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More on Euclidean formulation 

Light quarks - chiral symmetry (and confinement) 

Theta term, strong CP problem, topology, axion (brief recap) 

Topology  

Heavy quarks 

Lattice QCD and axion cosmology 

Introduction to Lattice QCD — II



Imaginary time, temperature, dimensional reduction



Euclidean Field Theory —> Classical Statistical System



Table by Rajan Gupta



Boundary conditions for the fields

Bosons : periodic



Fermions

Antiperiodic 



Fermions

Antiperiodic 

Bosons

Periodic



Dimensional Reduction

+ coarse graining 



Cases for Dimensional Reduction

1) T >>> any mass —> High T Electroweak transition 

2) Diverging correlation length —> second order transition, basis for universality 
                                                      High T QCD 



Mode expansion and Decoupling

Bosons

Fermions

When dimensional reduction is possible, only one boson field survives



Finite temperature at a glance



Computational schemes at a glance

Universality ->



Symmetry and pattern of breaking 

Yang Mills 

Massless QCD - light quarks 

Interplay of chiral symmetry and confinement? 



Symmetry of Yang-Mills  

3-dimensional system of Polyakov loops 

SU(3) : Z3 center symmetry  breaking at Tc —> 1st order  3 state Potts model  

SU(2) : Z2 center symmetry breaking at Tc —> 2nd order 2 state Potts model  (Ising) 



Nc = 2Yang-Mills Theory — Ising 3D universality  class



Temperature

Phases of Yang-Mills

Deconfinement - Z3 symmetry broken

Confinement - Z3 symmetry

Td Z3 3D



Topology, symmetries and spectrum
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Symmetries of QCD



Pseudoscalar spectrum

Explicit breaking of axial symmetry: solution of the UA(1) puzzle

UA(1) puzzle



Pion, sigma => O(4) symmetry

Candidate universality class: O(4) in 3D



theoretical (lack of )guidance  

Parisen Toldin, Pelissetto, Vicari 2003

Pisarski,  Wilczek  1984 

Challenged by Cuteri, Philipsen, Sciarra 2020-2022 

Universality class of the high T transition: 

?







O(4) universality With physical quark masses 
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Phases of massless QCD:
imprinting  

on observations? 

Universality class + 
scaling window 



Probably still broken above Tc 

The fate of the anomaly  and its impact on the transition 
remains an important open problem 

Fate of ?



Temperature

Tc

Chiral Symmetry Broken

Chiral Symmetry Exact

Phases of massless QCD

O(4) 3D



Phases of Yang Mills



Quark mass

0

1
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Y-M
Td

Tc

Temperature

?

1. Indicators of chiral symmetry & 
deconfinement have some correlation, 
But hard to establish it rigorously

2. No good order parameter for confinement 
With dynamical quarks

Phases of QCD in the temperature, mass plane 

3. Fate of anomaly important and unclear



Topology and UA(1) problem



CP-violating term 

Q — topological charge

✓must be unnaturally small

This is the strong CP problem of QCD!

Focus on the ✓
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term 



GCPF and ✓
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It can be proven that = Q 

The ⌘0mass may now be computed from the decay of the correlation

which at leading order gives the Witten-Veneziano formula 

and Q = n+ � n�

Gluonic definition

Fermionic definition

Successful
at T=0

Q(x) Q(y)

Topology, ⌘0
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and solution of the  UA(1)
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problem



ETMC 2017

Topology observable effects:



Yang-Mills Topological Susceptibility

Del Debbio, Giusti et al. (2015)

Topology observable effects:



Strong CP problem and the QCD axion



Lattice QCD and ✓ term

Lattice simulations rely on a sampling of the phase space weighted with the e�S , where S
the Euclidean action.

Z =

Z
D[U] e�Slat [U]

I Sign problem: In Euclidean space-time the Minkowskian
Lagrangian becomes complex for real values of ✓.

