Two-LoorP CORRECTIONS TO TOP-QUARK PAIR
PRODUCTION

Andrea Ferroglia
Johannes Gutenberg Universitdt Mainz

Grenoble, April 21, 2009

GUTENRFRG:



OUTLINE

© Tor-QUARK PAIR PRODUCTION AT HADRON COLLIDERS

© NNLO VIRTUAL CORRECTIONS
@ The Quark-Antiquark Channel
@ The Gluon-Gluon Channel
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THE ToprP QUARK

QUARK MASSES

A particle which
tends to stick out...
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THE ToprP QUARK
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THE TopP QUARK

@ The top-quark is by far the heaviest fermion in the SM (m; ~ 172
GeV)

@ It decays very rapidly via EW interactions: t — bW
(¢ =1/T¢ ~ 5 x 107%°s)
® The lifetime is one order of magnitude smaller than the hadronization

scale (Thg = 1/Aqeo ~ 3 X 10724): the top quark decays before it can
form hadronic bound states

@ Because of its large mass, the top quark couples strongly to the
electroweak symmetry breaking sector

@ So far it was observed only at the Tevatron (few thousands top
quarks produced)

@ The mass of the top-quark could be measured with a percent accuracy
@ Production cross-sections and couplings are know with larger
uncertainties
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Topr QUARK PAIRS
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ToprP QUARK PAIRS
Key measurements at the Tevatron and the LHC include the top-quark

pair production total cross section and differential distribution

pb; pp — ttX
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ToprP QUARK PAIRS

Key measurements at the Tevatron and the LHC include the top-quark
pair production total cross section and differential distribution

pb; pp — ttX

The top quarks decay almost exclusively in a W boson and a b jet. The
observed processes are

pB.pp — tiX — L4l +jp+jp + PF+ (n > 0) Jets
pp, pp — tTX — [y )y T4 (n>2) jets
pp, pp — ttX — +Jp + (n>4) jets

All these channels were observed and analyzed at the Tevatron
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TorP QUARK PAIRS AT THE LHC

At the LHC, one expects to observe millions of top quarks already in the
initial low luminosity phase (L ~ 10fb™1)

With the large number of top quarks expected to be produced at the LHC,
the study of its properties will become precision physics J

@ The total cross section is sensitive to m; = mass measurement
(Ao/o =~ —5Am¢/m;)

@ LHC experiments will probe, in the tt channel, the existence of heavy
resonances with masses up to several TeV

@ Precise measurement of the total cross section at the LHC (~ 5%
uncertainty)

@ The current theoretical predictions have an uncertainty of (~ 14%)
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Tor QUARK PAIR HADROPRODUCTION

top-quark pair production is a hard scattering process which can be
computed in perturbative QCD

hi{p}

h2{p, B}

ot = Z/ dX1/ dxof” (X1,up)f 2 (X2, e )Gij (5, My, s (pir), e Hir)

S = (ph1 + Ph2)2 ) 5= X1X2S
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TopP QUARK PAIR HADROPRODUCTION -11

Shad
Uh1 ho shadumt E / ds L’J s Shad)Mf) OU(S mt /uf Mr)
4m
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TopP QUARK PAIR HADROPRODUCTION -11

Shad
Tl (S 17 E:/ %;(8, mZ, pf, 117)
Am

where the luminosity Lj; is defined as

1 [ohad dg’ s 5
(2 2\ __ hy ho
L’J (S, Shad [,Lf) == P A Y f; S s UE 6 S s ME
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TopP QUARK PAIR HADROPRODUCTION -11

Shad
Uh1 by shad,mt E / ds L,J 5, Shaas %)
Am

where the luminosity Lj; is defined as

Partonic Cross Section

. 1 [Shad ds’ s’
Ll_j (S>5had7,u12‘) = _/ _f‘hl <_7,UF
s

7l
Shad ) Shad
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TREE LEVEL QCD PARTONIC PROCESSES

q(p1) +a(p2) — t(p3) + t(pa)

p1 Pa

N /
/ N

P2 P3

g(p1) + &(p2) — t(p3) + t(ps)

AL
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TREE LEVEL QCD PARTONIC PROCESSES

q(p1) + G(p2) — t(p3) + t(ps)

