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Light cone distributions and lattice QCD
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The Ji Idea

Lattice QCD computes equal time matrix elements

Displace quarks in space-like interval

Boost states to “infinite” momentum

On the frame of the proton displacement becomes lightlike

But infinite momentum not possible on the lattice

Use perturbative matching from finite momentum X. Ji (2013)

One needs to deal with the divergences
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PDFs from the lattice: Pseudo-PDFs Formalism

Starting point: the equal time hadronic matrix element with the quark and

anti-quark fields separated by a finite distance Radyushkin (2017)

Mα(z, p) ≡ 〈p|ψ̄(0) γα Ê(0, z;A)τ3ψ(z)|p〉

Lorentz inv. Mα(z, p) = 2pαMp(−(zp),−z2)︸ ︷︷ ︸
Leading twist

+ zαMz(−(zp),−z2)︸ ︷︷ ︸
Higher twist

z = (0, 0, 0, z3)

p = (p0, 0, 0, p)
α = 0

The Lorentz invariant quantity ν = −(zp), is the ”Ioffe time”

Ioffe time PDFs M(ν, z23) defined at a scale µ2 = 4e−2γE/z23 (at leading

log level) are the Fourier transform of regular PDFs f(x, µ2) Balitsky, Braun

(1988), Braun et al. (1995)

M(ν, z23) =

∫ 1

−1
dx f(x, 1/z23)eixν
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Obtaining the Ioffe time PDF

z3 → 0⇒Mp(ν, z
2
3) =M(ν, z23) +O(z23)

But.... large O(z23) corrections prohibit the extraction.

In a ratio z23 corrections might cancel Radyushkin (2017)

M(ν, z23) ≡ Mp(ν, z
2
3)

Mp(0, z23)

Much smaller O(z23) corrections and therefore this ratio could be used to

extract the Ioffe time PDFs

All UV singularities are exactly cancelled and when computed in lattice

QCD it can be extrapolated to the continuum limit

M(ν, z2) =

∫ 1

0

dα C(α, z2µ2, αs(µ))Q(αν, µ) +

∞∑

k=1

Bk(ν)(z2)k ,

µ is the factorization scale and Q(ν, µ) is the Ioffe time PDF
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Results for the Re and Im parts of M(ν, z2
3)
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First case study in an unphysical setup Karpie, Orginos, Radyushkin SZ, Phys.Rev. D96 (2017) no.9, 094503

Curves represent Re and Im Fourier transforms of qv(x)= 315
32

√
x(1− x)3.

Considering CP even and odd combinations

I even: q−(x) = f(x) + f(−x) = q(x)− q̄(x) = qv(x)

I odd: q+(x) = f(x) = f(−x) = q(x) + q̄(x) = qv(x) + 2q̄(x)
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Results for the Im part of M(ν, z2
3)
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Curves represent the Im Fourier transforms of qv(x) = q(x)− q̄(x) and

q+(x) = q(x) + q̄(x) = qv(x) + 2q̄(x) respectively.

The agreement with the data is strongly improved if we use a non-vanishing

antiquark contribution, namely q̄(x) = ū(x) + d̄(x) = 0.07[20x(1− x)3].
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Results for the Re and Im parts of M(ν, z2
3)
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Data as function of the Ioffe time. A residual z3-dependence can be seen.

This is more visible when, for a particular ν we have several data points

corresponding to different values of z3.

Different values of z23 for the same ν correspond to the Ioffe time

distribution at different scales.
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Before and after evolution
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The ratio M(ν, z23) for for z3/a = 1, 2, 3, and 4. LHS: Data before evolution.
RHS: Data after evolution. The reduction in scatter indicates that evolution
collapses all data to the same universal curve.
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Before and after evolution
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The ratio M(ν, z23) for for z3/a = 1, 2, 3, and 4. LHS: Data before evolution.
RHS: Data after evolution. The reduction in scatter indicates that evolution
collapses all data to the same universal curve.
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Comparisons with global fits
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Left: Data points for Re M (ν, z23) with z3 ≤ 10a evolved to z3 = 2a as
described in the text. Right: Curve for uv(x)− dv(x) built from the evolved
data shown in the left panel and treated as corresponding to the µ2 = 1 GeV2

scale; then evolved to the reference point µ2 = 4 GeV2 of the global fits.
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New results with Nf = 2 + 1 fermions for the nucleon
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Our determinination of the phys. pion mass nucleon valence PDF compared
to pheno and other lattice determinations. Joo, Karpie, Orginos, Radyushkin, Richards, S.Z.

