choosing the new link 

Crucial point: positive Action!



1. Metropolis

If the move is accepted 

Otherwise: pick random number r 0 < r < 1 and accept if 

Maximise distance between configurations, at the price of high rejection rate 



2. Heath Bath

Choose new U with the appropriate weight: 

Accept step always satisfied by construction

It may be expensive 



3. Modified Metropolis

Same as Metropolis, but make several hits 
with the same link :  
“n upgrading per step” 

It ‘interpolates’ between the two previous cases - optimal n to be determined



A typical Monte Carlo simulation:

Observables 



Observables 



Thinking in abstract terms - i.e. let us consider the discretised theory as a statistical 
system in d+1 dimension — these are basic measurable quantities: 

1) Wilson loops  

2) Polyakov loop 

3) Topological charge   

4) Two point functions of any of the above 

5) Two point functions of composite fermion operators 

RxT

Difficult to draw ‘butterly operator’ .                FF̃
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(more later)

In the continuum



String tension - Interquark potential

Cornell form

Physical value

Confinement

Asymptotic freedom

Wilson loop

String tension

R

T



Two point functions of simple Wilson loops: Glueballs

9901004





Parametro d’ordine per 

For two colours: Z(2): Ising model!!

‘Build’ Polyakov loop system: it is a cube of spins!!

Two point functions of Polyakov loop: alternative extraction of the potential 

R

—> dimensional reduction at Tc

—> Universality

—> Confinement as a symmetry

As an aside: 

/ e��R
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Polyakov loop again

Used as order parameter for the Yang-Mills transition 

No longer an order parameter with matter fields: the string can break  due 
to recombination with light quarks popping out of the vacuum 

      Q

Q

String 

Q

Q

q  

q

: YM vs QCD 



Two point functions of composite fermions: meson spectrum

Insert appropriate gamma matrices to create different quantum numbers 

Basic :

Spectral decomposition  
(generalizes asymptotic exponential decay)



Example of results : Rho mass

r1= scale setting parameter
Circa 0.57GeV  

from different fermion discretizations



Either for Glueballs and Mesons  
the task is to identify the asymptotic exponent m



Smoothing a rough landscape

Operator Improvement - 



Evolves gauge fields towards minimum of the Action in fictitious time 

Gaussian smearing over sphere with flow radius 

⌧F
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<latexit sha1_base64="628B1ZY1C2SvNEvqG5eIehaP7Qw=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LLaCp5LUgz0WBfFYwX5AE8Jmu22XbjZxd1Ioof/EiwdFvPpPvPlv3LY5aOuDgcd7M8zMCxPBNTjOt1XY2Nza3inulvb2Dw6P7OOTto5TRVmLxiJW3ZBoJrhkLeAgWDdRjEShYJ1wfDv3OxOmNI/lI0wT5kdkKPmAUwJGCmy74uknBVndA5IGd7NKYJedqrMAXiduTsooRzOwv7x+TNOISaCCaN1znQT8jCjgVLBZyUs1SwgdkyHrGSpJxLSfLS6f4Quj9PEgVqYk4IX6eyIjkdbTKDSdEYGRXvXm4n9eL4VB3c+4TFJgki4XDVKBIcbzGHCfK0ZBTA0hVHFzK6YjoggFE1bJhOCuvrxO2rWqe1WtPdTKjZs8jiI6Q+foErnoGjXQPWqiFqJogp7RK3qzMuvFerc+lq0FK585RX9gff4A9bWTNg==</latexit>

In a nutshell:  



Build a sequence of operators 

Evolution in ‘smearing time 

In momentum space  :

A basic proposal for illustration: smearing



G(t)t!1 ! e�mt

Define
meff (t) ⌘ �d lnG(t)

