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Charged lepton in an electromagnetic field

» Magnetic moment of charged leptons :
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» At the classical level (Dirac equation) : gy = 2

» In the Standard Model, quantum corrections slightly shift this value
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» What is special with the muon?

— a,, can be measured very precisely (0.2 ppm) ...
— ... and can be computed with (similar) precision in the SM

— muons are 200 heavier than electrons (and 7, = 2.2 us > 7.)
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Status in August 2023
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Status in August 2023

Status after runs 1-3 at Fermilab (August 2023)
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[ This talk : focus on the Standard Model prediction ]
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Standard Model contributions

“The anomalous magnetic moment of the muon in the Standard Model " [Phys.Rept. 887 (2020) 1-166]

Contribution a, x 101
- QED (10™ order) 116 584 718.931 4+ 0.104
- Electroweak 153.6 £ 1.0
- Strong interaction

HVP (LO) 6 931 £+ 40

HVP (NLO + NNLO) —85.9£0.7

HLbL 92 + 18
Standard Model 116 591 810 + 43
Experiment 116 592 059 + 22
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Contribution a, x 101
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Hadronic Vacuum Polarisation Hadronic Light-by-Light scattering

(HVP, a?) (HLbL, o)
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Standard Model contributions

“The anomalous magnetic moment of the muon in the Standard Model " [Phys.Rept. 887 (2020) 1-166]

Contribution a, x 101
- QED (10™ order) 116 584 718.931 4+ 0.104
- Electroweak 153.6 + 1.0
- Strong interaction
HVP (LO) 6 931 + 40
HVP (NLO + NNLO) —85.9£0.7
HLbL 92 + 18
Standard Model 116 591 810 + 43
Experiment 116 592 059 + 22

» Error budget dominated by hadronic contributions : LO-HVP and HLbL
— HVP / HLbL : dominated by low-energy physics (p meson / pion-pole contribution)

— first-principle calculations to have controlled uncertainties

e Dispersive framework (data-driven)
o Lattice QCD
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[ Hadronic Light-by-Light Scattering j

a;MPl = (92 +18) x 1071 — we need < 10% precision

a, P = (116 592 059 + 22) x 10~ 1
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Hadronic light-by-light scattering

» Very challenging to compute

— hadronic light-by-light tensor 1,5, (p1, P2, p3) = [, e no (2, Y, 2)e (Dt ay+as?)

— multi-scale system

» Until 2016 : mostly based on model estimates
a;"P" = 105(26) x 107" [Prades, de Rafael, Vainshtein '09]

aj Pt = 116(39) x 1071 [Jegerlehner, Nyffeler '09]

» Precision goal : below 10% (with controlled uncertainties)

— requires first principle approach : data-driven dispersive framework / lattice QCD

Antoine Gérardin -~ [



Recent calculations

N N
HLbL __ ~
S Af!‘i AI\, 3 “""u
Dispersive framework ('21)  a, x 10!
70 n, 0 93.8+4
pion/kaon loops —16.4+0.2
S-wave 77 —8+1
axial vector 6+6
scalar + tensor —1+3
g-loops / short. dist. cstr 15+ 10
charm + heavy q 3+1
sum (dispersive) 92+ 19
Lattice QCD
Mainz '22 109.6 & 15.9
RBC/UKQCD '23 124.7 £ 15.2
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Recent calculations

GHLBL _

QZ f’z‘x

Dispersive framework ('21)  a, x 10!

70 n, 0 93.8+4
pion/kaon loops —16.4+0.2
S-wave 7 —8+1
axial vector 6+6
scalar + tensor —1+3
g-loops / short. dist. cstr 15+ 10
charm + heavy q 3+1
sum (dispersive) 92+ 19
Lattice QCD

Mainz '22 109.6 & 15.9
RBC/UKQCD '23 124.7 £ 15.2

— Improved (Lattice QCD : BMW'23 / ETM'23 / Mainz)

— Improved [Hoferichter et al. JHEP 08 (2023) 209]
[Colangelo et al. EPJC 81 (2021) 702]

— Improved [Bijnens et al. JHEP 02 (2023) 167]
— Improved (Lattice QCD : Mainz'22)

} New
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Hadronic light-by-light : theory status

aHLbL X 1011

1
———— PdRV 09
¢ + N-JN09 models
. | JE 17
. White Paper 20 (dispersive only)
. ' RBC/UKQCD ’19
— Mainz "21 lattice
—— RBC/UKQCD 23

40 80 120 160

» First complete lattice QCD results are now published
— good agreement with the dispersive framework (precision ~ 15%)
» Close to the target precision : 10%

— new lattice results expected soon
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Hadronic light-by-light

