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Outline
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§ Lattice QCD in a Nutshell 

§ Selected x-Dependent Parton Distributions

§ Impact of Lattice-QCD PDFs on Global Fits

Biased selected results toward MSULat students and postdocs

2



§ Lattice QCD is an ideal theoretical tool for investigating the 
strong-coupling regime of quantum field theories 

§ Physical observables are calculated from the path integral
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gluon field

quark field
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 in Euclidean space
 Quark mass parameter 

(described by 𝑚𝜋)
 Impose a UV cutoff 
  discretize spacetime
 Impose an infrared cutoff
  finite volume

§ Recover physical limit

  𝑚𝜋 → 𝑚𝜋
phys

, 𝒂 → 𝟎, 𝑳 → ∞
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What is Lattice QCD?
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Anatomy of a Lattice Calculation

1. Start with QCD Vacuum (gauge configurations)
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Anatomy of a Lattice Calculation

1. Start with QCD Vacuum (gauge configurations)
                                                                           

Thanks to MILC collaboration for sharing their 2+1+1 HISQ lattices 
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Anatomy of a Lattice Calculation

K(𝑃𝑧)K(𝑃𝑧)

Thanks to MILC collaboration for sharing their 2+1+1 HISQ lattices 

𝑡𝑓𝑡𝑖 𝒕𝐬𝐞𝐩

2. Correlators (hadronic observables)
 Invert Dirac operator matrix (rank 1012)

 Combine using color, spin and momentum into hadrons
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Anatomy of a Lattice Calculation
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two-simRR two-sim two-state two-state

𝒕𝐬𝐞𝐩 = 𝟎. 𝟕𝟐–𝟏. 𝟎𝟖 𝐟𝐦 𝒕𝐬𝐞𝐩 = 𝟎. 𝟕𝟐 𝐟𝐦 𝒕𝐬𝐞𝐩 = 𝟏. 𝟎𝟖 𝐟𝐦

𝒕𝒔𝒆𝒑

3. Extract reliable ground-state matrix elements
 Excited-state removal

 For example, kaon matrix element 

 at 𝑀𝜋 ≈ 220 MeV, 𝑎 ≈ 0.12 fm

HL et al. (MSULat), 2003.14128 

stability in extracting matrix elements
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Anatomy of a Lattice Calculation
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4. Systematic uncertainty (nonzero a, finite L, etc.)
 Nonperturbative renormalization, etc 
 Extrapolation to the continuum limit 
   (mπ→ mπ

phys, L → ∞, a → 0)
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Lattice Structure Limitation
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§ Lattice calculations rely on 
operator product expansion, 

only provide moments

𝑥𝑛−1
𝑞 = න

−1

1

𝑑𝑥 𝑥𝑛−1𝑞 𝑥
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§ Limited to the lowest few moments
 For higher moments, all ops mix with lower-dimension ops
 Novel proposals to overcome this problem

W. Detmold and C. Lin, Phys. Rev. D73 (2006) 014501

Z. Davoudi and M. J. Savage, Phys. Rev. D86 (2012) 054505

A. Shindler, arXiv:2311.18704 (also this Thur, WG5 @DIS2024)

https://lpsc-indico.in2p3.fr/event/3268/contributions/7649/attachments/5469/8252/shindler_mom.pdf


Lattice Structure Limitation

§ Longstanding obstacle!
 Holy grail of structure calculations

§ Applies to many structure quantities: 
 Parton Distribution Functions (PDFs)

 Generalized parton distributions (GPD)

 Transverse-momentum distributions (TMD)

      ……..
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§ Lattice calculations rely on 
operator product expansion, 

only provide moments
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§ Overcoming longstanding obstacle to x-distribution 
 New idea by Ji for studying full x dependence of PDFs

 Promising results on unpolarized and polarized sea asymmetry  

compared with experiments, even at non-physical pion mass

§ Caveats 
 Not a precision calculation yet 

 Need to complete the other pz corrections

 (on-going; possibly done in a couple weeks)

 Systematics due to large momenta (some ideas to improve it)

§ Need improvement for large-momentum sources
 Better overlapping boosted hadron smearing (asymmetric source)

 Applications: large-q form factors, hadronic and flavor physics, …  

Exciting time for hadron structure on the 
lattice A NEW HOPE
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 Quasi-PDF/large-momentum effective theory (LaMET)
(X. Ji, 2013; See 2004.03543 for review)

 Pseudo-PDF method: differs in FT (A. Radyushkin, 2017) 

 Lattice cross-section method (LCS)  (Y Ma and J. Qiu, 2014, 2017)

 Hadronic tensor currents (Liu et al., hep-ph/9806491, ... 1603.07352) 

 Euclidean correlation functions (RQCD, 1709.04325)

 …

Direct x-Dependent Structure
§ Longstanding obstacle to lattice calculations!

Quantities 
that can be 
calculated 

on the lattice
today

= ∑
Wanted 

PDFs, 
GPDs,

etc.
×

pQCD- 
calculated 

kernel
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(X. Ji, 2013; See 2004.03543 for review)

 Pseudo-PDF method: differs in FT (A. Radyushkin, 2017) 
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 …

Direct x-Dependent Structure
§ Longstanding obstacle to lattice calculations!

Quantities 
that can be 
calculated 

on the lattice
today

= ∑
Wanted 

PDFs, 
GPDs,

etc.
×

pQCD- 
calculate
d kernel

𝑡source 𝑡sink

𝑧
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Quasi-PDF & Pseudo-PDF method
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N(𝑃𝑧)N(𝑃𝑧)

𝑡𝑓𝑡𝑖

Quantities 
that can be 

calculated on 
the lattice



Lattice Parton Calculations
§ Rapid developments!
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2013 2014 2015 2016 2017 2018 2019 2020 2021 2022 2023 2024

First unpol. PDF 
lattice calculation

First lattice 
pseudo-PDFs

Hadronic tensor 
Compton 
amplitude

Euclidean 
correlation 
functions 

LCS
Pol. PDFs and 
mass corrections 

1st NNLO 
PDF

15

1stPDF
w/ 
LRR+RGR 

https://arxiv.org/pdf/1603.06664.pdf
https://arxiv.org/pdf/1402.1462.pdf
https://arxiv.org/pdf/2305.05212.pdf


2013 2014 2015 2016 2017 2018 2019 2020 2021 2022 2023

𝝅 g-PDF

N g-PDF
1st GPD (𝝅)

s,c PDF

Kaon
g-PDF

Lattice Parton Calculations
§ Physics quantity milestones

First unpol. 
lattice PDF

Kaon DA
Pion DA

Pion v-PDF

K PDFPol. PDFs and
mass corrections 

First PDFs

at 𝑴𝝅
𝐩𝐡𝐲𝐬
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Lattice Example Results
§ Summary of physical pion mass PDFs results

2006.08636 (PDFLattice2019)
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unpolarized longitudinally polarized transversely polarized

Finite volume, 
Discretization,
…

u 𝑥 − 𝑑(𝑥) Δ𝑢 𝑥 − Δ𝑑 𝑥 𝛿𝑢 𝑥  −𝛿𝑑 𝑥



Lattice Example Results
§ Summary of physical pion mass PDFs results

2006.08636 (PDFLattice2019)
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Discretization,
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Lattice Example Results
§ Summary of physical pion mass results: 
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2006.08636 (PDFLattice2019)
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Lattice Example Results
§ Summary of physical pion mass results: 2006.08636 (PDFLattice2019)
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§ Complementary Lattice inputs for best PDFs  