dt

meff (t)t!1 ! m
<latexit sha1_base64="JjzBr10KuUWnHPeArjGMi372/YE="></latexit>

Smearing at work

m
e
f
f

<latexit sha1_base64="6alcjQfpLKjxH+/6hc1yewsVc9s=">AAAB8XicdVDLSgMxFM34rOOr6tJNsBVcDZmp2rorunFZwT6wLSWTZtrQJDMkGaEM/Qs3LhRx69+4829MH4KKHrhwOOde7r0nTDjTBqEPZ2l5ZXVtPbfhbm5t7+zm9/YbOk4VoXUS81i1QqwpZ5LWDTOcthJFsQg5bYajq6nfvKdKs1jemnFCuwIPJIsYwcZKd25R9DIaRZNiL19AHjo/9QMfIu8M+ZUAzclFuQR9D81QAAvUevn3Tj8mqaDSEI61bvsoMd0MK8MIpxO3k2qaYDLCA9q2VGJBdTebXTyBx1bpwyhWtqSBM/X7RIaF1mMR2k6BzVD/9qbiX147NVGlmzGZpIZKMl8UpRyaGE7fh32mKDF8bAkmitlbIRlihYmxIbk2hK9P4f+kEXh+yQtugkL1chFHDhyCI3ACfFAGVXANaqAOCJDgATyBZ0c7j86L8zpvXXIWMwfgB5y3T9GmkF4=</latexit>

t =
<latexit sha1_base64="EfX01ZMGwgSjtbzM5H/r7XeF50I=">AAAB63icdVDLSgMxFM34rPVVdekm2AquhsxUbV0IRTcuK9gHtEPJpJk2NMkMSUYopb/gxoUibv0hd/6NmbaCih64cDjnXu69J0w40wahD2dpeWV1bT23kd/c2t7ZLeztN3WcKkIbJOaxaodYU84kbRhmOG0nimIRctoKR9eZ37qnSrNY3plxQgOBB5JFjGCTSSVzWeoVishF56ee70HkniGv6qM5uaiUoeeiGYpggXqv8N7txyQVVBrCsdYdDyUmmGBlGOF0mu+mmiaYjPCAdiyVWFAdTGa3TuGxVfowipUtaeBM/T4xwULrsQhtp8BmqH97mfiX10lNVA0mTCapoZLMF0UphyaG2eOwzxQlho8twUQxeyskQ6wwMTaevA3h61P4P2n6rld2/Vu/WLtaxJEDh+AInAAPVEAN3IA6aAAChuABPIFnRziPzovzOm9dchYzB+AHnLdPagSN1A==</latexit>

t =
<latexit sha1_base64="EfX01ZMGwgSjtbzM5H/r7XeF50I=">AAAB63icdVDLSgMxFM34rPVVdekm2AquhsxUbV0IRTcuK9gHtEPJpJk2NMkMSUYopb/gxoUibv0hd/6NmbaCih64cDjnXu69J0w40wahD2dpeWV1bT23kd/c2t7ZLeztN3WcKkIbJOaxaodYU84kbRhmOG0nimIRctoKR9eZ37qnSrNY3plxQgOBB5JFjGCTSSVzWeoVishF56ee70HkniGv6qM5uaiUoeeiGYpggXqv8N7txyQVVBrCsdYdDyUmmGBlGOF0mu+mmiaYjPCAdiyVWFAdTGa3TuGxVfowipUtaeBM/T4xwULrsQhtp8BmqH97mfiX10lNVA0mTCapoZLMF0UphyaG2eOwzxQlho8twUQxeyskQ6wwMTaevA3h61P4P2n6rld2/Vu/WLtaxJEDh+AInAAPVEAN3IA6aAAChuABPIFnRziPzovzOm9dchYzB+AHnLdPagSN1A==</latexit>

t =
<latexit sha1_base64="EfX01ZMGwgSjtbzM5H/r7XeF50I=">AAAB63icdVDLSgMxFM34rPVVdekm2AquhsxUbV0IRTcuK9gHtEPJpJk2NMkMSUYopb/gxoUibv0hd/6NmbaCih64cDjnXu69J0w40wahD2dpeWV1bT23kd/c2t7ZLeztN3WcKkIbJOaxaodYU84kbRhmOG0nimIRctoKR9eZ37qnSrNY3plxQgOBB5JFjGCTSSVzWeoVishF56ee70HkniGv6qM5uaiUoeeiGYpggXqv8N7txyQVVBrCsdYdDyUmmGBlGOF0mu+mmiaYjPCAdiyVWFAdTGa3TuGxVfowipUtaeBM/T4xwULrsQhtp8BmqH97mfiX10lNVA0mTCapoZLMF0UphyaG2eOwzxQlho8twUQxeyskQ6wwMTaevA3h61P4P2n6rld2/Vu/WLtaxJEDh+AInAAPVEAN3IA6aAAChuABPIFnRziPzovzOm9dchYzB+AHnLdPagSN1A==</latexit>