P1 Pa

N\ /
/ N
P2 / Ps3

1) + g(p2) — t(p3) + t(pa)

Dominant at Tevatron

~ 85% y
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TREE LEVEL QCD PARTONIC PROCESSES

q(p1) + G(p2) — t(p3) + t(ps)

Dominant at LHC

[

e ]

ANDREA FERROGLIA (MaINz U.) ToP-QUARK PAIRS AT NNLO GRENOBLE '09 7/ 41



TREE LEVEL QCD PARTONIC PROCESSES

q(p1) + a(p2) — t(ps) + t(pa)

P1 Pa

N /
/ N

The NLO QCD corrections in both channels
(and to gg — ttq) are known since a long time

Nason, Dawson, Ellis (’88-’90) Beenakker, Kuijf, van Neerven,
Smith (’89) Beenakker, van Neerven, Meng, Schuler (’91)
Mangano, Nason, Ridolfi (’92) Frixione,Mangano, Nason, Ridolfi (’95)
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TREE LEVEL QCD PARTONIC PROCESSES

q(p1) + a(p2) — t(ps) + t(pa)

P1 Pa

N /
/ N

The mixed QCD-EW corrections in both channels are also
known (they are smaller than current QCD uncertainties)

Beenakker et al. (’94) Bernreuther, Fuecker, and Si (’05-’08)
Kiihn, Scharf, and Uwer (’05-’06)
Moretti, Nolten, and Ross (’06)
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LuMINOSITY AND PArRTONIC CS AT NLO
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LuMINOSITY AND PArRTONIC CS AT NLO
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LuMINOSITY AND PArRTONIC CS AT NLO
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LuMINOSITY AND PArRTONIC CS AT NLO
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LuMINOSITY AND PArRTONIC CS AT NLO
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LuMINOSITY AND PArRTONIC CS AT NLO
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UNCERTAINTY ON NLO

The partonic cross sections involve terms like In?(1 — 4m?/s) which
become large threshold and must be resummed
Kidonakis and Sterman (’97), Bonciani et al. (’98),

Kidonakis et al.(’01), Kidonakis and Vogt (°03), Banfi and Laenen (’05)

12 L T T T T I T T T T I T T T T i 1400 T T T T I T T T T I T T T T J
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6 e Tl T T
s T ] 600 o
“F 7 w0 F E
2 F NLL res (CTEQS5) 7 w0 ¢ NLL res (CTEQS5) E
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S. Moch and P. Uwer (°08)
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UNCERTAINTY ON NLO

The partonic cross sections involve terms like In?(1 — 4m?/s) which
become large threshold and must be resummed
Kidonakis and Sterman (’97), Bonciani et al. (’98),
Kidonakis et al.(’01), Kidonakis and Vogt (’03), Banfi and Laenen (’05)
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UNCERTAINTY ON NLO

The partonic cross sections involve terms like In?(1 — 4m?/s) which
become large threshold and must be resummed
Kidonakis and Sterman (’97), Bonciani et al. (’98),

Kidonakis et al.(’01), Kidonakis and Vogt (°03), Banfi and Laenen (’05)

12 Moch and Uwer presented an approximated NNLO result
1 (In 3, scale dep., Couloumb corrections) which drastically
reduces the uncertainty (~ 6 — 8% at Tevatron, ~ 4 — 6% at LHC)
However, “it is no substitute for a complete NNLO computation”

NLL res (CTEQ65) NLL res (CTEQ65)
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S. Moch and P. Uwer (°08)
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Two-Loop CORRECTIONS TO qq — tt

The NNLO calculation of the top-quark pair hadroproduction requires
three ingredient

@ two-loop matrix elements for gg — tt and gg — tt
@ one-loop matrix elements for the hadronic production of tt + 1 parton

@ tree-level matrix elements for the hadronic production of tt + 2
partons

ANDREA FERROGLIA (MaINz U.) ToP-QUARK PAIRS AT NNLO GRENOBLE 09 10 / 41



Two-Loop CORRECTIONS TO qq — tt

The NNLO calculation of the top-quark pair hadroproduction requires
three ingredient

