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DGLAP evolution overview

Flavor basis { fi/n..... fy/n}
0 L dz
9log 2 fisn(x,Q) = ;/ﬂ ?Pﬂj(ﬁ':as(Q)) Fin ( ) Zﬂ/j ? fim(z,Q)

Coupled set of 2N; + 1 differential equations
: : >
Evolution basis {V? qgg, o (g) }

4 0 )

Non-Singlet Sector : sVi(z,Q) =Py @ V(z,Q)
e Completelydecoupled set dlog ()
of 2N, - 1 differential equations. O n 4
* Easyto solve (just functions). ; qujj(jj: Q)=P.® Qf,:j(i?: Q)
\_ dlog ()% ™" : )
Singlet Sector = - -
e Coupled pair of differential equation. _ g | (E(‘:E:" QJ) (R” P””) ® (E(J:' Q’))
« Difficult to solve (2D matrices). dlog Q% \ g(r. Q) Poq Pye) — \9(z,Q)
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DGLAP evolution overview

o Numeric approaches (mostly in x-space)
o Analytic approaches (mostly in Mellin-space)

Various methods to solve them. Two main strategies: {
+1

FN.Q) = [ dra¥ 1 0,Q
J0

as(N,Q) = E(V;Qo, Q)as (L, Qo)
gns (N3 Q) = Ens(N; Qo, Q)aus (N Qo)

J/ Expanded up to N"LO

Defining the Evolution Operator: {

a '’
Fog 02 & (Vi Q0 Q) = P (N, as(Q) B (N: Qo, Q)
E(N*QU?Q):]_ 8

E (N:ag,as) = R"™ (N,as) E (N:ag, as)

80,-5'
E (N, A, (L()) =1

Or equivalently mappedto:




Analytic solutions to DGLAP evolution

Once the perturbative order n for the splitting kernels P has been fixed, solutions can be catalogued as:

-

] Exact
1 Closed

O Exponentiated

\_

~

J

IDEAL GOAL

Only achievable for Non-Singlet sector:

VS Approximated «—

VS Iterated <

VS Expanded —
0FExs

I(“JT;) Ens =

A. Simonelli

(‘)]Esnl
dag

?

_R(n-}Eﬁul ~ 0

Finite/Infinite number of operators

(Product of) exponentialsvs as/a; expansion

s
Eys(N;ag,as) = exp {/ daR&?(N; a}}

an
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Analytic solutions to DGLAP evolution

Once the perturbative order n for the splitting kernels P has been fixed, solutions can be catalogued as:

@ ) OB Rmovge 2

O Exact S Approximated «——  Jas
 Closed Vs lterated < Finite/Infinite number of operators
O Exponentiated VS Expanded —
\ j (Product of) exponentialsvs as/a; expansion
IDEAL GOAL
. . OExs _ pn) ()
Only achievable for Non-Singlet sector: Das = Ry Fys = Ens(Njap,ag) = exp daRys (N;a)
a0
. OE _ o) " RM)
For Singlet instead: v — R"WE = E(N;ag,ag) = Texp daRY"(N;a)
as a0

Particularly challenging due to its intrinsic matrix nature and the splittingkernels do not commute beyond LO:

Ry~ (N),Ry(N)] #0 !




Analytic solutions for Singlet Sector

Once the perturbative order n for the splitting kernels P has been fixed, solutions can be catalogued as:

On/ OE="'! _ .
Y at — RMWE* +£ 0
Q £xaet O VS Approximated <« das 4
O Closed Vs Ilterated < Finite/Infinite number of operators
O Exponentiated VS Expanded —

(Product of) exponentialsvs as/a, expansion

"The splitting function matrices P\ of different orders k do generally not commute [...] > J.Blumlein and A. Vogt, Phys. Rev.
This prevents, already at NLO, writing the solution of [Singlet Evolution] in a closed D 58, 014020 (1998)
exponential form."
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Analytic solutions for Singlet Sector

Once the perturbative order n for the splitting kernels P has been fixed, solutions can be catalogued as:

Ony
Y at
Q £xaet O VS
If _____ N\
, U Closed : VS
O Exponentiated VS

"The splitting function matrices P\ of different orders k do generally not commute |[...]
This prevents, already at NLO, writing the solution of [Singlet Evolution] in a closed

exponential form."

Commonly, the solution is obtained through the U-matrices approach:
E (N;ag,as) = U(N:ag)exp (hi(ag,as)Ro(N)) U~ (N;ag)

Ui (N)

o

U(N:ag) =1+ Z ac

k=1

"":.

