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small-x evolution ——> TMD physics 

evolutions of TMDPDF from lattice QCD / global fits: DGLAP+CSS, 
no BFKL 

different factorization, different IR structures, different evolutions,  
different nonpertubative TMDPDF — not universal 

need a universal TMDPDF / factorization that contains IR structures 
of both DGLAP and BFKL in the appropriate limits

initial condition for small-x evolution equation (BFKL) from 
lattice QCD / global fits ?
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BFKL

high-energy limit collinear limit

DGLAP, 
CSS

dipole(xB = 0, b⊥) CSS   PDF(b⊥) ⊗ (xB, b⊥ = 0)

all collinear twist leading-twist

-dep: resum all sub-eikonalxB -dep: resum all sub-lead twistsb⊥

not known how
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MSTT(-erious) factorization

a TMD factorization unifying IR structures of large and small x
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gluon TMDPDF  operator(xB, b⊥)

MSTT factorizationNLO (2-gluon) corrections to 
background fields

x B
→

0 coll. limit

summary

new general structure: IR & UV div. in trans. mom. + IR & UV in rapidity 

BFKL DGLAP, 
CSS

WW(xB = 0, b⊥) CSS   PDF(b⊥) ⊗ (xB, b⊥ = 0)
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few technicalities — background-field method 

H
hard modes; 
integrated out

dynamical mode;

fixed

k⊥ = μUV , k− = νUV

integrated over for fixed Bbg

k⊥ = μIR , k− = ρIR

A → H + B

B = Bq + Bbg
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few technicalities — regularization schemes 

divergences in   &  :  dim-reg 

divergences in   &  :  -scheme 

k⊥ → ∞ (μUV) k⊥ → 0 (μIR)

k− → ∞ (νUV) k− → 0 (ρIR) η

rapidity divergence in the calculation:
k− → 0 : z → 0

k− → ∞ : z → 1
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no trans. mom. supplied 
by the background field

= 0
collinear modes are 
approx. on mass-shell
no virtual corrections

CSS/SCET: missing ingredients 
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MSTT

k⊥ − p⊥ > 0

z−

0−

NLO (2-gluon) correction to 
gluon TMDPDF operator



Bq

Bbg

collinear

soft

k 2
⊥ = μ 2

UV

k 2
⊥ = μ 2

IR

k+

k−

k− = νUV

k− = ρIR

H
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MSTT

on mass-shell region
2k+k− = k2

⊥ = μ2

k2
⊥ > 2k+k−

include virtual corrections
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real emissions
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virtual emissions



13

soft factor
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CSS

part of BFKL

part of DGLAP

MSTT factorization of gluon TMDPDF at NLO

ζ = xBP+
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gluon TMDPDF parametrization:

collinear limit small-x limit

fij(xb, b⊥ → 0) = f1(xb) fij(xb → 0,b⊥) =
bibj

b2
⊥

ℋ(b⊥)
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collinear limit of MSTT

p⊥ ∼ b−1
⊥ ≫ k⊥ − p⊥ ∼ μIR

k⊥ − p⊥ = 0

constant piece —> IR div. k⊥

DGLAP CSS

virtual corrections vanishes, 
no rapidity IR div.
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 limit of MSTTxB → 0

CSS

BFKL

 of  generates additional rapidity IR div.1/z Pgg(z)
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 limit: MSTT vs  Glauber SCETxB → 0

propagator ~ 1/k2
⊥k2

⊥ ≫ 2k+k−1

k2
⊥ ≫ k+ ∼ k−1

k+ ≫ k2
⊥ ≫ k−1

Glauber SCET: 

MSTT:

mid rapidity

forward rapidity

kμ ∼ Q(λ2, λ2, λ)

kμ ∼ Q(1,λ4, λ)

( + , − , ⊥ ), λ ≪ 1
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gluon TMDPDF  operator(xB, b⊥)

MSTT factorizationNLO (2-gluon) corrections to 
background fields

x B
→

0 coll. limit

summary

new general evolution

BFKL DGLAP, 
CSS

WW(xB = 0, b⊥) CSS   PDF(b⊥) ⊗ (xB, b⊥ = 0)