m
<latexit sha1_base64="otsb5IK/IE5UmNvRQ/2f2Aj5YhE=">AAAB8HicdVDLSgMxFM34rPVVdekm2AquhsxUbd0V3bisYB/SDiWTZtrQJDMkGaEM/Qo3LhRx6+e4829MH4KKHrhwOOde7r0nTDjTBqEPZ2l5ZXVtPbeR39za3tkt7O03dZwqQhsk5rFqh1hTziRtGGY4bSeKYhFy2gpHV1O/dU+VZrG8NeOEBgIPJIsYwcZKd6WsG0ZQTEq9QhG56PzU8z2I3DPkVX00JxeVMvRcNEMRLFDvFd67/ZikgkpDONa646HEBBlWhhFOJ/luqmmCyQgPaMdSiQXVQTY7eAKPrdKHUaxsSQNn6veJDAutxyK0nQKbof7tTcW/vE5qomqQMZmkhkoyXxSlHJoYTr+HfaYoMXxsCSaK2VshGWKFibEZ5W0IX5/C/0nTd72y69/4xdrlIo4cOARH4AR4oAJq4BrUQQMQIMADeALPjnIenRfndd665CxmDsAPOG+fKROP/g==</latexit>

 smearing
<latexit sha1_base64="Qc/voPhfATQsOvdXDDhD0z7pNJ4=">AAAB/3icdVDLSgNBEJz1GeNrVfDiZTARPC2zG5830YtHBaOBZAmzk944ZHZ2mZlVQszBX/HiQRGv/oY3/8bJQ1DRgoaiqpvurigTXBtCPpyJyanpmdnCXHF+YXFp2V1ZvdRprhhUWSpSVYuoBsElVA03AmqZAppEAq6izsnAv7oBpXkqL0w3gzChbcljzqixUtNdL+OGgNhQpdLbMtYJUMVlu+mWiEf2dvzAx8TbJf5BQEbkcL+CfY8MUUJjnDXd90YrZXkC0jBBta77JDNhjyrDmYB+sZFryCjr0DbULZU0AR32hvf38ZZVWjhOlS1p8FD9PtGjidbdJLKdCTXX+rc3EP/y6rmJD8Iel1luQLLRojgX2KR4EAZucQXMiK4llClub8XsmirKjI2saEP4+hT/Ty4Dz694wXlQOjoex1FAG2gTbSMf7aMjdIrOUBUxdIce0BN6du6dR+fFeR21TjjjmTX0A87bJ4n7ldA=</latexit>

n
o
sm

ea
ri
n
g

<latexit sha1_base64="AqMEE4a8usq5utl7qjhkaThdZAk=">AAAB8nicdVDLSgMxFM3UV62vqks3wSK4GjJTtXVXdOOygn3AdCiZNNOGZpIhyQhl6Ge4caGIW7/GnX9j+hBU9MCFwzn3cu89UcqZNgh9OIWV1bX1jeJmaWt7Z3evvH/Q1jJThLaI5FJ1I6wpZ4K2DDOcdlNFcRJx2onG1zO/c0+VZlLcmUlKwwQPBYsZwcZKgZBQJxQrJob9cgW56OLM8z2I3HPk1X20IJe1KvRcNEcFLNHsl997A0myhApDONY68FBqwhwrwwin01Iv0zTFZIyHNLBU4ITqMJ+fPIUnVhnAWCpbwsC5+n0ix4nWkySynQk2I/3bm4l/eUFm4nqYM5FmhgqyWBRnHBoJZ//DAVOUGD6xBBPF7K2QjLDCxNiUSjaEr0/h/6Ttu17V9W/9SuNqGUcRHIFjcAo8UAMNcAOaoAUIkOABPIFnxziPzovzumgtOMuZQ/ADztsnlL6RdA==</latexit>



Smearing at work: Glueball masses

Note: t Euclidean time!

0++

2++

G(t) =
R
�(M � !)e�!t / e�Mt

<latexit sha1_base64="rlJ+gl4V/1E36PSq4DrwGwmMoxE="></latexit>

Smearing



Many variations of this idea, substantial agreement 



2006 data, From PDG 2022 2022 compilation, Vadacchino@lat22



ETMC collaboration, 2017

Many varieties of smearing/smoothing/flowing/cooling.. good agreement  at T=0

Plot by G. Villadoro

Topology - susceptibility 



2017





But at finite temperature topology  poses specific challenges…

A good playground for collaborations.