@ two-loop matrix elements for gg — tt and gg — tt

dne-loop matrix elements for the hadronic production of tt + 1 parton

matrix elements for the hadronic production of tt + 2
partons

Dittmaier, Uwer, Wenzierl (’°07)
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Two-Loop CORRECTIONS TO qq — tt

The NNLO calculation of the top-quark pair hadroproduction requires
three ingredient

@ two-loop matrix elements for gg — tt and gg — tt

@ one-loop matrix elements for the hadronic production of tt + 1 parton

@ tree-level matrix elements for the hadronic production of tt + 2
partons

Overall, in the gg — tt channel, QGRAF generates 218 two-loop diagrams
(one massive flavor, one massless flavor):

@ 31 non-vanishing diagrams with a massless quark loop

@ 30 non-vanishing diagrams with a massive quark loop

@ 64 non-vanishing planar “gluonic” diagrams
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Two-Loop CORRECTIONS TO qq — tt

ANDREA FERROGLIA (MaINz U.) ToP-QUARK PAIRS AT NNLO GRENOBLE 09 11 / 41



Two-Loop CORRECTIONS TO qq — tt
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Two-LoorP CORRECTIONS TO qq — tt

47202 « - -
|M|2(s,t,m,€): s [Ao—i-(—S) One-Loop x One-Loop
Nc Korner, Merebashvili,
Rogal (’05,’08)
2%0
Ay = AP0
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Two-LoorP CORRECTIONS TO qq — tt
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Two-Loop CORRECTIONS TO qq — tt

AzzAg2XO)+Ag1X1)

C E
AP = NeCr[N2A+ B+ o5 + Ny ( NeDy + -
N2 N,

E
+M(MM+#>+WH+MM%+WH]

C

10 different color coefficients
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MASSIVE FROM MASSLESS (s, |t], |u] > m?)

It is necessary to evaluate two-loop

four-point functions depending on s,t, m?
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MASSIVE FROM MASSLESS (s, |t], |u] > m?)

It is necessary to evaluate two-loop

four-point functions depending on s,t, m?

start by considering the limit
s, |t], |u > m§
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MASSIVE FROM MASSLESS (s, |t], |u] > m?)

Is it possible to calculate graphs employing DIM REG to regulate both soft
and collinear singularities and then translate a posteriori the collinear poles
into collinear logs In(m?/s)?
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MASSIVE FROM MASSLESS (s, |t], |u] > m?)

Is it possible to calculate graphs employing DIM REG to regulate both soft
and collinear singularities and then translate a posteriori the collinear poles
into collinear logs In(m?/s)?

For a generic QED/QCD process, with no closed fermion loops

M) =TT z2(m.e)m™=9)
ie{all legs}

where Z is defined through the Dirac form factor
FIm (@) = Z(m. &) Fm=9(Q?) + O(m/Q?)

A. Mitov and S. Moch (’06)
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Two-LooP VIRTUAL CORRECTIONS IN THE s >> m?
LivIT

M. Czakon, A. Mitov, S. Moch (’07)

Using the universal multiplicative relation between massless QCD
amplitudes and massive amplitudes in the small mass limit, it was possible
to calculate the two-loop virtual corrections to qg — tt starting from

qq — q'(massless)q’(massless) (C. Anastasiou et al. (700) )

The same result was also obtained by an approach based on the reduction
to master integrals and the expansion of the master integrals in m?/s
through Mellin Barnes representations
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NUMERICAL EVALUATION OF THE TwoO-LOoOP
CORRECTIONS TO qg — tt

M. Czakon (’08)
Adding more terms in the expansion in powers of m?/s, m?/|t|, m?/|u] it is

not sufficient to reach a permill accuracy in all the phase space
(particularly near threshold)

The Mls can be evaluated by solving the corresponding differential
equations numerically J
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NUMERICAL EVALUATION OF THE TwoO-LOoOP
CORRECTIONS TO qg — tt

M. Czakon (’08)

Adding more terms in the expansion in powers of m?/s, m?/|t|, m?/|u] it is
not sufficient to reach a permill accuracy in all the phase space
(particularly near threshold)

The Mls can be evaluated by solving the corresponding differential
equations numerically J

» The evaluation of the full color structure with a 16 digit precision can
require as much as 15 minutes per phase space point
» This does not allow for a direct implementation in a MC generator,

but the functions are smooth enough to be interpolated starting from
a grid of values
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FERMION LooP CORRECTIONS