Iterated

Expanded

\_

/Approximated\

(‘)E:-;nl

~RUWE™ £
«— Jag 7

< Finite/Infinite number of operators

J

Obtainediteratively

‘\

(Product of) exponentialsvs as/a; expansion

» J. Blumlein and A. Vogt, Phys. Rev.
D 58,014020 (1998)

> A.J.Buras, Rev. Mod. Phys. 52,199 (1980)
» W. Furmanski and R. Petronzio, Z. Phys. C 11, 293 (1982)

. @ A benchmark over 40 years of QCD

» J. Blumlein and A. Vogt, Phys. Rev. D 58, 014020 (1998)
» A. Vogt, Comput. Phys. Commun. 170, 65 (2005)
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Analytic solutions for Singlet Sector

Once the perturbative order n for the splitting kernels P has been fixed, solutions can be catalogued as:

Ony, OE™ o
at ~RUWE™ #£0
Q £xaet O VS [ Approximated ]</ das 7
4 )
d Closed VS lterated < Finite/Infinite number of operators
O Exponentiated VS Expanded —
\_ ) (Product of) exponentials vs as/a, expansion

"The splitting function matrices P\ of different orders k do generally not commute [...] > J.Blumlein and A. Vogt, Phys. Rev.

This prevents, already at NLO writing the solution of [Singlet Evolution]-in-a-closed— D 58, 014020 (1998)
exponentiaform—

Here | present an ALTERNATIVE to the U-matrices approach
which provides closed and exponentiated solutions beyond LO

Analytic Solutions of the DGLAP Evolution and Theoretical Uncertainties
Andrea Simonelli Jan 24, 2024)
e-Print: 2401.13663 [hep-ph]
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How to deal with Non-Commutative Operators?
oU (t)
ot

An analogous problem: time evolution of quantum systems

=H®U®®), U0 =1

Dyson time-ordered exponential (1949) > F.J. Dyson, Phys. Rev. 75, 486 (1949)

t t
> U(t) = Texp (/ EETH(T)) =1+ / EETH [ d’rlf dTaH (r1)H (15) +
Jo Jo

o Exponentiationisimplicit (defined by its expansion).
o Popularin QFT and particle physics (and hence QCD).
o Ultimatelythe foundation of the U-matrix approach, with some further assumptions.

Magnus Expansion (1954) > W. Magnus, Commun. Pure Appl. Math. 7, 649 (1954).
f
:> U(t) =™ with Q(t) = Z () 1(?) [ drH(r)
k=1 /d?‘l/ dTo ET H{TE)

o Exponentiationis explicit.

o Many applicationsduring the years, but never popularas the Dyson approach.
o The alternative presented here is based on this approach.
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Sketch of the strategy i

. - ~ " , oU(t) =
Suppose:  H (t) = Hy(t) +cH,(t) , andset: Sy (t) = [ drHi(7) 5 = HOU®)
o () o~
1. Interaction Picture: _U(O) =1

- -

U(t) = G(t) Uit (£)G(0)™,  with G(t) = exp ( /'; drﬁu(r))

oU: . (t " . . . . .
:> g;( ) = ¢ Hiypt (1) Uint (t),  where Hipi(t) = exp (—Sg(t)) Hq(t)exp (Sﬂ(t))

e

0 (1) = exp (gﬂ(t)) exp (g §1(t)) T exp (g_ /D* dre—¢S1(7) (Erint[:T) — EH(T)) e© Eﬂ{TII)

10
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Sketch of the strategy i

. - ~ " , oU(t) =
Suppose: H(t) = Hy(t) +eH(t) , andset: Si(t) = [ drH (1) 5 = H(t)U(t)
Jo .
1. Interaction Picture: _U(O) =1

- - -

U(t) = G(t)Upe (£)G(0)™,  with G(¢) = exp ( L. drﬁu(r))

oU: . (t " . . . . .
:> g;c( ) = ¢ Hiypt (1) Uint (t),  where Hipi(t) = exp (—Sg(t)) Hq(t)exp (Sg(t))

t -t e . e . .
U(t) = exp (.S’D(t)) exp (E Sl(t))trexp (5 f dre—¢S1(7) (Him:(ﬂ _ HI(T)) of S]_[T]I) ] So far, just a shift
0

of the problem
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Sketch of the strategy

—~ . N - ! dU(t
Suppose: H(t) = Hy(t) +eH(t) , andset: Si(t) = [ drH (1) 6‘5 ) = H(t)U(t)
Jo :
1. Interaction Picture: _U(U) =1

