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Motivation

Lagrangian

Wilson 1974 [1]

discrete time

classical computers

invisible

Deep Hybrid [2]

Hamiltonian

Kogut, Susskind 1975 [3]

continuous time

Exact Diagonalization

Quantum Computers

Engagdet[4]

Match to test universality
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What is anisotropy?

as

at

t

x

adapted from [5], [6]

S =∑
r ,i

β

ξinput
ReTr (1 − P0i(r))

+ ∑
r ,i>j>0βξinput ReTr (1 − Pij(r))

ξren = at
as

ξinput set as
L

T
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How to determine anisotropy?

lim
x→∞

Wss(x , y + 1)
Wss(x , y) = exp(−asVs(x[as]))

lim
t→∞

Wst(x , t + 1)
Wst(x , t) = exp(−atVs(x[as]))

asV (x[as]) = 1

ξ
atV (x[as]) + se′

adapted from [5]

a
s
V
(x
)

atV (x)

ξren = 0.3044(48)

0.10 0.15 0.20 0.25

0.
3

0.
5

0.
7

0.
9

L = 16, T = 48, β = 1.7
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Scale setting

〈P 〉(0) =0.70376(32)
χ2
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L = 16, β = 1.7⟨P⟩(ξ2ren) = a0 + a1ξ2ren + a2ξ4ren + a3ξ6ren
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Scale setting
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Continuum limit
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Conclusion

Done

Determined anisotropy

nonperturbative
renormalization of ξ, β

2 continuum limits in at

Published proceeding[7]

To Do

Finite Volume
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Backup slides - finite volume effects
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Motivation

Motivation

Lattice: non-perturbatively

Lagrangian formalism[1]: discrete time

Hamiltonian formalism[2]: continuous
time

Test universality

U(1) in (2+1) dimensions
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Theory Discretization

Discretizing the Action

taken from [3]

S[A] = 1

2g2 ∫ d3x Tr [Fµν(x)Fµν(x)]
Uµ(n) = exp(iaAµ(n))

Pµν(x) = Uµ(x)Uν(x + µ)U�
µ(x + ν)U�

ν(x)
S = β∑

r
∑
µ>ν Re Tr(1 − Pµν(r))

Uµ(x)
Uν(x + µ)

U�
µ(x + ν)

U�
ν(x)

x
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Theory Measurements

Metropolis-Hastings

taken from [3]

⟨O⟩ = 1

Z ∫ D[U]O(U)e−S[U]
Z = ∫ D[U]e−S[U]

importance sampling:

⟨O⟩ = 1

N

N∑
n=1

O[Un]
transition probability[6]:

p = min (1, exp(−∆S))

Uµ(x)

∆S/β
= Re Tr((Uµ(x) −U ′

µ(x)) ⋅ Γµ(x))
U ′
µ(x) = Uµ(x) ⋅ R(δ)
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Theory Measurements

Plaquette: Code check

Configurations with SU(2)-package, analysis with hadron-package
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Theory Potential

Wilson Loops and Static Potential

t

x

W (t, r) = ∞∑
k=0

C(r) exp(−atEk(r))
lim
t→∞

W (t + 1, r)
W (t, r) = exp (−aV (r[a]))

[3], [4]

W
(t

=
1,
x
)

x/a
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L = 16, β = 1.7
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Theory Potential

Wilson Loops and Static Potential

t

x

W (t, r) = ∞∑
k=0

C(r) exp(−atEk(r))
lim
t→∞

W (t + 1, r)
W (t, r) = exp (−aV (r[a]))

[3], [4]
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L = 16, β = 1.7
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Theory Potential

Setting the scale

V (r) = d + σ ⋅ r + b ⋅ ln(r)
−r2 d

dr
V (r)∣r=r0 = c = −1.65

[9], [5]
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Anisotropy

Normal potentials

lim
x→∞

Wss(x , y + 1)
Wss(x , y) = exp(−asVs(x[as]))

lim
t→∞

Wst(x , t + 1)
Wst(x , t) = exp(−atVs(x[as]))

asV (x[as]) = 1

ξ
atV (x[as]) + se′

adapted from [4]

a
s
V
(x
)

atV (x)

ξren = 1.0057(69)
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Anisotropy

Normal potentials

lim
x→∞

Wss(x , y + 1)
Wss(x , y) = exp(−asVs(x[as]))

lim
t→∞

Wst(x , t + 1)
Wst(x , t) = exp(−atVs(x[as]))

asV (x[as]) = 1

ξ
atV (x[as]) + se′

adapted from [4]

a
s
V
(x
)

atV (x)

ξren = 0.3044(48)
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Anisotropy

Sideways potentials

lim
x→∞

Wss(x + 1, y)
Wss(x , y) = exp(−asVs(y[as]))

lim
x→∞

Wst(x + 1, t)
Wst(x , t) = exp(−asVs(t[at]))

V (y[as]) != V ( 1

ξren
t[at])

adapted from [10]
a
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Anisotropy

Sideways potentials

lim
x→∞

Wss(x + 1, y)
Wss(x , y) = exp(−asVs(y[as]))

lim
x→∞

Wst(x + 1, t)
Wst(x , t) = exp(−asVs(t[at]))

V (y[as]) != V ( 1

ξren
t[at])

adapted from [10]
a
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V
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)
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Anisotropy Continuum Limit

Naive continuum limit
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Anisotropy Continuum Limit

Naive continuum limit
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Anisotropy Renormalization

Renormalization of β

r0/as for constant lattice spacing

Linear interpolations of
r0/as(β), ⟨P⟩(β), ξren(β)
βren ∶ r0(βren) = r0(ξinput = 1)

Pairs (ξren, ⟨P⟩)(βren)
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Anisotropy Renormalization

Renormalization of β

r0/as for constant lattice spacing

Linear interpolations of
r0/as(β), ⟨P⟩(β), ξren(β)
βren ∶ r0(βren) = r0(ξinput = 1)
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Anisotropy Problems

Difficulties with this method

Fluctuations at
small β

smearing[5]

smearing[5]

use non-integer
distances

W
(y

=
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Anisotropy Problems

Difficulties with this method

Fluctuations at
small β

smearing[5]

smearing[5]

use non-integer
distances

Uµ(x)

α +
1−α

2

1−α
2
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Anisotropy Problems

Difficulties with this method

Fluctuations at
small β

smearing[5]

smearing[5]

use non-integer
distances

non-smeared
lim=4
lim=0
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Anisotropy Problems

Difficulties with this method

Fluctuations at
small β

smearing[5]

smearing[5]

use non-integer
distances
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