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Aproximate N3LO (and Higher Orders)

Leading source of uncertainties from Missing Higher Orders in
perturbation theory. Numerous sources of this, i.e. splitting functions
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but also heavy flavour transition matrix elements and cross-sections
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Current knowledge is up to NNLO, with full higher orders unknown.
However, already significant progress in calculating at N3LO [1-12].
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N3LO - What do we know?

Zero-mass structure function N3LO coefficient functions are known [1].
Recently, final parts of transition matrix elements Agg,H, AHg [13,14].

Some knowledge of leading terms in the small x and large x regime.
Unknown subleading terms weakly constrained from precedent, approx
CF/CA relations, smoothness etc. Example case
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Some numerical constraints (Low-
integer Mellin moments), until
recently [2-11].

Intuition from lower orders and
expectations from perturbation
theory.

Very little about many cross-
sections (K-factors).
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Splitting Functions at aN3LO - MSHT [15]

Nm Mellin moments [1-5] (Moch et al.) can be used as constraints for

F (x) =

Nm∑
i=1

Aifi(x) + fe(x).

Choose a set of functions and solve for Ai. (Similar for Aαi(m2
h)).

Introduce a degree of freedom a, interpreted as a nuisance parameter
allowed to vary in a PDF fit, fe(x) → fe(x, a). In our treatment it is the
coefficient of the most divergent unknown small-x term, e.g. for P (3)

qg (x)
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f2(x) = lnx,

f2(x) = 1 or x or x2,

f3(x) = ln4(1− x) or ln3(1− x) or ln2(1− x) or ln(1− x),

fe(x, ρqg) =
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Resulting splitting functions

Uncertainty largest at small x. Best fit largely compatible with best
estimate.

DIS2024 – Apr. 2024 4



The PDFs at aN3LO compared to NNLO - detail.

The gluon is enhanced at small-
x due to the large logarithms
present at higher orders.

Light quarks enhanced slightly
at high x.

Correlated and uncorrelated K-
factors show consistent uncertainty
predictions.
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NNPDF study recently completed [16]. Similar in numerous respects.
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Parts unknown at N3LO estimated using existing covariance
matrix/scale variation approach.

Gives uncertainty on splitting functions, similar approach for other
quantities.
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PDFs - main change in g
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Consequences for Higgs Cross Sections.

Changes in N3LO cross section relative to use of NNLO PDFs obvious.
Smaller for NNPDF than MSHT.
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Recent improvements in knowledge of splitting functions.

Very recently [17-19] more moments have become availble for splitting
functions

Now 5 moments available for Pgg, Pgq. Allows improved constraint
provided by [17] (Moch et al.)

Also now 10 moments for PPSqq and Pqg. Allows much improved
constraint in [17,18] (Falconi, et al.).

Also now 10 moments for Pgq (Falconi - this meeting).
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Range of allowed
N3LO splitting functions
using constraints.

Range of allowed
total splitting splitting
functions.
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Range of allowed
N3LO splitting functions
using constraints.

Range of allowed
total splitting splitting
functions.
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Comparison with MSHT and NNPDF versions
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Benchmarking PDFs at N3LO

Given seeming difference in MSHT
and NNPDF results, and new
results on splitting functions desire
for this.

Check consistency of PDF evolution,
and of effect of N3LO specifically
on evolution.

Following outline of previous benchmarking up to NNLO in
arXiv:hep-ph/0511119.

Evolve specific PDF inputs at Q2
0 = 2GeV2 up to higher scales using

FFNS (nf = 4) and VFNS.

Ongoing study to be written up for Les Houches proceedings.
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Check output of various PDF
flavours at Q2 = 104 GeV2.

first check consistency between
groups and previous results
at NNLO.
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MSHT very similar except at very low x, mainly in extrapolation region
of grids.

NNPDF very similar except at very high x.

Both excellent agreement except this.
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Absolute difference to NNLO, VFNS, µ2
f = 104 GeV2MSHT and NNPDF evolution

at N3LO compared to NNLO
(plot by G, Magni) for various
splitting function choices.
Prelimary

Some difference in own
versions, particularly when
based on less information
than most up-to-date versions,
at very small x.

initially some different choices
in non-singlet. Differences
disappear when common
choices made (later).
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MSHT evolution at N3LO compared to NNLO for various splitting
function choices. Prelimary
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Some differences at small-x in particular, including between MSHT prior
and posterior.
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MSHT and NNPDF evolution at N3LO when both using Moch et al.
splitting functions and common non-singlet choices.
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Comparison of MSHT and NNPDF fit PDFs.

As with benchmark evolved PDFS the main difference is in the gluon at
x ∼ 0.01 but discrepency a little larger.
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Effect of MSHT fits with improved splitting functions.

Note - no uncertainties used for improved splitting functions - only
central value. Now almost exclusively at small x.

Use of (central value of) improved N3LO splitting functions changes
N3LO gluon a little compared to published MSHT PDFs, raising 1.5%
near x = 0.01.

Main features of N3LO comparison to NNLO remain the same.
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Effect of each individual N3LO change.

Not only splitting functions responsible for change in PDFs.
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Conclusions

Approximate N3LO PDFs are available and we encourage their use.

Designed so that theoretical uncertainties represent the missing parts
of N3LO, i.e. assume this is the dominant source of missing higher order
corrections. Approaches to this differ.

Better precision, control of uncertainties, and better fit quality.

MSHT and now also NNPDF PDFs available as LHAPDF grids.

Some apparent differences between MSHT and NNPDF versions.

Benchmarking largely complete underway. Shows evolution consistent
when same splitting functions used. Differences in evolution from
the applied splitting functions – recent updates have led to significant
improvements.

Indications from fits with more similar splitting functions and further
analyses (e.g. cuts) reveal converenge and/or understanding of
differences.
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Back-up
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Application of aN3LO PDFs.
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