I Way out: Taylor expansion around ✓ = 0 or an analytic
continuation from imaginary values of ✓ Bonati, D’Elia et al. 2019.

In the following, topological susceptibility and cumulants will be
measured at ✓ = 0:

�top(T ) ⌘ @2
F (✓,T )

@✓2

����
✓=0



How ‘large’ is ✓
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?



The free energy F (✓,T ) has a minimum at ✓ = 0
BUT this does not solve the strong CP problem

Villadoro et al.(2015)

IL
ChPT

(adapted)







MADMAX (2019)

QCD axion mass landscape 



Candidate to Dark Matter: 
QCD axion

To constrain the axion mass values, 
It is necessary to know the 
Topological susceptibility at high temperatures 



Topology from Lattice QCD around and above the critical temperature



Analytic knowledge 



Gasser-Leutwyler 1987-1989 

From chiral perturbation theory



1) Comparison with DIGA:  Only instanton-anti-instanton pair contribute

For axion applications we need  T approx. 500-600 MeV

2) Fate of the eta’



T/Tc
1

ChPT

DIGA

Lattice QCD + 
models + 

holography..

What do we know about

“Axion mass  
very small 

Compton length 
Very large 

Universe very small..” 



Lattice Topology Michael Mueller-Preussker(2015)

I Gluonic:Luscher(2010), Bonati,d’Elia e al (2014),Alexandrou et al . (2015)

Q =
a
4

32⇡2
"µ⌫⇢�

X

n

Tr[Fµ⌫
lat (n)F

⇢�
lat (n)],

Need smooth configurations,using smearing,cooling, gradient flow..

V̇µ(n, ⌧) = �g2[@n,µSG (V (⌧))]Vµ(n, ⌧), Vµ(n, 0) = Uµ(n),

Pros: Easy
Cons: su↵ers very much from lattice artifacs

I Fermionic:Atiyah Singer(1971,1984)

Q =
1

32⇡2
"µ⌫⇢�

Z
Tr[Fµ⌫(x)F ⇢�(x)] d4

x = n+ � n�

Pros: not a↵ected but UV fluctuations
Cons: very high computational cost

I Fermionic - simple but approximate: Kogut et al.(1996),Petreczky, Sharma(2016)
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2
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2
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T
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Lattice topology



Recall:

Above Tc



Two loop RG DIGA

One order of magnitude discrepancy  
in the absolute value

Exponent OK

Lattice results
Borsanyi et al. 2015

Yang-Mills



Borsanyi et al. 2016



Borsanyi et al. 2016
 Bonati,D’Elia,Panagopoulos,Vicari 2013

Beyond topological susceptibility 



Yang-Mills - summary

Borsanyi et al. (2015)
Berkowitz, Buchoff, Rinaldi (2015)

Gattringer et al. (2002)

Jahn et al. (2018)
Giusti-Luscher (2019)

A is one order of magnitude off!



QCD - summary 



Heavy Quarks 
Quarkonia 
Potential models 
Temperature effects 
NRQCD



Minimizing the energy: 

Relation between  
the parameters of 
the potential, the mass 
and the radius

Q Q





Seth 2009

Bound by Coulombic part  vs confining binding 

Potential probes gauge dynamics 



Temperature effects



T

High temperature Debye Screening

Heavy quark potential from: models + high T p.t.

Caveat:  recent works challenge 
 this picture 



Potential model recipe: 

1) Find Potential as a function of temperature 

2) Solve Schroedinger eq. as a function of T 

3) Check who remains bound (binding energy)

Various uncertainties ..



Zero temperature NRQCD works beautifully for the spectrum

Compromise: 



Bottomonium spectral functions from the lattice

T ' 0
T ' 2Tc



Bottomonium as a probe of QGP

Eur.Phys.J. C76 (2016) no.3, 107 
CMS



Objects of interest: Spectral functions

Computed on the lattice: Euclidean (imaginary) Time Correlators 

Spectral functions

Euclidean Time Correlators

Euclidean correlator in imaginary (Matsubara) frequency space

Fourier transform

Analytic continuation

Integral inverse 
transform

Functions of
real, continuous
frequency

t

i⌧



Relativistic

Non-relativistic Inverse Laplace:
makes life easier..