Phys.Rev.Lett. 125 (2020) 23, 232003
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The pertinent systematics in PDF extraction

Parton distribution functions or distribution amplitudes may be defined in

lattice QCD by inverting the quasi-Fourier transform of a certain class of

hadronic position-space matrix elements

One example are the Ioffe-time PDFs, MR, related to the physical PDF

qv(x, µ
2) via the integral relation

MR(ν, µ2) ≡
∫ 1

0

dx cos(νx) qv(x, µ
2)

Karpie, Orginos, Rothkopf, S.Z. JHEP 1904 (2019) 057
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The pertinent systematics in PDF extraction

Parton distribution functions or distribution amplitudes may be defined in

lattice QCD by inverting the quasi-Fourier transform of a certain class of

hadronic position-space matrix elements

One example are the Ioffe-time PDFs, MR, related to the physical PDF

qv(x, µ
2) via the integral relation

MR(ν, µ2) ≡
∫ 1

0

dx cos(νx) qv(x, µ
2)

Only a handful

of lattice data

Cosine not or-

thogonal in [0,1]

The task at hand is then to reconstruct the PDF qv(x, µ
2) given a limited

set of simulated data for MR(ν, µ2).

The extraction is highly ill-posed, so one has to resort to regularization

strategies in order to find a way to reliably estimate the PDF from the data

at hand
Karpie, Orginos, Rothkopf, S.Z. JHEP 1904 (2019) 057
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Advanced PDF Reconstructions
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The Continuum and Leading Twist Limits of Parton

Distribution Functions in Lattice QCD

In Karpie, Orginos, Radyushkin and S.Z. JHEP 11 (2021) 024 we present continuum limit

results

first continuum limit using the pseudo-PDF approach with Short Distance

Factorization for factorizing lattice QCD calculable matrix elements

we are employing the summation Generalized Eigenvalue Problem (sGEVP)

technique in order to optimize our control over the excited state

contamination which can be one of the most serious systematic errors in

this type of calculations

crucial novel ingredient of our analysis is the parameterization of systematic

errors using Jacobi polynomials to characterize and remove both lattice

spacing and higher twist contaminations, as well as the leading twist

distribution

method can be expanded in further studies to remove all other systematic

errors
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The Continuum and Leading Twist Limits of Parton

Distribution Functions in Lattice QCD

Parameters for the lattices generated by the CLS collaboration using two
flavors of O(a) improved Wilson fermions.
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The Continuum and Leading Twist Limits of Parton

Distribution Functions in Lattice QCD

The real (LHS) and the imaginary (RHS) part of the reduced ITDs of the
three lattice ensembles used in this study. We see that for the range of Ioffe
times that is covered by our data the three ensembles have a pretty good
overlap. The statistical and systematic errors are added in quadrature.
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The Continuum and Leading Twist Limits of Parton

Distribution Functions in Lattice QCD

A Taylor expansion in lattice spacing gives the continuum reduced

pseudo-ITD Mcont and lattice spacing corrections

M(p, z, a) = Mcont(ν, z
2) +

∑

n=1

(
a

|z|

)n
Pn(ν) + (aΛQCD)nRn(ν)

With an O(a) improved lattice action, the lattice spacing errors related to the

momentum p, must come in from the momentum transfer. This feature is

known in the improvement of the local vector current. The higher twist

power corrections are added as nuisance terms similar to the lattice spacing

terms. The functional form is given by

Mcont(ν, z
2) = Mlt(ν, z

2) +
∑

n=1

(z2Λ2
QCD)nBn(ν) .
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The Continuum and Leading Twist Limits of Parton

Distribution Functions in Lattice QCD

All of the unknown functions, q−(x), q+(x), P1(ν), R1(ν), and B1(ν), are

parameterized using Jacobi polynomials.