7 color structures receive contributions from the diagrams involving closed

fermion loops only

@ N; number of light (massless) quarks

@ Nj, number of heavy (massive) quarks

E
.Ag2XO) _ NCCF[N§A+B+£+N, NCD/-i-—I
B Ne

E
+Nh (NCDh + ﬁh> =+ N,2F/ + N/NhF/h =+ Nth]

Cc
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FERMION LoOP CORRECTIONS

7 cq
fern] All the diagrams with a closed quark loop (massive or massless)

were evaluated analytically

Bonciani, AF, Gehrmann, Maitre, Studerus (’08)

Agreement with the numerical results by Czakon

NZF; 4 Ny Ny Fip, + N/27Fh
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FERMIONIC DIAGRAMS
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FERMIONIC DIAGRAMS
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FERMIONIC DIAGRAMS
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METHOD: THE GENERAL STRATEGY

After interfering a two-loop graph with the Born amplitude one obtains a
linear combinations of scalar integrals

o B ki — integration momenta
' 4 X Ampcl)irtnude pi — external momenta
S — scalar products k; - k;
—<—"0000000000 == k p
or k
1 D — propagators
eS¢ [ ciki + X dip)® (+m?)

s
DDA
/ DD
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METHOD: THE GENERAL STRATEGY

After interfering a two-loop graph with the Born amplitude one obtains a
linear combinations of scalar integrals

(e o

ki — integration momenta
) P ® AmEE)CI)iIchude pi — external momenta
T —— S — scalar products k; - kj

or ki - px
1 D — propagators
dpmd) St Sq [ ciki + X dip]? (+m2)
S

Luckily, just a “small” number of these integrals are independent: the M|SJ
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METHOD: THE GENERAL STRATEGY

After interfering a two-loop graph with the Born amplitude one obtains a
linear combinations of scalar integrals

(o o

ki — integration momenta
) P ® AmE;;)cl)itcnude pi — external momenta
N SS— S — scalar products k; - kj

or ki - px
1 D — propagators
d) o 1 Sa D= ciki + S dipl® (+m?)
S

Luckily, just a “small” number of these integrals are independent: the M|SJ

It is necessary to
@ identify the Mls = Reduction through the Laporta Algorithm
@ calculate the Mls = Differential Equation Method
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THE LAPORTA ALGORITHM

The set of denominators Dy, --- , D; defines a topology; for each topology
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THE LAPORTA ALGORITHM

The set of denominators Dy, --- , D; defines a topology; for each topology

» The scalar integrals are related via Integration By Parts identities (10
identities per integral for a two-loop four-point function)

B SMm ... g
d d L ~1 q L
D74 DYk / —0 vi= ki, ko, p1,--
/ ! 26)ka |:V Dll"'DTt] o b e P P
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THE LAPORTA ALGORITHM

The set of denominators Dy, --- , D; defines a topology; for each topology

» The scalar integrals are related via Integration By Parts identities (10
identities per integral for a two-loop four-point function)

d d 9 w 5{71 ”'qu w
D k1D k2aku 4 DTIDT‘ =0 v :kl,k27p1’... , P3
i

» Building the IBPs for growing powers of the propagators and scalar
products the number of equations grows faster that the number of
unknown: one finds a system of equations which is apparently
over-constrained
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THE LAPORTA ALGORITHM

The set of denominators Dy, --- , D; defines a topology; for each topology

» The scalar integrals are related via Integration By Parts identities (10
identities per integral for a two-loop four-point function)

/@dledkz{a { p ST Sq

C)k,ﬂ Y DTIDTJ =0 v :k17k27p17"' » P3

» Building the IBPs for growing powers of the propagators and scalar
products the number of equations grows faster that the number of
unknown: one finds a system of equations which is apparently
over-constrained

» Solving the system of IBPs (in a problem with a small number of
scales) one finds that only a few of the scalar integrals above (if any)
are independent: the Mls.
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N, MASTER INTEGRALS

8 irreducible two-loop topologies
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N, MASTER INTEGRALS

Thick Line — Massive Prop.
Thin Line — Massless Prop.