» Current situation, ignoring improvements on the HLbL calculations
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[ Hadronic Vacuum Polarization j

h _ . .
a;® = (6 931 £ 40) x 1071 — we need few permil precision

= (116 592 059 + 22) x 1011
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Hadronic vacuum polarization : dispersive framework

o —40? [74Q? £(@) (@) - 110)

0

HW(Q) = /d4x ' <Ju(x)Ju(0)> = (QuQu - 5uuQ2) H(Q2)

e Use analyticity (o)

©  Imll(s : \
. / / lrn (S ) —ds’ FRe(s)
T Js, S'(8"—s—ie) \/
e Optical theorem (unitarity)

Im ’\/\/\‘/\/\/\ x> ’\/\/@\/\/‘ ImTII(s) < o(eTe” — v* — hadrons)

e Insert the VP in the definition of a,, to get

[(s) - 11(0) =

3
ro-mve _ M [T, K(s)

ds *

a o(e"e” — hadrons)

a 1272 Jg, s
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Hadronic vacuum polarization : dispersive framework

e R-ratio et

o’(eTe” — +* — hadrons) hadrons

(47a?/3s)

Rpaa(s) =

e Compilation of experimental data from many experiments

[Davier, Hoecker, Malaescu, Zhang, 2019]

Davier-Hoecker-Malaescu-Zhang, 2019

/UT 6 N T T T T T T T T T T T I ML T T : T I T T T T | T I_
€ r P[] I G(@s) .
5 _'
4 — ]
3 _'
2 — -
- E= c'e - hadrons data -
— (HVPTools compilation) 1
11— ?BES _]
- 1 KEDR 7
- —— pQCD (massless) —
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(s [GeV]
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Hadronic vacuum polarization : dispersive framework

e 2020 White paper average for the dispersive approach (CMD3 data not included)

;P = 693.1(2.8)5tat (0.7)Dv+qep(2.8)kr0E/BABAR X 1070 [0.58%]

[Davier et al. '19] [Keshavarzi et al. '20]
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Hadronic vacuum polarization : dispersive framework

e 2020 White paper average for the dispersive approach (CMD3 data not included)

;P = 693.1(2.8)5tat (0.7)Dv+qep(2.8)kr0E/BABAR X 1070 [0.58%]

[Davier et al. '19] [Keshavarzi et al. '20]

e But large tensions between different experimental data sets

— mostly problematic for the dominant 77 channel, region /s € [0.6 : 0.9] GeV

[CMD3 '23 [2302.08834]]

E— = béfore CiIID2

= — . CMD2 Difference pheno / exp for the g — 2 :

. — — i swD aSM — o0 — 28(8) x 10710

F KLOE comb

E - ppe—— BABAR

E_ .__._.H 5 5 5 BES — w7~ : 73% of the total contribution

E  CLEO

3 SIéIDZk — CMD3 ("23) results remove the tension
2 | = CMD3

F * — The 50 tension should be taken with

360 365 370 375 380 385 390 extreme caution
a"™ (0.6 <(s<0.88GeV),10™°
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Hadronic vacuum polarization : dispersive framework

e 2020 White paper average for the dispersive approach (CMD3 data not included)

;P = 693.1(2.8)5tat (0.7)Dv+qep(2.8)kr0E/BABAR X 1070 [0.58%]

[Davier et al. '19] [Keshavarzi et al. '20]

e But large tensions between different experimental data sets

— mostly problematic for the dominant 77 channel, region /s € [0.6 : 0.9] GeV

[CMD3 '23 [2302.08834]]

E— = béfore Ci\llD2

= — . CMD2 Difference pheno / exp for the g — 2 :

. — — i swD aSM — o0 — 28(8) x 10710

F KLOE comb

E - ppe—— BABAR

E_ .__._H 5 5 5 BES — w7~ : 73% of the total contribution

E  CLEO

3 SIéIDZk — CMD3 ("23) results remove the tension
2 | = CMD3

F * — The 50 tension should be taken with

360 365 370 375 380 385 390 extreme caution
a"™ (0.6 <(s<0.88GeV),10™°

e Strong motivation for independent lattice calculations (systematically improvable)
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Lattice QCD approach to the hadronic vacuum polarization

1,(Q) = "M = [0 (7,62,

» The time-momentum representation

= (2 CARW G, 60 =33 Y ) h0)

™

[Blum '02] [Bernecker, Meyer '11]

k=1 &
J. = 2uviu — dvid — tsvis + 26y - -
» Ji = 3 UYEU 3k 357VkS 3CVKC
0.016 Gconn@)K(t)/mu
e Light —e—i
P * Strange (X6) e
0.012 1 ),: ii Charm (X6) e
< 2 *
Y’ \‘, ’/«I‘ . Iii
0.008 | "' \ H
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Challenges for sub-percent precision