The Jacobi polynomials, j
(α,β)
n (z), are defined in the interval [−1, 1] and they

satisfy the orthogonality relation

∫ 1

−1
dz(1− z)α(1 + z)βj(α,β)n (z)j(α,β)m (z) = Ñ (α,β)

n δn,m ,

for α, β > −1. COV x = 1−z
2 or z = 1− 2x. This transformation maps the

interval [−1, 1] to the interval [0, 1] and the orthogonality weight becomes

(1− z)α(1 + z)β = 2α+βxα(1− x)β . We then introduce the transformed

Jacobi polynomials J
(α,β)
n (x), as

J (α,β)
n (x) =

n∑

j=0

ω
(α,β)
n,j xj .
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The Continuum and Leading Twist Limits of PDFs

Since the Jacobi polynomials form a complete basis of functions in the

interval of [0,1], the PDFs can be written as

q±(x) = xα(1− x)β
∞∑

n=0

±d
(α,β)
n J (α,β)

n (x)

for any α and β. The choice of those parameters does affect the convergence

of the coefficients ±d
(α,β)
n . One needs to truncate the series introducing in

this way some model dependence which can be easily controlled. The control

of the truncation can be improved if one fits for the optimal values of α and

β for that given order of truncation. In other words, the rate of convergence

of the series can be optimized by tuning the values of α and β.
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The Continuum and Leading Twist Limits of PDFs

Isovector quark and anti-quark distributions-comparing to phenomenology
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Towards High-Precision Parton Distributions From Lattice

QCD via Distillation

The real component of the matched ITD at µ = 2 GeV in MS fit by cosine
transforms of two- and three-parameter model PDFs. The nucleon
unpolarized valence quark PDF at 2 GeV in MS determined from the
uncorrelated cosine transform fits applied to real component of the matched
ITD. Comparisons are made with the NLO global analyses of CJ15 and
JAM20, and the NNLO analyses of MSTW and NNPDF at the same scale.

Egerer, Edwards, Kallidonis, Orginos, Radyushkin, Richards, Romero and S.Z. JHEP11(2021)148

Savvas Zafeiropoulos HadStruc Collaboration Lattice studies of PDFs 20/33

https://inspirehep.net/literature/1865851


Towards High-Precision Parton Distributions From Lattice

QCD via Distillation

The imaginary component of the matched ITD at µ = 2 GeV in MS fit by
the sine transform of a two-parameter model PDF. Data has been fit for
z/a ≤ 12, and correlations have been neglected. The nucleon unpolarized
plus quark PDF at 2 GeV in MS determined from the uncorrelated sine
transform fits applied to the imaginary component of the matched ITD.
Comparisons are made with the NLO global analyses of CJ15 and JAM20,
and the NNLO analyses of MSTW and NNPDF at the same scale. Egerer,

Edwards, Kallidonis, Orginos, Radyushkin, Richards, Romero and S.Z. JHEP11(2021)148
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Gluon PDF

Khan, Sufian, Karpie, Monahan, Egerer, Joo, Morris, Orginos, Radyushkin, Richards, Romero and S.Z. Phys.Rev.D

104 (2021) 9, 094516 Lattice reduced pseudo-ITD shown along with their
reconstructed fitted bands and the MS matched ITD at 2GeV.
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Gluon PDF

Khan, Sufian, Karpie, Monahan, Egerer, Joo, Morris, Orginos, Radyushkin, Richards, Romero and S.Z. Phys.Rev.D

104 (2021) 9, 094516 Unpolarized gluon PDF (cyan band) extracted from our lattice
data using the 2-param (Q) model. We compare our results to gluon PDFs
extracted from global fits to experimental data, CT18, NNPDF3.1, and
JAM20. Normalization of the gluon PDF using the gluon momentum fraction