ERCAP

ALCC XSEDE

Theory 
Input

Exp’t 
Input

Global Analysis 
of PDFs

+

Works have been 
developed in this direction

Phys. Rev. Lett. 120, 152502 (2018)



§ Nucleon isovector PDF calculated directly at physical pion mass

 NNLO matching & treat leading-renormalon effects
 Leading-renormalon resummation (LRR)

 Renormalization-group  resummation (RGR)

 Nf=2+1+1 clover/HISQ, a~0.09 fm  

 

Isovector PDFs Update

Wanted 
PDFs, 
GPDs, 

etc…

Huey-Wen Lin — DIS2024 @ Grenoble, France 

J. Holligan, HL (MSULat), 2312.10829 [hep-lat] 

R. Zhang, et. al. 

PLB 844, 138081 (2023)

P: Jack Holligan 
x
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§ Nucleon isovector PDF calculated directly at physical pion mass

 NNLO matching & treat leading-renormalon effects
 Leading-renormalon resummation (LRR)

 Renormalization-group  resummation (RGR)

 Nf=2+1 clover/HISQ, a~0.076 fm  

 

Isovector PDFs Update

Wanted 
PDFs, 
GPDs, 

etc…

Huey-Wen Lin — DIS2024 @ Grenoble, France 

R. Zhang, et. al. 

PLB 844, 138081 (2023)

x
22

X. Gao (ANL/BNL, 2310.19047 [hep-lat] 

Transversity

𝛿𝑢 𝑥  −𝛿𝑑 𝑥



Continuum PDF
§ Nucleon PDFs using quasi-PDFs in the continuum limit 
 Lattice details: clover/2+1+1 HISQ (MSULat)

   a ≈ {0.06,0.09,0.12} fm, 

        Mπ ∊ {135,220,310}-MeV pion, 

        MπL ∊{3.3, 5.5}.

        𝑃𝑧 ≈ 2 GeV

 Naïve extrapolation to physical-continuum limit  

23Huey-Wen Lin — DIS2024 @ Grenoble, France 

Quantities 
that can be 

calculated on 
the lattice

2011.14971, HL et al (MSULat)



Continuum PDF
§ Nucleon PDFs using quasi-PDFs in the continuum limit 
 Lattice details: clover/2+1+1 HISQ (MSULat)

   a ≈ {0.06,0.09,0.12} fm, 

        Mπ ∊ {135,220,310}-MeV pion, 

        MπL ∊{3.3, 5.5}.

        𝑃𝑧 ≈ 2 GeV

 Naïve extrapolation to physical-continuum limit  

2011.14971, HL et al (MSULat)
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Wanted 
PDFs, GPDs, 

etc…

u 𝑥 − 𝑑(𝑥)



Continuum PDF
§ Nucleon PDFs using quasi-PDFs in the continuum limit 
 Lattice details: clover/2+1 clover (LPC)

   a ≈ {0.49,0.64,0.85,0.98} fm, 

        Mπ ∊[222,354]-MeV pion, 

        MπL ∊[3.9, 8.1].

        𝑃𝑧 ≈ ∊[1.8, 2.8].

F. Yao et al (LPC), 2208.08008 
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Wanted 
PDFs, GPDs, 

etc…

𝛿𝑢 𝑥  −𝛿𝑑 𝑥



Gluon PDF in Nucleon
§ Continuum Gluon PDF w/ pseudo-PDF
 2+1+1 HISQ {0.09, 0.12, 0.15} fm, 

    [220,310,700]-MeV pion, 105-106 statistics

G: Bill Good

Huey-Wen Lin — DIS2024 @ Grenoble, France 

Wanted 
PDFs, 
GPDs, 

etc…

Quantities 
that can be 

calculated on 
the lattice
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Z. Fan et al (MSULat), 2210.09985 



Pion Tomography
§ Nucleon GPD using quasi-PDFs at physical pion mass  
 Lattice details: clover/2+1+1 HISQ

 0.09 fm, 135-MeV pion mass, 𝑃𝑧 ≈ 1.7 GeV

 𝜉 = 0 valence-quark Pion GPD results

finite-volume, 
discretization,
…

𝑞 𝑥, 𝑏 = න
𝑑 Ԧ𝑞

2𝜋 2 𝐻 𝑥, 𝜉 = 0, 𝑡 = − Ԧ𝑞2 𝑒𝑖𝑞⋅𝑏

Huey-Wen Lin — DIS2024 @ Grenoble, France 

HL (MSULat), Phys. Lett. B 846 (2023) 138181
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Nucleon Tomography
§ Nucleon GPD using quasi-PDFs at physical pion mass  
 Lattice details: clover/2+1+1 HISQ

 0.09 fm, 135-MeV pion mass, 𝑃𝑧 ≈ 2 GeV

 𝜉 = 0 isovector nucleon GPD results

𝑞 𝑥, 𝑏 = න
𝑑 Ԧ𝑞

2𝜋 2
𝐻 𝑥, 𝜉 = 0, 𝑡 = − Ԧ𝑞2 𝑒𝑖𝑞⋅𝑏

Huey-Wen Lin — DIS2024 @ Grenoble, France 

finite-volume, 
discretization,
…

HL, Phys.Rev.Lett. 127 (2021) 18, 182001
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Also see work done by ANL/BNL/ETMC, 2209.05373 ,2310.13114
 

https://arxiv.org/abs/2209.05373
https://arxiv.org/abs/2310.13114


ξ=0 GPDs
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J. Holligan, HL (MSULat), 2312.10829 [hep-lat]
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Impact of Lattice-QCD 
PDFs on Global Fits
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First Lattice Strange PDF
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§ Results by MSULat/quasi-PDF method 
 Clover on 2+1+1 HISQ, 0.12-fm 310-MeV QCD vacuum

 Extrapolated to 𝑀𝜋 ≈ 140 MeV

 

Quantities 
that can be 

calculated on 
the lattice

R. Zhang et al (MSULat), 

2005.01124



Lattice Strangeness Asymmetry Impact
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ሚ𝑓𝑞 𝑥, 𝑃𝑧 = න
−1

1 𝑑𝑦

𝑦
𝑓𝑞 𝑦 𝐶𝑞/𝑞 𝑥, 𝑦, 𝑃𝑧, 𝜇 +

§ From quasi-PDF to PDF

𝑂
ΛQCD

2

𝑥2𝑃𝑧
2

,
ΛQCD

2

1 − 𝑥 2𝑃𝑧
2

T. Hou, HL, M. Yan, C. Yuan, 

2211.11064
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§ Results by MSULat/quasi-PDF method 
 Clover on 2+1+1 HISQ, 0.12-fm 310-MeV QCD vacuum

 Extrapolated to 𝑀𝜋 ≈ 140 MeV

 

Quantities 
that can be 

calculated on 
the lattice

§ The strangeness asymmetry 𝑠 𝑥, 𝑄 − ҧ𝑠(𝑥, 𝑄) at 𝑥 > 0.2 is difficult 
to measure, but can be predicted in lattice QCD

Wanted 
PDFs, 
GPDs, 

etc…

R. Zhang et al (MSULat), 

2005.01124



Lattice Gluon PDF Impact
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Quantities 
that can be 

calculated on 
the lattice

2210.09985, W. Good et al

 (MSULat)

§ Can use a≈0.09 fm results as
 Best estimate of gluon PDF

 Aim for future precision

§ First continuum Gluon PDF w/ pseudo-PDF
 2+1+1 HISQ {0.09, 0.12, 0.15} fm, 

    [220,310,700]-MeV pion, 105-106 statistics

Wanted 
PDFs, 
GPDs, 

etc…



Lattice Gluon PDF Impact
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Before After

Wanted 
PDFs, 
GPDs, 

etc…

§ Preliminary study with CTEQ-TEA analysis
 Take lattice inputs in the region where no strong experimental 

data constraints, x ∈ [0.4,0.7]

 Using e-pump for re-weighting 
Plots by Alim Ablat (Xinjiang U.)