» Noise problem (light-quark contribution) » Continuum extrapolation [BMW '20]

0.016 gconn(t‘)K(t)/‘m” ‘ : 660 | o
o Light —e— il
‘-' s Strange (x6) —e— 640 ) th‘g m
| . ‘ql Charm (X6) —— | @
0.012 s . 620 | i |
P X, - SRHO(>0.4fm) —&—
N s, 22600 | | SRHO(>1.3fm) —B— |
ooos L7 . 5 « SRHO(0.4.3fm)+NNLO(>1.3fm) —&—
. R’ " 1! 7 none —&—
e . : 580 | 1 A 1
! . ii
e * i
0.004 b . EE\E | 560 | I A
e . HHH H A
L “ i 1 540 | t
g DU S S
0005 TTTTTTH 2[f ']"5.‘5 5TTYETT 200k150K 100k 50k 0 0005 001 0015  0.02
t [fm

#its a2[fm?]

> Finite-volume effects O(3%) » QED / strong isospin breaking corrections

My 7# mg » O(Be=4) ~ 1/100

Aqcp

> Qu # Qa : O(aem) =~ 1/100

()
;
< 0.1 fm f ; ;
) L=3-6fm :
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Status of Lattice QCD results

A" x 10

Aubin et al. 22
LM 20
—e—i BMW 20
. FHM ’19
—— Mainz '19
—— PACS 19
. ETMC 19
—— RBC/UKQCD 18

[ ]

u

R-ratio

—0—
HOH
e

680 700 720 740 760

» many lattice calculations (precision ~ 2%)
» first sub-percent calculation by the BMW collaboration
» the tension with R-ratio not (yet?) conclusive (1.80)
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Status of Lattice QCD results

A" x 10

Aubin et al. 22
LM 20

—e—i BMW 20
. FHM ’19

—— Mainz '19

— . PACS 19

. ETMC 19
—— RBC/UKQCD 18

[ ]

o .
o R-ratio
e

680 700 720 740 760

» many lattice calculations (precision ~ 2%)
» first sub-percent calculation by the BMW collaboration
» the tension with R-ratio not (yet?) conclusive (1.80)

[ Idea : look at a similar but simpler observable ]
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HVP : relation between lattice and R-ratio

Relation between the lattice correlator and the R-ratio is given by a Laplace transform :

1 e 2 —tw
= 53 . dw w’ R(w)e

Glt) = %; / &z (Ju(x, 1) Jk(0))

G(t)

» G(t) is known on a finite value of timeslices and at finite lattice spacing
» and is affected by statistical errors

[The inverse Laplace transform is an ill-defined problem j

3.00

2.75 1
2.5017
2.25 1

—~

8
o 2001

1.75 1

o =063 GeV
— Re:bp( E)
1 By(E)
b R.(B)

1.50 1

1.251

1.2 14 1.6 1.8 2.0 2.2 2.4
E [GeV]

[Phys.Rev.Lett. 130 (2023)]
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The intermediate window observable

2
. a ~
win o
i = (2) W R Witsto,ta)
t
0.016 Gconn(t)[?(t)/mu w'P(t) Gconn(t)l?(t)/mu
e Light —e— 0.016 - Light +——e—
. Strange (x6) —s— L St (x6) st
/4 \ 0014 range
0.012 . ., Charm (X6) —— J Charm (x6)
o " 0.012 - ¢
. ’/9/. \.‘ ii "ax\
N 5, W (t; to, t1) R
0.008 ! . 5 1 0.008 F be \
e i —— '
4 i% 0.006  F
0.004 | % R EE\EE 8 0.004 - ¢ ;,
v * il m - X
P . 0.002 | 4%, .
g
T S S ¥ T A R € B A R R R Y 55
t [fm] t [fm]

» Intermediate window : ~ 30% of the total contribution

» Easier to compute on the lattice (and accessible from R-ratio data!)

» Data-driven : 27 contribution in the region 600 MeV < /s < 900 MeV (around the p peak) :

— relative contribution of 55%-60% to both alI;O_HVP and a;’fin l

— /s < 600 MeV slightly suppressed, /s > 900 MeV slightly enhanced.
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Intermediate window observable

(aﬁVp)Win’l % 1010

RBC/UKQCD 23
FHM 23

ETM 22

ChiQCD 22

Mainz 22

Aubin et al. '22

LM 20

BMW 20

—e— R-ratio (BBGKMP 23)

SERRERR

» significant tension between (all!) lattice calculations vs data-driven approach
— here shown for the light-quark connected contribution in the isospin limit

— 3.70 tension for the window observable
— CMD3 data not included
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LO-HVP contribution : current status

The tension between lattice QCD simulations and the data-driven approach

needs to be understood to further reduce the error
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LO-HVP contribution : current status