Freducible two-loop topologies
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N, MASTER INTEGRALS

TILo 0 )

10 irreducible two-loop topologies
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REDUCTION AT WORK

The two-loop box diagrams entering in the calculation of the
heavy-fermion loop corrections are reducible, i.e. they can be rewritten in
terms of integrals belonging to the subtopologies only:

Born .
‘ ! O Amplitude — ZC + Triangles

—<—"0000000000 ==

+ Bubbles+ Tadpoles
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CALCULATION OF THE MISs:
DIFFERENTIAL EQUATION METHOD

For each Master Integral belonging to a given topology
Fl(q) - {Dh T 7Dq}
» Take the derivative of a given integrals with respect to the external
momenta p;

o Sm...sp
Opj DI -+ Dg"

) d d
pf‘a—pIHF," :pj‘/g ki1 ® ko
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CALCULATION OF THE MISs:
DIFFERENTIAL EQUATION METHOD

For each Master Integral belonging to a given topology
Fl(q) - {Dh T 7Dq}
» Take the derivative of a given integrals with respect to the external
momenta p;

» The integral are regularized, therefore we can apply the derivative to
the integrand in the r. h. s. and use the IBPs to rewrite it as a linear

combination of the Mls

g S "
n d d ()
T D SELLED D ST

r#£q j
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CALCULATION OF THE MISs:
DIFFERENTIAL EQUATION METHOD

For each Master Integral belonging to a given topology
Fl(q) - {le" 7Dq}
» Take the derivative of a given integrals with respect to the external
momenta p;

» The integral are regularized, therefore we can apply the derivative to
the integrand in the r. h. s. and use the IBPs to rewrite it as a linear

combination of the Mls
» Rewrite the diff. eq. in terms of derivatives with respect to s and t

2,:/(‘1)(57 t) — ZCJ(S t 5 t)—|—ZZk/ s, t)F )

P
° 7 g 1
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CALCULATION OF THE MISs:
DIFFERENTIAL EQUATION METHOD

For each Master Integral belonging to a given topology
Fl(q) - {D1>"' 7Dq}
» Take the derivative of a given integrals with respect to the external
momenta p;

» The integral are regularized, therefore we can apply the derivative to
the integrand in the r. h. s. and use the IBPs to rewrite it as a linear
combination of the Mls

» Rewrite the diff. eq. in terms of derivatives with respect to s and t

» Fix somehow the initial condition(s) (ex. knowing the behavior of the
integral at s = 0) and solve the system of DE(s)
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FivE DENOMINATOR MIS

The most complicated irreducible topology in the calculation of the heavy
fermion loop corrections is a five denominator box with two Mls
(thick lines indicate massive propagators, thin lines massless ones)

PL—» — P3

P2 —» —> P4

M(c o ):/ DDk (P2 - k)™ (Pr - k) (p2 - ka)**(ps - ko)™
e Q0T LIPSy + pr) PO (ka + py + p2)Poy (ko) Pt (ko — ko) Pt (ki + pa)

Po(q) = ¢ Pn(q) = q* + m?
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FivE DENOMINATOR MIs-I1
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FivE DENOMINATOR MIs-I1

B

@ the two Mls satisfy two independent first order differential equations

d/\/l,-(s, t)

ar = C,'(S, t)l\/l,-(s, t)—i—Q,'(S, t)
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FivE DENOMINATOR MIs-I1

" T

I
S
I

@ the two Mls satisfy two independent first order differential equations

d/\/l,-(s, t)
dt
@ One of the two needed initial conditions can be fixed by imposing the
regularity of the integrals in t =0
The second integration constant can be fixed by calculating the
integral in t = 0 with MB techniques

= Ci(s, t)M(s, t) + Qi(s, t)
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ANALYTIC EXPRESSION FOR THE MIs

By solving the differential equation(s) it is possible to obtain analytic

expressions for the Mls (s = —m?(1 — x)?/x, y = —t/m?)
A(=3) A(=2) A(=1)
= — (0)
Mi(d, m,t,s) = 7(d74)3+(d—4)2+(d74)+A
1
T mp
1
A = BT L2601+ 20— 1)~ (14 x)6(0: )
1
At = BETDOED [3((2))( +4x + 6(x +1)G(~1,0; x) + (=5x — 1)G(0, 0; )
—4(x— 1)G(~L;y) + G(0; ) 2(x + 1) G(~1; y) — 2(x + 1))
F4(x — 1)G(=1,-1;y) — 2(x — 1)G(0, —1; y) + 3¢(2) — 4]
1
Yo = DG [ —36(x + 1)G(—1, —1,0; x) + 18(x + 1)G(—1,0,0; x)