 

Preliminary



Lattice Gluon PDF Impact
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Before After

Wanted 
PDFs, 
GPDs, 

etc…

§ Preliminary study with CTEQ-TEA analysis
 Take lattice inputs in the region where no strong experimental 

data constraints, x \in [0.4,0.7]

 Using e-pump for re-weighting 

Preliminary

Plots by Alim Ablat 

(Xinjiang U.)

 



Lattice Gluon PDF Impact
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Before After

Wanted 
PDFs, 
GPDs, 

etc…

§ Preliminary study with CTEQ-TEA analysis
 Take lattice inputs in the region where no strong experimental 

data constraints, x \in [0.4,0.7]

 Using e-pump for re-weighting 

Plot by Alim Ablat 

(Xinjiang U.)

 

Plot from P. Nadolsky’s 

talk on Tuesday

Preliminary



First Lattice Charm PDF
§ Large uncertainties in global PDFs 

 Clover on 2+1+1 HISQ  0.12-fm 310-MeV QCD vacuum
2005.01124, R. Zhang et al (MSULat)

§ Results by MSULat/quasi-PDF method 

37Huey-Wen Lin — DIS2024 @ Grenoble, France 

Quantities 
that can be 

calculated on 
the lattice



First Lattice Charm PDF
§ Large uncertainties in global PDFs 

 Clover on 2+1+1 HISQ  0.12-fm 310-MeV QCD vacuum
2005.01124, R. Zhang et al (MSULat)

§ Results by MSULat/quasi-PDF method 
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Quantities 
that can be 

calculated on 
the lattice

Wanted 
PDFs, 
GPDs, 

etc…



Lattice Progress & Challenges
§ Beyond the standard twist-2 collinear PDFs 
 Generalized parton distributions (GPDs) for the pion and 

unpolarized/polarized nucleon 

 Transverse-momentum– dependent distributions (TMDs)
 Collins-Soper kernel, soft function and wavefunctions 

 Twist-3 PDFs and GPDs
For more details and references, refer to 2202.07193

§ Challenges ahead for precision PDFs 
 Large momentum is essential
 With sufficient statistics nucleons may reach 5 GeV

 Methods for signal-to-noise improvement 
 Gluonic observables,  new ideas for large momentum 

 Access small-x physics; some methods have inverse problem in 
PDF extraction, more computational resources, etc.
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Summary and Outlook
§ Exciting era using LQCD to study x-dependent nucleon PDFs 

§ Overcoming longstanding limitations
 Bjorken-x dependence of parton distributions

 now widely studied
 More study of systematics planned for the near future

§ Lattice strange and gluon PDFs can have impacts
 Treat lattice matrix elements as expt inputs in the future

§ Precision and progress are limited by resources

Thanks to MILC collaboration for sharing their 2+1+1 HISQ lattices & USQCD/NSF/DOE for computational resources

This work is partially sponsored by grants NSF PHY 1653405 & 1653405, DOE DE-SC0024053 & RCSA Cottrell Scholar 

Award

ERCAP

ALCC XSEDE

Theory 
Input

Exp’t 
Input

Global Analysis 
of PDFs/GPDs

+
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EXCL       M
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PDFLattice24 Workshop
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§ November 18-20, 2024@Jefferson Lab, Newport News, VA, USA
 Joint community workshop between global-fit and lattice-QCD 

practitioners 
 Theme: uncertainty quantification on nonperturbative correlator 

functions in phenomenology and lattice calculations



Students Wanted
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LGT4HEP website: https://lgt4hep.github.io/ 
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Backup Slides
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Backup Slides
Pion and Kaon PDFs
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§ Meson structure is crucial to understand the mechanism of
emergent hadron mass (EHM)

 Help decode QCD origin of mass

§ Experimentally, meson structure
is harder to study

 LQCD can provide predictions and better precision inputs

 Quark and gluon parton distribution functions(PDFs), for example

Motivation

§ Generalized parton distributions 
(GPDs) encode information about 
the spatial structure & the 
partonic distribution of spin and 
orbital angular momenta

 US EIC, EIcC, LHeC, …
Image from A. Belitskya and A Radyushkin, 

Physics Report, 416 (2015)
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2013 2014 2015 2016 2017 2018 2019 2020 2021 2022 2023

𝝅 g-PDF

N g-PDF
1st GPD (𝝅)

s,c PDF

Kaon
g-PDF

Lattice Parton Calculations
§ Physics quantity milestones

First unpol. 
lattice PDF

Kaon DA
Pion DA

Pion v-PDF

K PDFPol. PDFs and
mass corrections 

First PDFs

at 𝑴𝝅
𝐩𝐡𝐲𝐬
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MSULat Pion/Kaon Structure
§ Meson distribution amplitude 
 Pion Distribution Amplitude from Lattice,

 Phys. Rev. D 95 (2017) 9, 094514

 Kaon Distribution Amplitude from Lattice QCD and the Flavor SU(3) 
Symmetry, Nucl. Phys. B 939 (2019) 429-446

 Pion and kaon distribution amplitudes 

in the continuum limit, 

      Phys. Rev. D 102 (2020) 9, 094519

 Precision control in lattice calculation of x-dependent pion distribution 
amplitude, Nucl. Phys. B 993 (2023) 116282

§ Miscellaneous
 Machine-learning prediction for quasiparton distribution function matrix 

elements, Phys. Rev. D 101 (2020) 3, 034516
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MSULat Pion/Kaon Structure
§ Pion/kaon PDFs
 First direct lattice-QCD calculation of the x-dependence of the pion parton 

distribution function, Phys. Rev. D 100 (2019) 3, 034505

 Valence-Quark Distribution of the Kaon and Pion from Lattice QCD, Phys. Rev. 

D 103 (2021) 1, 014516

 Gluon parton distribution of the pion from lattice QCD,
Phys. Lett. B 823 (2021) 136778

 First glimpse into the kaon gluon parton distribution using lattice QCD, Phys. 

Rev. D 106 (2022) 9, 094510

 The Gluon Moment and Parton Distribution Function of the Pion from 
Nf​=2+1+1 Lattice QCD, 2310.12034 [hep-lat]

 Pion valence quark distribution at physical pion mass of Nf=2+1+1 LQCD

§ Pion GPD
 Pion generalized parton distribution from lattice QCD, Nucl. Phys. 

B 952 (2020) 114940

 Pion valence-quark generalized parton distribution at physical pion mass , 
Phys. Lett. B 846 (2023) 138181
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https://inspirehep.net/literature/1789026
https://inspirehep.net/literature/1858017
https://inspirehep.net/literature/1984762
https://inspirehep.net/literature/2712171
https://iopscience.iop.org/article/10.1088/1361-6471/ad3162/pdf
https://inspirehep.net/literature/1731904
https://inspirehep.net/literature/1984762


MSULat, 2003.14128

Meson Valence-quark PDFs
§ Pion/kaon PDFs using quasi-PDF in the continuum limit 

Quantities 
that can be 

calculated on 
the lattice

Wanted 
PDFs, 
GPDs, 

etc…
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§ Pion PDFs calculated directly at physical pion mass
 with NNLO matching

 Nf=2+1 clover/HISQ

      a~0.076 fm  

Valence-quark PDFs Update

Huey-Wen Lin — DIS2024 @ Grenoble, France 

ANL/BNL, Phys. Rev. 