-

D*(t} — ?(t)ﬁint(t}@(ﬂ)_l,j with é(i‘f} = exXp (/.t dTﬁ—ﬂ(T))
J0

OU e ( SN . . A .
|:> e g;:( ) = ¢ Hiypt (1) Uint (t),  where Hipi(t) = exp (—Sg(t)) Hq(t)exp (Soff))

t -t e o e . .
U(t) = exp (.S’D(t)) exp (g Sl(f_))trexp (5 / dre—¢S1(7) (Hint[:T) _ Hl(T)) oF S]_[T]I) ] So far, just a shift
Jo

of the problem

2. Huge simplificationsin 2D:

H;p¢ (t} = Hl(t) — Smh&(jél)(t))

cosh (Ag,(t)) — 1
&%{} (t)

[So(t), Hy(t)] + [So(2), [So(t), Hy(t)]]
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Sketch of the strategy i

_ _ - " ! U (¢t
Suppose: H (t) = Hy(t) +cH;(t) , andset: S, (t) = [ drHy (1) af ) H(?)U(?)
J 1) ’
1. InteractionPicture: _U(U) =1

- -

E?(t} = G(t)ﬁint(t}{'_?({])—lg with {i;(t} = exp (/.t d“rﬁfg(’r))
Jo

i)~ = " - N
|:> g;:( ) = ¢ Hiypt (1) Uint (t),  where Hipi(t) = exp (—51}(1’7)) Hq(t)exp (So(f))

t -t = o~ e . .
ff(t) = exp (.@D(t)) exp (E §1(t)) T exp (5 / dre—¢S1(7) (Hint[:T) _ Hl(T)) of SL[T]I) So far, just a shift
Jo of the problem

2. Huge simplificationsin 2D:

iy (1) = Hi (1) — Siﬂiij?)(t))

cosh (Ag,(t)) — 1

AZ (1) [So(2), [So(t), Hy(t)]]

[So(t), Hy(t)] +

3. Magnus Expansion + Zassenhaus formula:

L thinh(As(]('r)) - .
Ty(0) =~ [ ar =Sl sy (). 1),

U (1) = exp (So(1)) exp (51(1)) exp (T1(1) exp (=T (1)) " ooy
| nmzﬁm- A S0 [So(r), Hu ()]
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Closed and Exponentiated Solutions -

VW) _ gqmyu
o LO ot
o U(0) =1
H(t) = Ho(t) == U™ (1) = exp (So(t [l Operator] -
o NLO
H(t) = Ho(t) + eH,(t) == UPPI(t) = exp (So(t)) exp (¢ HEXD (e Ti(?)) [4 Operators}
o NNLO

H(t) = Ho(t) + eH;(t) + e*Hy(t) =

U (1) = exp (So(t)) exp (= 1(8)) [ [ exp ( Tut)) exp (2 S ¢ Hexp 2 Qu(1) Hexp( W)

i=1

Order by order it is possible to describe the evolution
using a well-defined finite set of operators

o Etc... [ — . . . ] [13 Operatorsj

14
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Analytic Solution of DGLAP Evolution -

0
—E (N;ag,a5) = R"™ (N, as) E (N; ag, as)

da-s
[1 Opera'[Ol‘J E (N, ap. (L()) =1
o LOWEST ORDER: |
the "Hamiltonian" is: H(ag) = —Rg(N)
(s
EXO (N;ag, as) = exp (hy(ag, ag)Ro(N)) by (a0, as) — — log (;q)
g , 0

Known since the dawn of QCD

- R {N)
(1l ] N . -
) q(N,ap) = L(N,as,a0) q(N.ag)  » A. Vogt, Comput. Phys. Commun. 170, 65 (2005)

qLO(*N'.« as:j\r) - (_

ap

It is the only exact result for the Singlet Sector.

15
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Analytic Solution of DGLAP Evolution -

0
8—E (N;ag,ag) = R (N,as)E (N;ag,ag)
as

[4 Operators] @ | E(Niag.a0) =1

o NEXT-LOWEST ORDER: ]
the "Hamiltonian" is: H(ag) = —H—RG(N) —
S

1
14+ biag
4 )

ENYO (N ag, as) = exp (hi(ag, as)Ro(N)) exp (ha(ag, as)Ri(N))
x exp (h3(Ao(N);ao,as) [Ro(N),R1(N)|) exp (ha(Ao(N);ap,as) [Ro(N), [Ro(N),R1(N)]])
\. W,

Rl(i\r)

as

hi (ap,as) = —log (—)

ap

A
1
F(A:ap,as) = (a—s) 1 +&2F1(1,1+ﬂ;2+&,—51a)