Upsilon’s spectral functions from MEM
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Persistence of
the ground state

at all temperatures

Melting of
excited states

Modifications of
the ground state

Pattern reminiscent of experimental 
observations

(NRQCD)



The picture of sequential melting is qualitatively correct, but quantitative  
uncertainties remain — cross checks from different methods important



Review by C.Allton: 

https://www.ggi.infn.it/talkfiles/slides/slides5843.pdf



 Axion cosmology and lattice



After freezout  constant

Wantz, Shellard 2010

Tc Peccei Quinn ' 107 -108 GeV
<latexit sha1_base64="JeLFN09yMJ6GddE7XgFg+0w/+R0="></latexit>

Tc Electroweak ' 160 GeV (SM)
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> 



Peccei-Quinn transition: spontaneous breaking of a U(1) symmetry

Low energy effective Lagrangian for the axion: 

Graphic by A.Mirizzi

Axion: Goldston boson of U(1) broken symmetry

[aside: possible gravitational waves..] 



Axion mass: U(1) symmetry explicitly broken by topological fluctuations



Axion mass: U(1) symmetry explicitly broken by topological fluctuations

When does the explicit breaking become effective?



Axion cosmology (…just a glimpse..)

Basic work: Wantz-Shellard 2009

3) After freezout:

Axions oscillate in their potential 
Bose condensed gas with

1)

2)

Freezout at:

⇢m
s = Cost.

<latexit sha1_base64="kwcXPWSixEsgOhvNBr5fHO4jS78=">AAACB3icdVDLSgMxFM34rPVVdSlIsBVcDZmp2roQit24rGAf0JaSSTNtaGYyJBmhDLNz46+4caGIW3/BnX9j+hBU9MCFwzn3cu89XsSZ0gh9WAuLS8srq5m17PrG5tZ2bme3oUQsCa0TwYVseVhRzkJa10xz2ookxYHHadMbVSd+85ZKxUR4o8cR7QZ4EDKfEayN1MsdFDq+xCRJOnIoUhikiUrhBawKpe0ChL1cHtno7MRxHYjsU+SUXTQj56UidGw0RR7MUevl3jt9QeKAhppwrFTbQZHuJlhqRjhNs51Y0QiTER7QtqEhDqjqJtM/UnhklD70hTQVajhVv08kOFBqHHimM8B6qH57E/Evrx1rv9xNWBjFmoZktsiPOdQCTkKBfSYp0XxsCCaSmVshGWKTizbRZU0IX5/C/0nDtZ2i7V67+crlPI4M2AeH4Bg4oAQq4ArUQB0QcAcewBN4tu6tR+vFep21LljzmT3wA9bbJ3H1mGE=</latexit>

(s = entropy)



Missing ingredient: 
Exact knowledge of 

�(T )
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Needed to find freezout 
Conditions



Temperatures Time from Big Bang

150 MeV < T < 500 MeV 

..and beyond 

N(T)

Temperature and Time from BigBang
are linked by the Equation of State



After freezout  constant

Wantz, Shellard 2010

Tc Peccei Quinn ' 107 -108 GeV
<latexit sha1_base64="JeLFN09yMJ6GddE7XgFg+0w/+R0="></latexit>

Tc Electroweak ' 160 GeV (SM)
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From exponent d to axion mass in three steps

1.