〈x〉MS
g (µ = 2 GeV)=0.427(92) from Alexandrou et al Phys.Rev.D 101 (2020) 9, 094513 . On

the L/RHS the same distributions with different scales for x g(x) to enhance
the view of the large-x region.
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Gluon helicity distribution

Egerer, Joo, Karpie, Karthik, Khan, Monahan, Morris, Orginos, Radyushkin, Richards, Romero, Sufian and S.Z,

Phys.Rev.D 106 (2022) 9, 094511 The lattice reduced pITD in the zero flow-time limit
obtained through the subtraction method using the p = 0 matrix elements,
and the gluon helicity ITD constructed from global fits. In the LHS the red
band denotes the ITD constructed from the gluon helicity distribution by the
NNPDF collaboration. The green band and the cyan band represent the
gluon helicity ITD determined by the JAM collaboration with and without the
positivity constraint. The green band and the maroon band represent the
gluon helicity ITD determined by the JAM collaboration associated with the
positive and negative gluon helicity PDF solutions.
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Transversity PDF

Egerer, Kallidonis, Karpie, Karthik, Morris, Orginos, Radyushkin, Romero, Sufian and S.Z. Phys.Rev.D 105 (2022) 3,

034507 Reconstruction of transversity PDF based on a “Jam Ansatz”. The real
and imaginary parts of M are shown as a function of ν. They show the best
fit bands resulting from an analysis assuming the PDF ansatz. The fits shown
in the figure incorporated the data points at all momenta with z3 ∈ [2a, 8a].
The color of the bands and the data points distinguish the fixed value of
momenta P3 = 0.41n3 GeV used.
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Transversity PDF

Egerer, Kallidonis, Karpie, Karthik, Morris, Orginos, Radyushkin, Romero, Sufian and S.Z. Phys.Rev.D 105 (2022) 3,

034507 The valence transversity distribution hv(x, µ)/gT (µ). The inner red
band includes only the statistical error and the outer red band includes
statistical and systematical errors in the PDF reconstruction. Comparison is
made with the previous phenomenological determinations using SIDIS and
lattice gT (JAM18), shown using a patterned band, and with the recently
updated global fit analysis (JAM20) of the single transverse spin asymmetry
data (but, without including lattice gT ), shown as a green band.
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Helicity PDF

Edwards,Egerer, Karpie, Karthik, Monahan, Morris, Orginos, Radyushkin, Romero, Sufian and S.Z. JHEP 03 (2023)

086 Real and Imaginary components of the reduced pseudo-ITD
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Helicity PDF

Edwards, Egerer, Karpie, Karthik, Morris, Orginos, Radyushkin, Romero, Sufian and S.Z. Phys.Rev.D 105 (2022) 3,

034507 The leading-twist valence helicity quark PDF (purple) and x-space
contaminations compared with the recent global analyses
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Deconvolution problem and GPDs

CFF(ξ, t,Q2) =

∫ 1

−1

dx

ξ
K

(
x

ξ
,
Q2

µ2
, αs(µ

2)

)
GPD(x, ξ, t, µ2)

These three GPDs give the same NLO contribution to DVCS up to 10−5

absolute precision in a range of Q2 ∈ [1, 100]GeV 2. Bertone,

Dutrieux,Mezrag,Moutarde,Snajder Phys.Rev.D 103 (2021) 11, 114019
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Kinematic coverage

Kinematic coverage of our simulations, for an ensemble with a = 0.09 fm and
mπ = 358 MeV. The lattice simulations don’t suffer from a deconvolution
problem but from a not so severe inverse problem on which we have
dedicated a lot of studies and have attacked with a plethora of tools.
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Elastic Form Factors

preliminary results on the EFF
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Gravitational Form Factors

preliminary results on the GFF
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Conclusions and outlook

PDFs are needed as theoretical inputs to all hadron scattering experiments

and in some cases are the largest theory uncertainty.

The lattice community is by now able to provide ab-initio determinations of

PDFs without theoretical obstructions.

The interplay between lattice QCD and global fits is very important

Also important in the search of New Physics Gao, Harland-Lang, Rojo (2018)

What next?

Many thanks for your attention!!!
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