1 1+ basg . @o
ha (a0, as) = —p-log { =~ |3 Fy(Asap,as) = F(A;ag, as) + F(—A; ag, ag);
1 F_(Ajap,as) = F(A;ap,a5) — F(—A; a9, as),

hs (A;ap,as) = oA (asF_(Ajap,as) — aoF_(A;ap,ap0));

1
202

ha (A;ap,as) = (asFL(Asap,as) — agF (A ap, ap) + 2ha(ao, ag))

16



Comparing approaches

@

Current available closed solution at NLO is the truncated solution from U-matrices approach:

EELD (N;ag,ag) = ghi(aoas)Ro(N) +agU;(N) ehilao,as)Ro(N) _ ag EhL{aﬂ-.aﬁ}R[:-(N)Ul(N)

A

ENLO (N ag, ag) = exp (hi(ag, as)Ro(N)) exp (ha(ag, ag)R1(N))

x exp (h3(Ao(N); ao, as) [Ro(N),Ri(N)]) exp (ha(Ao(N); ap, as) [Ro(N), [Ro(N), R1(N)]])

Singlet X Gluon g
; ;
sl M
l.(J- : 0.1m!
L 1
= 1.4
o L 0.2
“5 a a
o 1.25 0190 ! ;
L 1
E W :
1.00F 0.10H: :
1 1
: 1 1
0.75R i i :
[ imf imb . D.OS-E i?‘ng, \
107 10T 10 107 107 102
Q [Ge\’] Q [Ge\"}

—— Analytic Solution

Truncated Solution

v =0.15

r = 0.35

dN _ . :
(]ESDI(IjQ) — /—l‘_‘\ ESD] {i\' sap, GS{Q}) (15(5_,": Q{]) with: s = (

2mi

A. Simonelli

Closed, but not
exponentiated

Closed and
exponentiated

Y
g

Singlet PDF at input scale. A simple (proton) model is:

B(ay + N, Bu +1)
Blay, +1,8,+1)
B((‘t‘d-l—f\'r, Ba + 1)

dy (N =

g(N; Qo) = v4 Blag + N, By + 1)

Uy (N; Qo) =2

Qsea(j\r,i QO) = "sea B(&sea + i?\'rj ,.Bsea + 1)

with: Ysea =

)

1—uy(2;Qo0) — dv(2; Qo) — 9(2, Qo)

6 B{Qsea + 2, Bsea + 1)

17
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Theoretical Uncertainties: how far from exact solution?

Defining the Violation Operator:

Vel (N;ag, as(Q)) =

9B (N;a0,as(Q))

— (as(Q)Po(N) + a3(Q)P1(N)) E*! (N; ao, as(Q))

dlog Q?
[ exact sol. = V™ = J
The discrepancy from the exact solution can be determined as:
8a'(0,Q) = [ Gra™ Vo (Nian,as(Q) as(e. Qo) withs Aas = (‘)
4 )
The bigger is the size of Aq¥!(z, Q), the bigger are the theoretical errors
\. ,

18
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Theoretical Uncertainties: how far from exact solution?

Singlet AY Gluon Ag

| 1 ___7]

-

The analytic solution is

-
e
=101
S systematically more
~ 107 precise than the
107 truncated solution!
— Analytic Solution o
—— Truncated Solution 10~
10—13 ﬂi[.‘l .f:}’;*ilbll o aanull o o anaull ' | Wi(:' H‘}E}l o pannnd [N REIT | " |
109 10! 102 103 10" 10! 102 10°
Q [GeV] Q [GeV]

The improvement is particularly evident at low energies (several orders of magnitude) ﬁs

———=> |t might be relevant for TMD physics

19
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Bonus: Consistent Log-counting and Improved Accuracy

d .
m&g(@) = B (as(Q)) = ap < as, L =log (Qg) The exponents can be ordered in descendent powers of L
10g 0
4 )
NLL s 1 16) , L =2 .
ET(NiQo, Q) = exp | { fi(A) + 7 fo (A) ) Po(N) Jexp { 7 fo™ (MP1(N)
~ A = 2a560L
1 - [ Ag(N 1 - [ Ag(N
X exp | =f3 9( I\ [Po(N),P1(N)] ) exp | +f1 ”...( I\ [Po(N), [Po(N),P1(N)]]
L Bo L Bo
\. .
. . Singlet 2 . . Gluon g
1.m_—i : - :
o Every ingredient is explicitly computed analytically LooE— §
o Expansion is extremely transparent: all the T owb | | 2= 0.15
neglected terms are assigned with a well-defined = bl ;
scaling R -
o Inevitably less precise then previous NLO analytic = mn/f' |
solution. I S R | == 03
—— Analytic Solution vs Truncated Solution 0,08:-5 L i e L E -
Analytic Solution vs Log-Accurate Solution 190" ™o 102100 M 10°
Q [GeV] Q [GeV]

20
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Conclusions

O | presented an alternative approach to the usual strategy for solving the Singlet Sector of DGLAP evolution.
[ Within this framework, | obtained the first closed and exponentiated solution at NLO.