D 106, 114510 (2022) 

Wanted 
PDFs, 
GPDs, 

etc…

 Nf=2+1 clover/HISQ

      a~0.076 fm  
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§ Pion PDFs calculated directly at physical pion mass
 NNLO matching & treat leading-renormalon effects
 Leading-renormalon resummation (LRR)

 Renormalization-group  resummation (RGR)

 Nf=2+1+1 clover/HISQ, a~0.09 fm  

 

Valence-quark PDFs Update

Wanted 
PDFs, 
GPDs, 

etc…

Huey-Wen Lin — DIS2024 @ Grenoble, France 

J. Holligan, HL (MSULat), 10.1088/1361-6471/ad3162

R. Zhang, et. al. 

PLB 844, 138081 (2023)

P: Jack Holligan 
x
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Meson Gluon PDFs
§ First pion and kaon gluon PDFs g(x)/〈x〉 using pseudo-PDF

§ What does lattice QCD say about g(x)? 

2104.06372, Fan et al. (MSULat); 2112.03124, Salas-Chavira et al. (MSULat)

G: Zhouyou Fan

G: Alejandro 
Salas-Chavira

Wanted 
PDFs, 
GPDs, 

etc…

finite-volume, 
discretization, 
heavy quark 
mass, …
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Pion Gluon PDF Update
§ Nonperturbatively renormalized 〈x〉{π,g} at the finer lattice 

spacing at lighter pion mass is nontrivial 
 Using cluster-decomposition error reduction (CDER) to 

enhance the signal-to-noise ratio

 Lattice details: clover/HISQ, a ~{0,15, 0.12, 0.09} fm
2208.00980, Fan et al. (MSULat)

G: Matthew Zeilbeck 

1805.00531, Y. Yang et al. (χQCD)
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Pion Gluon PDF Update
§ Study Bare 𝑥 𝜋,𝑔

Huey-Wen Lin — DIS2024 @ Grenoble, France 

UG: 
Allison Chevis

UG:
Kinza Hasan

 

“The Gluon Moment and Parton 
Distribution Function of the Pion 
from Nf = 2 + 1 + 1 Lattice QCD”, 
W. Good, K. Hasan, A. Chevis, HL, 
2310.12034 [hep-lat]
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Pion Gluon PDF Update
§ Study Bare 𝑥 𝜋,𝑔

Huey-Wen Lin — DIS2024 @ Grenoble, France 

UG: 
Allison Chevis

UG:
Kinza Hasan

 

“The Gluon Moment and Parton 
Distribution Function of the Pion 
from Nf = 2 + 1 + 1 Lattice QCD”, 
W. Good, K. Hasan, A. Chevis, HL, 
2310.12034 [hep-lat]

2310.12034, Good et al. (MSULat)
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Pion Gluon PDF Update
§ Study discretization systematic in 𝑥 𝜋,𝑔

 Lattice details: clover/HISQ, HISQ, a ~{0,15, 0.12, 0.09} fm

Huey-Wen Lin — DIS2024 @ Grenoble, France 

G: Bill Good

2310.12034, Good et al. (MSULat)
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Pion Gluon PDF Update
§ Back to Pion gluon PDF g(x) 
 Update previous calculated g(x)/ 𝑥   in 2021

G: Bill Good

Bare 𝑥 𝜋,𝑔

Huey-Wen Lin — DIS2024 @ Grenoble, France 

2310.12034, Good et al. (MSULat)
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Pion Gluon PDF Update
§ Back to Pion gluon PDF g(x) 
 Update previous calculated g(x)/ 𝑥   in 2021

G: Bill Good

Bare 𝑥 𝜋,𝑔

Huey-Wen Lin — DIS2024 @ Grenoble, France 

2310.12034, Good et al. (MSULat)
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Generalized Parton Distributions
Single-ensemble result    

finite-volume, 
discretization, 
heavy quark mass,
…

𝜋(𝑃𝑧 + Ԧ𝑞/2)

𝑄2 Γ

𝜋(𝑃𝑧 − Ԧ𝑞/2)

Huey-Wen Lin — DIS2024 @ Grenoble, France 

Quantities 
that can be 

calculated on 
the lattice

𝐻𝑞
𝜋 𝑥, 𝜉, 𝑡, 𝜇 = න

𝑑𝜂−

4𝜋
𝑒−𝑖𝑥𝜂−𝑃+

𝜋 𝑃 + Δ/2 ത𝑞
𝜂−

2
𝛾+Γ

𝜂−

2
, −

𝜂−

2
𝑞 −

𝜂−

2
𝜋 𝑃 − Δ/2
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Valence-Quark Pion GPD
§ Pion GPD (H𝜋) using quasi-PDFs at physical pion mass  
 Lattice details: clover/2+1+1 HISQ

 0.09 fm, 135-MeV pion mass, 𝑃𝑧 ≈ 1.7 GeV

 𝜉 = 0 valence-quark Pion GPD results

finite-volume, 
discretization,
…

Wanted 
PDFs, 
GPDs, 

etc…

Huey-Wen Lin — DIS2024 @ Grenoble, France 

HL (MSULat), Phys. Lett. B 846 (2023) 138181
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Valence-Quark Pion GPD
§ Pion GPD (H𝜋) using quasi-PDFs at physical pion mass  
 Lattice details: clover/2+1+1 HISQ

 0.09 fm, 135-MeV pion mass, 𝑃𝑧 ≈ 1.7 GeV

 𝜉 = 0 valence-quark Pion GPD results

finite-volume, 
discretization,
…

න
−1

+1

𝑑𝑥 𝑥𝑛−1𝐻𝜋 𝑥, 𝜉, 𝑡 = 𝐴𝑛𝑖
𝜋 𝑡

Huey-Wen Lin — DIS2024 @ Grenoble, France 

HL (MSULat), Phys. Lett. B 846 (2023) 138181
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Pion Tomography
§ Nucleon GPD using quasi-PDFs at physical pion mass  
 Lattice details: clover/2+1+1 HISQ

 0.09 fm, 135-MeV pion mass, 𝑃𝑧 ≈ 1.7 GeV

 𝜉 = 0 valence-quark Pion GPD results

finite-volume, 
discretization,
…

𝑞 𝑥, 𝑏 = න
𝑑 Ԧ𝑞

2𝜋 2 𝐻 𝑥, 𝜉 = 0, 𝑡 = − Ԧ𝑞2 𝑒𝑖𝑞⋅𝑏

Huey-Wen Lin — DIS2024 @ Grenoble, France 

HL (MSULat), Phys. Lett. B 846 (2023) 138181
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Huey-Wen Lin — DIS2024 @ Grenoble, France 

First Lattice GPDs
§ First glimpse into pion GPD using Quasi-PDF/LaMET 
 Lattice details: clover/HISQ, 0.12fm, 310-MeV pion mass

  𝑃𝑧 ≈ 1.3, 1.6 GeV

J. Chen, HL, J. Zhang, 1904.1237;

𝜉 = 0

𝐻𝑞
𝜋 𝑥, 𝜉, 𝑡, 𝜇 = න

𝑑𝜂−

4𝜋
𝑒−𝑖𝑥𝜂−𝑃+

𝜋 𝑃 + Δ/2 ത𝑞
𝜂−

2
𝛾+Γ

𝜂−

2
, −

𝜂−

2
𝑞 −

𝜂−

2
𝜋 𝑃 − Δ/2

(plot by J. Zhang) 