+6(5x +1)G(0, —1,0; x) + (—5x — 1)G(0,0,0; x) + - - -
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ANALYTIC EXPRESSION FOR THE MIs

By solving the differential equation(s) it is possible to obtain analytic
expressions for the Mls (s = —m?(1 — x)?/x, y = —t/m?)

A(=3) A(=2) A-D)
Mhld.mts) = :(d*4)3+(df4)2+(d74)+%\(0)
_ 1
32(y+1)
1
T RE-DI+D [—26(-1iy)(x = 1) +2(x= 1) = (1 +x)6(0:x)]

1
T CES ) [3<(2)x +4x + 6(x +1)G(~1,0; x) + (=5x — 1)G(0, 0; )

The analytic results depend on In, Li>, Li3, 51
They are conveniently expressed in terms of HPLs and 2dHPLs

(Remiddi, Vermaseren, Gehrmann)
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HARMONIC POLYLOGARITHMS (HPLS)

E. Remiddi, J. Vermaseren (1999)
E. Remiddi, T. Gehrmann (2001)

Functions of the variable x and a set of indices 3 with weight w; each
index can assume values 1,0, —1

H(a; x)
Definitions: w = 1
H(l;x) = I -
o 1-
H(0;x) = Inx
X dt
H(—l,X) ; m—ln(1+X)
d 1 1
aH(a,X) = f(a;x) f(1;x)= T f(0;x) = - f(—1;x) = T x
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HPLs: DEFINITIONS

Definitions: w > 1
if #=0,0,...,0 (wtimes) H(0y;x) = i In" x

else H(i,3x) = dtf(i; t)H(3; t)

d "
consequences: d—H(i7 3 x)="f(i;x)H(3;x) H(E¢0,0)=0
x

a few examples @ w = 2

mmw:fwwwuﬂ:—fwmhﬂﬂd)

0
H(1,0;x) = dtflt (0; t) /dt

—InxIn(1— x) 4+ Liz(x)

Int
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HPLs As A GENERALIZATION OF THE NIELSEN’S
PovryLogas

The HPLs include the Nielsen's PolylLogs

n+p 1

Spp(x) = (n+p ol / = In""'tInP(1 = xt) Li,(x) =S, 1.1(x)

Li,(x) = H(0, 1,1;x)
Snp(x) = H(0n1,x)

but the HPLs are a larger set of functions: from w = 4 one finds things as

H(-1,0,0,1; x) / leg, ) ¢ ZNlelbens PolyLogs
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THE HPLS ALGEBRA

@ Shuffle Algebra:

some examples

H(a;x)H(b;x) = H(a, b;x)+ H(b, a; x)
H(a; x)H(b,c;x) = H(a,b,c;x)+ H(b,a,c;x)+ H(b,c,a;x)

@ Product Ids:

H(mi,...,mg;x) = H(my;x)H(mo, ..., mg; x)
— H(my,my; x)H(ms, ..., mg; x)
+ e (DI H(my, . my;x)

ANDREA FERROGLIA (MAINZ U.) ToP-QUARK PAIRS AT NNLO GRENOBLE 09 29 / 41



2-DIMENSIONAL HARMONIC POLYLOGARITHMS
(QDHPLS)

E. Remiddi, T. Gehrmann (2000)

As for the HPLs, they are obtained by repeated integration over a new set of
factors depending on a second variable.