ENO (N ag, as) = exp (ha(ag, as)Ro(N)) exp (ha(ag, ag)Ri (N))
x exp (h3(Ao(N);ao, as) [Ro(N), Ri(N)]) exp (ha(Ao(N); ag, as) [Ro(N), [Ro(N), R1(N)]])

O This result is systematically more precise than its U-matrices counterpart 3
O Log-accuracy follows quite straightforwardly: %YC rri
—_— 1 — 1 R Em*j \ H
NLL T 1 T 2 T o —
BN (4:Q0.@) = exp ( (R0 + T4 00 ) Pa) ) exo ( FHZ P19 ===
1 - [ Ag(N ] ] 1 [ Ag(N ) ) )
X exp (Lfg ( Déﬂ }:)\) [Pg(:\"}Pl{_-'\-')]) exp (Lﬁl ( DS{O ))\) [Po(N), [Pg(f\'}.Pﬂﬁ-')]])

Future Perspectives

» Extension to NNLO (and beyond) Mdﬂk

» ApplicationtoQCD + QED

» Compare performance with iterated solutions from U-matrices approach ,
» PDF phenomenology 0”.

» TMD implementation and global fitting

21
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Detailed comparison with U-matrices approach

E(N:ag,as) = U (N:ag)exp (hi(ap,as)Ro(N)) U-! (Nsag)

1 - e ﬁke_ e_ﬁke+
U.:——(._R,._ _Rye ) + _
k L e Le_ +e key | + Ao — & Ao+ &

= |terated (x-space integration) RNLO — (_p;)*-1R,

] log (1 + by ag (i 4
e_U(N;as)ey =e_R,| — g h 1as) _ 1+1D2F1 (1,1 + Ap;2+ Ag; —bras) — Iterative counterpart
- of the closed
i (2F1 (L1 +4:244;-bras)  2F1(1,1+i4 Ap:2+i+ Ap; —bras) exponentiated
—ZGS —+ - _ U?' €y
im 1+ L+i+ Ao solution!
\_ WV,

= lterated R}LY =

e_U(N;as)e, =e_R,4

1 1 1
_ae (1 _ ) U, :
“5(+ﬂn+1) ;%(N&wk) “] o

= Truncated
23
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NNLO Operators
Sz(t) = /t dTHQ(IL),

- ‘ Tsinh[&gn(’r)) N\ Ho(r
Qu(t) =~ [ ar =T 80() Har)].

Qu(t) = | ar RN (50(r). [S0(r). Ha(r)])

W, t):/tdﬁ/ dry [Hy(71), Hi(72)],
(/ dﬁ/ d’rg—/ dm[ dﬁ) sinh As, “) Hi (1), [So(r2), Hi(72)]] .

ﬁqg T1)

wio) = ([Lan ["an— [ dn ["dn ) LI r 1), S0l o(r). Bl

&%D (11)

sinh Ag, (1) sinh Ag, (72)
W t):/ dﬁ/ ar Ag,(11) Ag,(T2) (Bo(m), Har)l, [So(r2), Ha(r2)]

sinh Ag, 'rl) cosh Ag, (1) — 1
d dro — | d d
(/ n / b / b / Tl) ﬂl“"_*'I:J Tl ﬂq{} (TQ)

[So(71), Hi(71)] . [So(72). [So(72), Hi(72)]]]
Wslt) = f in [ an ! : ‘“”Shijﬂ((;) = [So(r), So(r), Ha (r)]] [So(r2), So(r2), H ()]

24



NLL Functions

fi(A) = —log (1 — \);
1 A
fg':”(/"») =35, ?; T log (1= A);
1 A2
P = T

1 2 1 1 /(1=X)2 (1=XN"2Y)\
fs(ﬂwh)2—45[])‘((1_&2)1_/\"'3( 1+A 1-A ))

1A 1(_2(1—(1—a2)k)+(1_}\)a+(1_/\)_&)

AJA) = —— .
fd( ) 4801 — A A2 1 — A2 1+ A 1—-A

A. Simonelli

f(%7$ﬁ&)
R0 = o (B0 -0 hP )
ﬂm(%=gﬁm(L
jH&J%=7¥M&Jh
Fi(AX) = (AN,

25
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