𝑃𝑧 ≈ 1.6 GeV
𝑃𝑧 ≈ 1.6 GeV

Quantities 
that can be 

calculated on 
the lattice

Wanted 
PDFs, 
GPDs, 

etc…

MILC, Phys. Rev. D, 82 (2010), 074501; 

Phys. Rev. D, 87 (2013), 0545056
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Pion Valence-Quark PDF 
§ Status as of Summer 2019 

Huey-Wen Lin — DIS2024 @ Grenoble, France 

Slide by Nikhil Karthik @ Lattice 2019 

2003.14128 

§ Single-ensemble calculation
 Non-physical pion mass, single lattice spacing, single volume

𝑀𝜋 ≈ 310 MeV

𝑀𝜋 ≈ 426 MeV
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Pion Valence-Quark PDF
§ Results from JLab-W&M/ LCS method
 𝑀𝜋 = 𝟐𝟕𝟖, 358, 413 MeV with 𝑎 = 0.094, 0.127 fm

 Extrapolated to physical limit (shown as blue band)

 Renormalized ZV,A in RI/MOM, matched to MS, run to 27 GeV2

Huey-Wen Lin — DIS2024 @ Grenoble, France 

R. S. Sufian, et al, 2001.04960

2003.14128 

𝑞𝑣
𝜋 𝑥 =

𝑥𝛼 1 − 𝑥 𝛽 1 + 𝛾𝑥

𝐵 𝛼 + 1, 𝛽 + 1 + 𝛾𝐵 𝛼 + 2, 𝛽 + 1

𝛽 = 1.24 22 stat 7 sys

𝛽 = 2.12 56 stat 14 sys

65



Pion Valence-Quark PDF
§ Results from MSULat/quasi-PDF method 
 𝑀𝜋 = 𝟐𝟐𝟎, 310, 790 MeV with 𝑎 = 0.06, 0.12 fm

 Extrapolated to physical limit (shown as pink/green band)

 Renormalized in RI/MOM, matched to MS, run to 27 GeV2

Huey-Wen Lin — DIS2024 @ Grenoble, France 

H. Lin et al. (MSULat), 2003.14128 

J. S. Conway et al., PRD39, 92 (1989).

M. Aicher et al, PRL105, 252003 (2010), 1009.2481.

C. Chen et al, PRD93, 074021 (2016), 1602.01502.

J. Lan, et al,  PRL122, 172001 (2019), 

1901.11430;  

PRD101, 034024 (2020), 1907.01509.

R. S. Sufian, et al, 2001.04960

𝛽~1.01
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Pion Valence-Quark PDF
§ Results from BNL/quasi-PDF method 
 𝑀𝜋 = 𝟑𝟎𝟎 MeV with 𝑎 = 0.04, 0.06 fm

 Extrapolated to continuum limit

 Renormalized in RI/MOM, matched to MS at 10 GeV2

Huey-Wen Lin — DIS2024 @ Grenoble, France 

X. Gao et al. 2007.06590 

𝛽~1
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Kaon Valence-Quark PDFs

Huey-Wen Lin — DIS2024 @ Grenoble, France 

§ Pion/kaon PDFs using quasi-PDF in the continuum limit 
 Lattice details: clover/2+1+1 HISQ (MSULat)

𝑎 ≈ 0.06, 0.12  fm,
𝑀𝜋 ∈ 220, 310, 690 -MeV pion

𝑃𝑧 ≈ 1.3, 1.7  GeV
2003.14128 HL et al (MSULat)
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Kaon Valence-Quark PDFs

Huey-Wen Lin — DIS2024 @ Grenoble, France 

§ Pion/kaon PDFs using quasi-PDF in the continuum limit 
 Lattice details: clover/2+1+1 HISQ (MSULat)

𝑎 ≈ 0.06, 0.12  fm,
𝑀𝜋 ∈ 220, 310, 690 -MeV pion

𝑃𝑧 ≈ 1.3, 1.7  GeV

§ First LQCD calculation 𝑥𝑛  of 𝑢𝑣
𝐾+

 and 𝑠𝑣
𝐾−

 

n 𝒙𝒏 𝒖𝒗
𝑲+

𝒙𝒏 𝒔𝒗
𝑲−

1 0.192(8)stat(6)syst 0.261(8)stat(8)syst

2 0.080(7)stat(6)syst 0.120(7)stat(9)syst

3 0.041(6)stat(4)syst 0.069(6)stat(8)syst

2003.14128 

HL et al (MSULat)
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Kaon Valence-Quark PDFs

Huey-Wen Lin — DIS2024 @ Grenoble, France 

§ Pion/kaon PDFs using quasi-PDF in the continuum limit 
 Lattice details: clover/2+1+1 HISQ (MSULat)

𝑎 ≈ 0.06, 0.12  fm,
𝑀𝜋 ∈ 220, 310, 690 -MeV pion

𝑃𝑧 ≈ 1.3, 1.7  GeV

§ First LQCD calculation 𝑥𝑛  of 𝑢𝑣
𝐾+

 and 𝑠𝑣
𝐾−

§ Later ETMC 260-MeV results on 𝑥𝑛  of 𝑢𝑣
𝐾+

 and 𝑠𝑣
𝐾−

 

n 𝒙𝒏 𝒖𝒗
𝑲+

𝒙𝒏 𝒔𝒗
𝑲−

1 0.192(8)stat(6)syst 0.261(8)stat(8)syst

2 0.080(7)stat(6)syst 0.120(7)stat(9)syst

3 0.041(6)stat(4)syst 0.069(6)stat(8)syst

n 𝒙𝒏 𝒖𝒗
𝑲+

𝒙𝒏 𝒔𝒗
𝑲−

1 0.246(2)stat(2)syst 0.317(2)stat(1)syst

2 0.093(5)stat(3)syst 0.134(5)stat(2)syst

3 0.035(6)stat(3)syst 0.075(5)stat(1)syst

2003.14128 HL et al (MSULat) 2010.0349, 2104.02247
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First Pion Gluon PDF

Huey-Wen Lin — DIS2024 @ Grenoble, France 

§ Pion GLUON PDFs using pseudo-PDF  
 Lattice details: clover/2+1+1 HISQ (MSULat)

𝑎 ≈ 0.12, 0.15  fm, 

     𝑀𝜋 ∈ 220, 310, 690 -MeV pion

     𝑃𝑧,max ≈ 2.3 GeV

2104.06372, Fan, HL(MSULat)

Zhouyou Fan
(MSU)
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Pion and Kaon DA
§ The first continuum-limit study of x-dependent meson DA 

on the lattice

Huey-Wen Lin — DIS2024 @ Grenoble, France 

𝑡

𝑧𝐾(𝑃𝑧)

𝐶𝑀
DA 𝑧, 𝑃, 𝑡 = 0 න𝑑3𝑦 𝑒𝑖 𝑃⋅𝑦 ത𝜓1 Ԧ𝑦, 𝑡 𝛾𝑧𝛾5𝑈 Ԧ𝑦, Ԧ𝑦 + 𝑧 Ƹ𝑧 𝜓2 Ԧ𝑦 + 𝑧 Ƹ𝑧, 𝑡 ത𝜓2 0,0 𝛾5𝜓1 0,0 0