F(=1/yix) = —

f(—y;x) =
(=y;x) Xty Xt1ly

G(i, 3 x) = /OX dtf(i; t)G(3; t)

a few examples:

X dz X X dz
G(—y;x) = :|n(1+—) G*ly;X:/ =In(1+xy
(v = 755 J) SCuyin= [ Es =)
G(—y,0;x) =InxlIn (1—1— i) + Li» (—5)
y y
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2-DIMENSIONAL HARMONIC POLYLOGARITHMS
(2DHPL)-II

The 2dHPLs share the properties of the HPLs

The analytic properties of both HPLs & 2dHPLs are know
Codes for their numerical evaluation are available

E. Remiddi, T. Gehrmann (2001-2002)

Up to w = 3 (our case) the 2dHPLs can be expressed in terms of
|n,|_i2,|_i3,51*2

G(-1/y;x) = In(l+xy),
G(-1/y,0;x) = In(x)In(xy + 1) + Li2(—xy),
G(-y,1Iix) = %InZ(y—i—l)—|n(1—x)|n(y—|—1)—|n(y)|n(y—|—1)
+In(1 — x) In(x + y) — Li2(—y) + Li2 <;L%) - %2 ,
G(-y,1,0;x) = —%|n3(1—x)—|n(X)|n2(1—x)+---
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HPLs As MULTIPLE SUMS

S. Weinzierl and J. Vollinga (’04)

We defined (2-d)HPLs in terms of iterated integrations

Y ody f dts th—1 dty
G(zlj...7zk;y):/‘ / /
o h—21Jo L2—2 0 te — zk

but they can be written also in terms of multiple sums

G(Ou 707217"' 7Zk—1707"' 7O7Zk;.y) = Gm17.~~7mk(zluu' 7Zk;y)
~— —
mp—1 m—1
>y 3l
Gm17...7mk(z]_7"' )Zkly) = <_> *
h=1 1= 1(Jl+ "Hk) 21

1 (1)” L L <1>jk
(o +-+jK)™ \ z1 i \z1
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RESULTS

All results are written in analytic form:

[F1] = + 50/81

80/27*[1-x]1"-6
80/9%[1-x]1"-5
620/81%[1-x]1"-4
40/81x[1-x]"-3
20/81%[1-x]"-2
40/27*[1-x]"-1
160/27*y*[1-x]1"-6
160/9%y*[1-x]~-5
1480/81xy*[1-x]1"-4
560/81*y*[1-x]"-3
20/27*y* [1-x]1"-2
100/81xy*[1-x]"-1
80/27xy"2%[1-x]1"-6
80/9xy~2*[1-x]"-5
620/81*xy~2%[1-x]"-4
40/81xy~2%[1-x]1"-3
100/81xy"~2%[1-x] -2
80/27*G(0,x)*[1-x]~-7
232/27xG(0,x)* [1-x]"-6
176/27xG(0,x)* [1-x]~-5
8/9%G(0,x)*[1-x] -4
8/27*G(0,x)*[1-x]"-3
4/3%G(0,x)*[1-x] -2
8/9%G(0,x)*[1-x]"-1
160/27*G(0,x) *y* [1-x]1 -7
464/27*%G(0,x)*y*[1-x]"-6
16*G(0,x) *y*[1-x] -5

224/27%G(1,x)*xy*[1-x] -3
8/9%G(1,x)*xy*[1-x]"-2
40/27*G(1,x) *xy*[1-x] -1
32/9%G(1,x)*y~2%[1-x]~-6
32/3%G(1,x)*y"2%[1-x]"-5
248/27*G(1,x)*y"2*x[1-x]"-4
16/27*G(1,x) ¥y~ 2% [1-x] ~-3
40/27*G(1,x) *y~2*% [1-x] "-2

[ |

32/9*%G(1,0,x)*x[1-x]"-7
112/9*G(1,0,x)*[1-x] "6
128/9*G(1,0,x)*[1-x] -5
40/9%G(1,0,x)*[1-x]"-4
16/9%G(1,0,x)*x[1-x]"-2
64/9xG(1,0,x)*y*[1-x]"-7
224/9%G(1,0,x)*y*[1-x] -6
32*%G(1,0,x)*xyx[1-x]"-5
160/9%G(1,0,x) *y* [1-x] -4
16/9%G(1,0,x) *y*[1-x]1"-3
8/3*G(1,0,x) *xy*[1-x] -2
8/9%G(1,0,x)*xyx[1-x] -1
32/9xG(1,0,x)*y"2*%[1-x]"-7
112/9%G(1,0,x) ¥y~ 2% [1-x] "-6
128/9%G(1,0,x) ¥y~ 2% [1-x] -5
40/9%G(1,0,x)*y"2*%[1-x]"-4
16/9%G(1,0,x)*y~2x[1-x]"-3
8/9*%G(1,0,x)*xy~2%[1-x] -2