2.
3.
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Example: if axions constitute 80% DM, 
our results give a lower bound for the 

axion mass of 
' 30µeV



                           Petreczky et al. (2016)

Lower limits on post-infl. axion mass from lattice QCD 

Borsanyi et al. (2016)

                                Burger  et al. (2018)
Bonati  et al. (2016)

                         Petreczky et al (2016)

                                Klaer Moore  (2017,2019)



Lower limits on post-inflationary axion mass 

Cold DM 
prediction



Borsanyi et 
al

B

T

D

Updated from Nature N&V

P
Bon

Tg

Lower limits on the axion mass assuming that axions make 100% of DM:

Tg: TWEXT gluonic; Bon: Bonati et al.; D: DIGA, B: Borsanyi et al., 
P: Petreczky et al., T: TWEXT, fermionic

Assuming that axions
contribute from 50% to 1%  to DM



Smoothing a rough landscape

Operator Improvement - 



Evolves gauge fields towards minimum of the Action in fictitious time 

Gaussian smearing over sphere with flow radius 

⌧F
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In a nutshell:  



t2 < E > |t=tx,x=0�6 = (0.3, 0.66, 0.1, 0.15, 0.2, 0.25, 0.45)

Flowing towards the plateau

�0.25[MeV ]

T

We focus
on 

t(0.3) = t0
and

t(0.66)= t1

Reference value

a = 0.082 fm

t0 t1



a = 0.082 fm a = 0.065 fm

On finer lattices, plateau is almost reached:  

�
0
.2
5
[M

eV
]

Reference value Reference value

Gradient method coincides with cooling



Distribution of the topological charge P(Q) 
cluster around integers as cooling proceeds   

P(Q) P(Q)

Q Q

T=153 MeV T=253 MeV

(results for a = 0.06 fm)

QCD:



Different smoothing methods 



Build a sequence of operators 

Evolution in ‘smearing time 

In momentum space  :

Smearing



G(t)t!1 ! e�mt

Define
meff (t) ⌘ �d lnG(t)

dt

meff (t)t!1 ! m
<latexit sha1_base64="JjzBr10KuUWnHPeArjGMi372/YE="></latexit>

Smearing at work

m
e
f
f
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t =
<latexit sha1_base64="EfX01ZMGwgSjtbzM5H/r7XeF50I=">AAAB63icdVDLSgMxFM34rPVVdekm2AquhsxUbV0IRTcuK9gHtEPJpJk2NMkMSUYopb/gxoUibv0hd/6NmbaCih64cDjnXu69J0w40wahD2dpeWV1bT23kd/c2t7ZLeztN3WcKkIbJOaxaodYU84kbRhmOG0nimIRctoKR9eZ37qnSrNY3plxQgOBB5JFjGCTSSVzWeoVishF56ee70HkniGv6qM5uaiUoeeiGYpggXqv8N7txyQVVBrCsdYdDyUmmGBlGOF0mu+mmiaYjPCAdiyVWFAdTGa3TuGxVfowipUtaeBM/T4xwULrsQhtp8BmqH97mfiX10lNVA0mTCapoZLMF0UphyaG2eOwzxQlho8twUQxeyskQ6wwMTaevA3h61P4P2n6rld2/Vu/WLtaxJEDh+AInAAPVEAN3IA6aAAChuABPIFnRziPzovzOm9dchYzB+AHnLdPagSN1A==</latexit>

t =
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t =
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 smearing
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Glueball masses

Note: t Euclidean time!

0++

2++

G(t) =
R
�(M � !)e�!t / e�Mt

<latexit sha1_base64="rlJ+gl4V/1E36PSq4DrwGwmMoxE="></latexit>

Smearing



2006 data, From PDG 2022 2022 compilation, Vadacchino@lat22





ETMC collaboration, 2017

Many varieties of methods and smearing/smoothing/flowing/cooling.. good agreement  at T=0

Plot by G. Villadoro



More on Euclidean formulation 

Light quarks - chiral symmetry (and confinement) 

Theta term, strong CP problem, topology, axion (brief recap) 

Topology  

Heavy quarks 

Lattice QCD and axion cosmology 

Rather than a summary: 