 𝑀𝜋 ∈ {𝟑𝟏𝟎, 690 (𝜂𝑠)} MeV

 𝑎 ∈ {0.06, 0.09, 0.12} fm

 𝑀𝜋
min 

𝐿 = 4.5
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Pion and Kaon DA
§ Extract the DA distribution from the physical-continuum 

matrix elements

Huey-Wen Lin — DIS2024 @ Grenoble, France 

Pion Kaon 

R. Zhang et al. (MSULat), 2005.13955 

ℎ 𝑧, 𝜇𝑅 , 𝑝𝑧
𝑅, 𝑃𝑧 = න

−∞

∞

𝑑𝑥 න
0

1

𝑑𝑦 𝐶 𝑥, 𝑦,
𝜇𝑅

𝑝𝑧
𝑅

2

,
𝑃𝑧

𝜇𝑅 ,
𝑃𝑧

𝑝𝑧
𝑅 𝑓𝑚,𝑛 𝑦 𝑒𝑖 1−𝑥 𝑧𝑃𝑧
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Pion and Kaon DA
§ Extract the DA distribution from the physical-continuum 

matrix elements

Huey-Wen Lin — DIS2024 @ Grenoble, France 

Pion Kaon 

R. Zhang et al. (MSULat), 2005.13955 

DES’13: L. Chang et al., Phys. Rev. Lett. 110, 132001 (2013); C. Shi et al., Phys. Lett. B738, 512 (2014)

Belle’12: S. Agaev et al., Phys. Rev. D86, 077504 (2012);

LFCQM’15:J. P. B. C. de Melo et al., AIP Conf. Proc. 1735, 080012 (2016);

RQCD’19: G. S. Bali et al.,J HEP 08, 065 (2019); DSE’14:

J

ℎ 𝑧, 𝜇𝑅 , 𝑝𝑧
𝑅, 𝑃𝑧 = න

−∞

∞

𝑑𝑥 න
0

1

𝑑𝑦 𝐶 𝑥, 𝑦,
𝜇𝑅

𝑝𝑧
𝑅

2

,
𝑃𝑧

𝜇𝑅 ,
𝑃𝑧

𝑝𝑧
𝑅 𝑓𝑚,𝑛 𝑦 𝑒𝑖 1−𝑥 𝑧𝑃𝑧
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Huey-Wen Lin — DIS2024 @ Grenoble, France 

Pion Form Factors
§ Two new lattice pion form factors calcs at physical pion
 χQCD: 2+1f, overlap/DWF, 

𝑎 ≈ [0.08,0.2] fm, 𝑀𝜋 ∈ [139,340]-MeV
 BNL: 2+1+1,clover/HISQ, 
  𝑎 ≈ [0.04,0.08] fm, 𝑀𝜋 ∈ 135, 300 -MeV
  

X. Gao et al (BNL), 2102.06047 G. Wang et al (XQCD), 2006.05431

𝒂 → 𝟎
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Backup Slides
Updates on Nucleon GPDs
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2020: Isovector Nucleon GPDs
§ Nucleon GPD using quasi-PDFs at physical pion mass  
 MSULat: clover/2+1+1 HISQ

   0.09 fm, 135-MeV pion mass, 𝑃𝑧 ≈ 2 GeV

 𝜉 = 0 isovector nucleon GPD results

HL, Phys.Rev.Lett. 127 (2021) 18, 182001

Huey-Wen Lin — DIS2024 @ Grenoble, France 

N(𝑃𝑧 + Ԧ𝑞/2)

𝑄2 Γ

N(𝑃𝑧 − Ԧ𝑞/2)

𝑡𝑠𝑖𝑛𝑘
𝑡𝑠𝑜𝑢𝑟𝑐𝑒

෨𝐹 𝑥, ሚ𝜉, 𝑡, ത𝑃Z =
ത𝑃z

ത𝑃0
න

𝑑𝑧

4𝜋
𝑒𝑖𝑥𝑧 ത𝑃𝑍 𝑃′ ෨𝑂𝛾0

𝑧 𝑃 =
ത𝑢 𝑃′

2 ത𝑃0
𝐻 𝑥, ሚ𝜉, 𝑡, ത𝑃Z 𝛾0 + 𝐸 𝑥, ሚ𝜉, 𝑡, ത𝑃𝑍

𝑖𝜎0𝜇Δ𝜇

2𝑀
𝑢 𝑃′′

𝑝𝜇 =
𝑝′′𝜇 + 𝑝′𝜇

2
, Δ𝜇 = 𝑝′′𝜇 − 𝑝′𝜇 , 𝑡 = Δ2, 𝜉 =

𝑝′′+ − 𝑝′+

𝑝′′+ + 𝑝′+
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2020: Isovector Nucleon GPDs
§ Nucleon GPD using quasi-PDFs at physical pion mass  
 MSULat: clover/2+1+1 HISQ

   0.09 fm, 135-MeV pion mass, 𝑃𝑧 ≈ 2 GeV

 𝜉 = 0 isovector nucleon GPD results

HL, Phys.Rev.Lett. 127 (2021) 18, 182001

Huey-Wen Lin — DIS2024 @ Grenoble, France 78



2020: Isovector Nucleon GPDs
§ Nucleon GPD using quasi-PDFs at physical pion mass  
 Lattice details: clover/2+1+1 HISQ (MSULat)

 0.09 fm, 135-MeV pion mass, 𝑃𝑧 ≈ 2 GeV

 𝜉 = 0 isovector nucleon GPD results

න
−1

+1

𝑑𝑥 𝑥𝑛−1𝐻𝑞 𝑥, 𝜉, 𝑡 = ෍

𝑖=0,even

𝑛−1

−2𝜉 𝑖𝐴𝑛𝑖
𝑞

𝑡 + −2𝜉 𝑛𝐶𝑛0
𝑞

𝑡 ቚ
𝑛 even

𝑛 = 1

HL, Phys.Rev.Lett. 127 (2021) 18, 182001
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2020: Nucleon GPDs
§ Nucleon GPD using quasi-PDFs at physical pion mass  
 Lattice details: clover/2+1+1 HISQ (MSULat)

 0.09 fm, 135-MeV pion mass, 𝑃𝑧 ≈ 2 GeV

 𝜉 = 0 isovector nucleon GPD results

න
−1

+1

𝑑𝑥 𝑥𝑛−1𝐸𝑞 𝑥, 𝜉, 𝑡 = ෍

𝑖=0,even

𝑛−1

−2𝜉 𝑖𝐵𝑛𝑖
𝑞

𝑡 − −2𝜉 𝑛𝐶𝑛0
𝑞

𝑡 ቚ
𝑛 even

𝑛 = 2

HL, Phys.Rev.Lett. 127 (2021) 18, 182001
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Nucleon Tomography
§ Nucleon GPD using quasi-PDFs at physical pion mass  
 Lattice details: clover/2+1+1 HISQ

 0.09 fm, 135-MeV pion mass, 𝑃𝑧 ≈ 2 GeV

 𝜉 = 0 isovector nucleon quasi-GPD results

𝑞 𝑥, 𝑏 = න
𝑑 Ԧ𝑞

2𝜋 2
𝐻 𝑥, 𝜉 = 0, 𝑡 = − Ԧ𝑞2 𝑒𝑖𝑞⋅𝑏

Huey-Wen Lin — DIS2024 @ Grenoble, France 

finite-volume, 
discretization,
…

HL, Phys.Rev.Lett. 127 (2021) 18, 182001
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2020: Nucleon Tomography
§ Nucleon GPD using quasi-PDFs at physical pion mass  
 Lattice details: clover/2+1+1 HISQ

 0.09 fm, 135-MeV pion mass, 𝑃𝑧 ≈ 2 GeV

 𝜉 = 0 isovector nucleon GPD results

𝑞 𝑥, 𝑏 = න
𝑑 Ԧ𝑞

2𝜋 2
𝐻 𝑥, 𝜉 = 0, 𝑡 = − Ԧ𝑞2 𝑒𝑖𝑞⋅𝑏

Huey-Wen Lin — DIS2024 @ Grenoble, France 

finite-volume, 
discretization,
…

HL, Phys.Rev.Lett. 127 (2021) 18, 182001
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Nucleon Polarized GPDs
§ Helicity GPD ( ෩𝐻 )using quasi-PDFs at physical pion mass  
 MSULat: clover/2+1+1 HISQ