The tension between lattice QCD simulations and the data-driven approach

needs to be understood to further reduce the error

» Updated analysis using 7 data [Davier et al. 2312.02053] , [Masjuan et al. 2305.20005]

e I 0 I I AN o —
BABAR (100% of 2rtbelow 1.8 GeV) BABAR
H—e— b °
-168 + 38 + 29 230.8+1.1+£1.0
CMD-3(s8.9%) i CMD-3
H—0— ———H
-50 + 42+ 29 : 2342+12+1.0
KLOE, 4, 67.1%) KLOE..
-263 1v5w1 et 29 : 227.3 1"8?6 +1.0
KLOE___,(755%) | KLOE,
peak’ o i peak °
—265+23+29 227.4+0.7+£1.0
K
Tau (100%) T Tau
-135+34+29 © ° 232.4+09+1.0 ©
Q
BMW (lattice QCD) ] Lattice
—— 8
-105+55 ! 236.1+0.9 -
b b b b b b b \ P P R \
-450 -400 -350 -300 -250 -200 -150 -100 -50 0 50 220 225 230 235 240
- g8xP -1 win -10
a,-ay® [x10"] ay" [x1077]

— if only BaBar/CMD3/7 : agreement with lattice (the tension with Exp. is reduced to 2.80)

— but still some tension for the intermediate window observable.

» Smeared R-ratio from Lattice QCD [ETMc Phys.Rev.Lett. 130 (2023)]

» Combined analysis with different observable a}ﬁVp, af}’i“, running « [Davier et al. 2308.04221 [hep-phl]

— would require an increase of w7 cross sections around the p peak by almost 5%
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Conclusion

e Standard Model estimate dominated by hadronic uncertainties

e HLbL contribution : already close to the target precision of 10%.

— good agreement between calculations (at the level of 15%)

e HVP contribution
— target precision : a few-permille
— significant progress on the lattice : now competitive in terms of error
— ... but this increase of precision comes with a new puzzle : tension with the R-ratio

— need to be understood to agree on the Standard Model estimate

e Discrepancy KLOE / BaBar / CMD3 close to the p peak
e Comparison Lattice / R-ratio : closer look at the region around the p

e Need more lattice QCD calculations with sub-percent precision

e Final result from Fermilab expected in ~ one year!
— New experiment at J-PARC E34 in 2025
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Backup slides
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Non-perturbative calculations using Lattice QCD

Hadronic contributions are dominated by low energy physics < 1 GeV

s N
» Estimator for the HVP contribution

al'P = / dt K(t) G(t), G(t) = —é (Jr(z)Jx(0))qcp

» Estimator for the HLbL contribution

m66
(ZELbL = —T/ d4y/ d4$/ d4Z »C[p7o];ul/)\(x7y) ZP <Jﬂ(x)°]1/(y>‘]CT(Z)J)‘(O»QCD
L J

e Hadronic contributions are evaluated non-perturbatively using numerical methods
— lattice regularization : numerical evaluation of the path integral using MC techniques
— large-scale simulations (~ 103 — 10 CPU cores)
—> statistical + systematic uncertainties
e The QED part of the diagram is computed perturbatively
— in the continuum and infinite volume limits

— weights the non-perturbative hadronic correlator
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HVP : tau data

[Davier et. al arXiv :2312.02053]

L L L L B L B L I L L A L T

BABAR (100% of 2rtbelow 1.8 GeV) 3 BABAR
H—e——H :
-168 + 38 + 29 : 2308+ 1.1+1.0 H——H
CMD-3(98.9%) : CMD-3
H—e——H H—o—H+
50 + 42 £ 29 ! 2342+12+1.0
KLOE,,;4(©7-1%) KLOE, .
63s51e29 PP ° H 273+08:10 FeH
KLOE,___, (75.3%) : KLOE
peak . peak
265 +23 £ 29 e 3 227.4507£1.0 =
N (Y]
Tau (100%) ¥ Tau
~135+ 34 + 29 © ° 2324£09+1.0 ©
o
BMW (lattice QCD) S Lattice
——y |
-105 + 55 ; 236.1+0.9 =
L1l ‘ Ll ‘ Ll ‘ L1 ‘ Ll ‘ Ll ‘ L1l ‘ L1l ‘ I l | L L ‘ L L ‘ L L ‘ L L
-450 -400 -350 -300 -250 -200 -150 -100 -50 0 50 220 225 230 235 240
_ aexp -1 win -10
a, -aZ® [x107"] ay" [x1077]

Isospin corrections are needed when using 7 data (Figures from Mattia Bruno) :

P o
rrtn0
EM current V — A current
Final states I = 0,1 neutral Final states I = 1 charged
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