 0.09 fm, 135-MeV pion mass, 𝑃𝑧 ≈ 2 GeV
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Nucleon Polarized GPDs
§ Helicity GPD ( ෩𝐻 )using quasi-PDFs at physical pion mass  
 MSULat: clover/2+1+1 HISQ

 0.09 fm, 135-MeV pion mass, 𝑃𝑧 ≈ 2 GeV

 𝜉 = 0 isovector nucleon (quasi-)GPD results

Huey-Wen Lin — DIS2024 @ Grenoble, France 

HL (MSULat), Phys.Lett.B 824 (2022) 136821

 Take the integral to form moments

n = 2

෩𝑯 
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§ Systematics in our earlier quasi-PDF calculation 
 Renormalization: non-perturbative RI/MOM renormalization 
 State of the art:  hybrid-ratio renormalization 

 Next-leading order (NLO) matching only 
 State of the art: NNLO matching kernel available 

 Did not teat leading-renormalon effects
 Leading-renormalon resummation (LRR)

 Renormalization-group  resummation (RGR)

 For the rest of this presentation, we will focus on the 
uncertainties from the above (rather than typical lattice-
calculation precision or systematics)

Caveats 

Huey-Wen Lin — DIS2024 @ Grenoble, France 

X. Ji et. al. NPB 964, 115311 (2021)

X. Gao, PRL 128, 142003 (2022)

R. Zhang, et. al. PLB 844, 138081 (2023)
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Forward-Limit Case: PDF
§ NLO hybrid-ratio renormalized matrix elements

ℎ𝑅 𝑧, 𝑃𝑧 =
𝑁

ℎ𝐵 𝑧,𝑃𝑧

ℎ 
𝐵(𝑧,𝑃𝑧=0)

 for 𝑧 < 𝑧𝑠

𝑁𝑒 𝛿𝑚+𝑚0 𝑧−𝑧𝑠
ℎ𝐵 𝑧,𝑃𝑧

ℎ 
𝐵(𝑧,𝑃𝑧=0)

 for 𝑧 ≥ 𝑧𝑠

   

 Vary the scale within 0.75, 1.5 : ≈ 15% variation 𝛼𝑠(𝜇 = 2.0 GeV)

 Systematic errors shown below:

Huey-Wen Lin — DIS2024 @ Grenoble, France 

J. Holligan, HL (MSULat), 2312.10829 [hep-lat]

Real Imaginary 

Remove the linear divergence 
& renormalon ambiguity
at large distances
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Forward Limit Case: PDF
§ NLO isovector nucleon 𝐻 𝜉 = 0,𝑄2 = 0,𝑥
 RGR process: DGLAP equation breaks down for 𝑥 ≲ 0.2 with 𝜇 = 𝑐′ × 2𝑥𝑃𝑧

Huey-Wen Lin — DIS2024 @ Grenoble, France 

J. Holligan, HL (MSULat), 2312.10829 [hep-lat]
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§ NNLO hybrid-ratio renormalized matrix elements

ℎ𝑅 𝑧, 𝑃𝑧 =
𝑁

ℎ𝐵 𝑧,𝑃𝑧

ℎ 
𝐵(𝑧,𝑃𝑧=0)

 for 𝑧 < 𝑧𝑠

𝑁𝑒 𝛿𝑚+𝑚0 𝑧−𝑧𝑠
ℎ𝐵 𝑧,𝑃𝑧

ℎ 
𝐵(𝑧,𝑃𝑧=0)

 for 𝑧 ≥ 𝑧𝑠

   

 Vary the scale within 0.75, 1.5 : ≈ 15% variation 𝛼𝑠(𝜇 = 2.0 GeV)

 Systematic errors shown below:

Forward-Limit Case: PDF

Huey-Wen Lin — DIS2024 @ Grenoble, France 

J. Holligan, HL (MSULat), 2312.10829 [hep-lat]

Remove the linear divergence 
& renormalon ambiguity
at large distances

Real Imaginary 

88



Forward Limit Case: PDF
§ NNLO isovector nucleon 𝐻 𝜉 = 0,𝑄2 = 0,𝑥
 RGR process: DGLAP equation breaks down for 𝑥 ≲ 0.2 with 𝜇 = 𝑐′ × 2𝑥𝑃𝑧

Huey-Wen Lin — DIS2024 @ Grenoble, France 

J. Holligan, HL (MSULat), 2312.10829 [hep-lat]
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ξ=0, Q2=0.39 GeV2 GPDs
§ Repeat the procedure for nonzero transfer momentum

Huey-Wen Lin — DIS2024 @ Grenoble, France 

J. Holligan, HL (MSULat), 2312.10829 [hep-lat]
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ξ=0, Q2=0.39 GeV2 GPDs
§ Repeat the procedure for nonzero transfer momentum

Huey-Wen Lin — DIS2024 @ Grenoble, France 

J. Holligan, HL (MSULat), 2312.10829 [hep-lat]
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ξ=0 GPDs

Huey-Wen Lin — DIS2024 @ Grenoble, France 

J. Holligan, HL (MSULat), 2312.10829 [hep-lat]
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ξ≠0 GPDs
§ Only the NLO matching kernel is available

 𝒦 𝑥, 𝑦, 𝜇, 𝜉, 𝑃𝑧 = 𝛿 𝑥 − 𝑦 +
𝛼𝑠𝐶𝐹

4𝜋
[

𝜉+𝑥

2𝜉 𝜉+𝑦
+

𝜉+𝑥

𝜉+𝑦 𝑦−𝑥

Huey-Wen Lin — DIS2024 @ Grenoble, France 

F. Yoa et al, JHEP 11(2023) 021
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ξ≠0 GPDs
§ NLO 𝜉 = 0.1, 𝑄2 = 0.23 GeV2

Huey-Wen Lin — DIS2024 @ Grenoble, France 

J. Holligan, HL (MSULat), in preparation

F. Yoa et al, JHEP 11(2023) 021
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ξ≠0 GPDs

Huey-Wen Lin — DIS2024 @ Grenoble, France 

F. Yoa et al, JHEP 11(2023) 021

§ NLO 𝜉 = 0.1, 𝑄2 = 0.23 GeV2

J. Holligan, HL (MSULat),2312.10829 [hep-lat]
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Huey-Wen Lin — DIS2024 @ Grenoble, France 

Generalized Parton Distributions
 Single-ensemble result 

96

Biased selected/highlighted results

finite-volume, 
discretization, 
heavy quark mass,
…
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Bjorken-x Dependent GPDs

97

Picture from A. Belitskya and A Radyushkin, 

Physics Report, 416 (2015)



Generalized Parton Distributions
§ On the lattice, one needs to calculate the following 

(nucleon example)

Huey-Wen Lin — DIS2024 @ Grenoble, France 

N(𝑃𝑧 + Ԧ𝑞/2)

𝑄2 Γ

N(𝑃𝑧 − Ԧ𝑞/2)

𝑡𝑠𝑖𝑛𝑘𝑡𝑠𝑜𝑢𝑟𝑐𝑒

෨𝐹 𝑥, ሚ𝜉, 𝑡, ത𝑃Z

=
ത𝑃z

ത𝑃0
න

𝑑𝑧

4𝜋
𝑒𝑖𝑥𝑧 ത𝑃𝑍 𝑃′ ෨𝑂𝛾0

𝑧 𝑃 =
ത𝑢 𝑃′

2 ത𝑃0
𝐻 𝑥, ሚ𝜉, 𝑡, ത𝑃Z 𝛾0 + 𝐸 𝑥, ሚ𝜉, 𝑡, ത𝑃𝑍

𝑖𝜎0𝜇Δ𝜇

2𝑀
𝑢 𝑃′′

𝑝𝜇 =
𝑝′′𝜇 + 𝑝′𝜇

2
, Δ𝜇 = 𝑝′′𝜇 − 𝑝′𝜇, 𝑡 = Δ2, 𝜉 =

𝑝′′+ − 𝑝′+

𝑝′′+ + 𝑝′+
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Generalized Parton Distributions
§ On the lattice, one needs to calculate the following

Huey-Wen Lin — DIS2024 @ Grenoble, France 

N(𝑃𝑧 + Ԧ𝑞/2)

𝑄2 Γ

N(𝑃𝑧 − Ԧ𝑞/2)

𝑡𝑠𝑖𝑛𝑘
𝑡𝑠𝑜𝑢𝑟𝑐𝑒

§ Heavy pion-mass results 

𝜉 = 0

J. Chen, HL, J. Zhang, 1904.12376 

2008.10573

Pion GPD

Isovector 

Nucleon GPD

C. Alexandrou et al, 2008.10573
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Generalized Parton Distributions
§ On the lattice, one needs to calculate the following

Huey-Wen Lin — DIS2024 @ Grenoble, France 

N(𝑃𝑧 + Ԧ𝑞/2)

𝑄2 Γ

N(𝑃𝑧 − Ԧ𝑞/2)

𝑡𝑠𝑖𝑛𝑘
𝑡𝑠𝑜𝑢𝑟𝑐𝑒

See Thur. afternoon talk by Swagato Mukherjee for new setup for GPD calculations   

§ Heavy pion-mass results 

𝜉 = 0

J. Chen, HL, J. Zhang, 1904.12376 

2008.10573

Pion GPD

Isovector 

Nucleon GPD

C. Alexandrou et al, 2008.10573
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260-MeV results for asymmetric setup for GPD calculations to save computing time  



Lattice Gluon PDF Impact

Huey-Wen Lin — DIS2024 @ Grenoble, France 101

§ Preliminary study with CTEQ-TEA analysis
 Take lattice inputs in the region where no strong experimental 

data constraints, x ∈ [0.4,0.7]

 Using e-pump for re-weighting 

Before After

Wanted 
PDFs, 
GPDs, 

etc…

Preliminary

Plots by Alim Ablat (Xinjiang U.)

 


	Untitled Section
	Slide 1
	Slide 2: Outline
	Slide 3: What is Lattice QCD?
	Slide 5: Anatomy of a Lattice Calculation
	Slide 6: Anatomy of a Lattice Calculation
	Slide 7: Anatomy of a Lattice Calculation
	Slide 8: Anatomy of a Lattice Calculation
	Slide 9: Anatomy of a Lattice Calculation
	Slide 10: Lattice Structure Limitation
	Slide 11: Lattice Structure Limitation
	Slide 12
	Slide 13: Direct x-Dependent Structure
	Slide 14: Direct x-Dependent Structure
	Slide 15: Lattice Parton Calculations
	Slide 16: Lattice Parton Calculations
	Slide 17: Lattice Example Results
	Slide 18: Lattice Example Results
	Slide 19: Lattice Example Results
	Slide 20: Lattice Example Results
	Slide 21: Isovector PDFs Update
	Slide 22: Isovector PDFs Update
	Slide 23: Continuum PDF
	Slide 24: Continuum PDF
	Slide 25: Continuum PDF
	Slide 26: Gluon PDF in Nucleon
	Slide 27: Pion Tomography
	Slide 28: Nucleon Tomography
	Slide 29: ξ=0 GPDs
	Slide 30: Impact of Lattice-QCD  PDFs on Global Fits
	Slide 31: First Lattice Strange PDF
	Slide 32: Lattice Strangeness Asymmetry Impact
	Slide 33: Lattice Gluon PDF Impact
	Slide 34: Lattice Gluon PDF Impact
	Slide 35: Lattice Gluon PDF Impact
	Slide 36: Lattice Gluon PDF Impact
	Slide 37: First Lattice Charm PDF
	Slide 38: First Lattice Charm PDF
	Slide 39: Lattice Progress & Challenges
	Slide 40: Summary and Outlook
	Slide 41:  PDFLattice24 Workshop
	Slide 42: Students Wanted
	Slide 43: Backup Slides
	Slide 44: Backup Slides Pion and Kaon PDFs
	Slide 45: Motivation
	Slide 46: Lattice Parton Calculations
	Slide 47: MSULat Pion/Kaon Structure
	Slide 48: MSULat Pion/Kaon Structure
	Slide 49: Meson Valence-quark PDFs
	Slide 50: Valence-quark PDFs Update
	Slide 51: Valence-quark PDFs Update
	Slide 52: Meson Gluon PDFs
	Slide 53: Pion Gluon PDF Update
	Slide 54: Pion Gluon PDF Update
	Slide 55: Pion Gluon PDF Update
	Slide 56: Pion Gluon PDF Update
	Slide 57: Pion Gluon PDF Update
	Slide 58: Pion Gluon PDF Update
	Slide 59: Generalized Parton Distributions Single-ensemble result     
	Slide 60: Valence-Quark Pion GPD
	Slide 61: Valence-Quark Pion GPD
	Slide 62: Pion Tomography
	Slide 63: First Lattice GPDs
	Slide 64: Pion Valence-Quark PDF 
	Slide 65: Pion Valence-Quark PDF
	Slide 66: Pion Valence-Quark PDF
	Slide 67: Pion Valence-Quark PDF
	Slide 68: Kaon Valence-Quark PDFs
	Slide 69: Kaon Valence-Quark PDFs
	Slide 70: Kaon Valence-Quark PDFs
	Slide 71: First Pion Gluon PDF
	Slide 72: Pion and Kaon DA
	Slide 73: Pion and Kaon DA
	Slide 74: Pion and Kaon DA
	Slide 75: Pion Form Factors
	Slide 76: Backup Slides Updates on Nucleon GPDs
	Slide 77: 2020: Isovector Nucleon GPDs
	Slide 78: 2020: Isovector Nucleon GPDs
	Slide 79: 2020: Isovector Nucleon GPDs
	Slide 80: 2020: Nucleon GPDs
	Slide 81: Nucleon Tomography
	Slide 82: 2020: Nucleon Tomography
	Slide 83: Nucleon Polarized GPDs
	Slide 84: Nucleon Polarized GPDs
	Slide 85: Caveats 
	Slide 86: Forward-Limit Case: PDF
	Slide 87: Forward Limit Case: PDF
	Slide 88: Forward-Limit Case: PDF
	Slide 89: Forward Limit Case: PDF
	Slide 90: ξ=0, Q2=0.39 GeV2 GPDs
	Slide 91: ξ=0, Q2=0.39 GeV2 GPDs
	Slide 92: ξ=0 GPDs
	Slide 93: ξ≠0 GPDs
	Slide 94: ξ≠0 GPDs
	Slide 95: ξ≠0 GPDs
	Slide 96: Generalized Parton Distributions  Single-ensemble result 
	Slide 97: Bjorken-x Dependent GPDs
	Slide 98: Generalized Parton Distributions
	Slide 99: Generalized Parton Distributions
	Slide 100: Generalized Parton Distributions
	Slide 101: Lattice Gluon PDF Impact