T e I I BT

[ |

[ T e I |

[ S 2

[ T
+
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REsuLTs-11

The color factors can be easily evaluated numerically (either with
Mathematica or with Fortran code):

F1 =

Flh =

Fh =

El = 1/ep”
+ 1/ep”
+ 1/ep
+

DI = 1/ep”
+ 1/ep”
+ 1/ep
+

Eh = 1/ep”
+ 1/ep
+

Dh = 1/ep”
+ 1/ep

4.93507679E+01
9.87015354E+01
4.93507675E+01

3x(
2% (
*(
(

3% (
2% (
*(
(

2% (
*(
(

2% (
*(
(

[
N RN

-2

N

0
NN o

-5.
.40508604E+02)
-4.

N

.05000001E-01)
.02365896E+00)
.81803776E+02)
.67510489E+03)

.05000001E-01)
4.
.07220644E+02)
4.

51882816E-01)

46537433E+03)

.78057996E+00)
.10928847E+02)
. T7869548E+03)

78057996E+00)

58561923E+03)
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REsuLTs-11

The color factors can be easily evaluated numerically (either with
Mathematica or with Fortran code):

» by expanding the results for

F1 = 4.93507679E+01 s> mf we find analytic
Flh = 9.87015364E+01 .
Fh = 4.93507675E+01 agreement with Czakon,
El = 1/ep™3%( 2.05000001E-01) MitOV, and Moch (’07)
+ 1/ep 2% ( 1.02365896E+00) . .
+ 1/ep *( -1.81803776E+02) » we we find numerical agreement
+ ( 2.67510489E+03) .
with Czakon (’08)
DI = 1/ep~3%( -2.05000001E-01)
+ 1/ep 2% ( -4.51882816E-01) : : :
s 1en a 5. 079906445402) > we obtained analytic expression
+ ( -4.46537433E+03) in the 5 = /1 — 4m2/5 -0
Eh = 1/ep~2+( 5.78057996E+00) mi
+ 1/ep *( -2.10928847E+02) limit
+ ( 2.77869548E+03)
Dh = 1/ep~2x( -5.78057996E+00)
+ 1/ep  *( 2.40508604E+02)
+ ( -4.58561923E+03)
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PLANAR DIAGRAMS IN qq — tt

2.2
4o

m [.Ao-i-( )A1+( s) Aﬁ@(ai)}

|/\/l|2 (s,t,me) =

E
Agzxo) — NCF[N2A+B+ C+N/ ND/+—I
N2 N,

E
N, (N Dy, + Wh> + N2F; + NNy Fip + N,%F,,]

C
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PLANAR DIAGRAMS IN qq — tt

The coefficient of N2 can also be evaluated analytically
it involves only planar diagrams

Bonciani, AF, Gehrmann, Studerus (in progress)

(2x0) . C E
Aj = NG +N—3+N/ <NCD/—|—WC>

E
N, (NCD,, n Wh> + N2F; + NNy Fip + N,%F,,]

c

ANDREA FERROGLIA (MAINZ U.) ToP-QUARK PAIRS AT NNLO GRENOBLE 09 35 / 41



MIS FOR THE PLANAR DIAGRAMS

With respect to the quark loop case, there are 9 new irreducible topologies

T A

[2wis] [2wmis] [2wmis] [2wis]

| 2Mmis] | 2Mmis] | 2Mmis| | 3Mmis]

C. Studerus (’09)
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NEW IsSSuEs AND TECHNICAL PROBLEMS

» It is necessary to introduce and study 2dHPLs depending on new
weight functions

1 1
e 10=va) (I
» For the calculation of all the planar diagrams we need HPLs and

2dHPLs up to weight 4 (we needed only weight 3 in the calculation of
the quark loop diagrams)

» It is not easy to switch the variables in the weights and the variables
in the arguments

GL—1/x—x,---5y) =Y G(---,&(y),-ix)

» In some cases to fix the integration constants requires the direct
evaluation of the integral for special values of s and t with techniques
based on Mellin-Barnes representations
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COMPLETE ANALYTIC NLO CALCULATION

Recently, the NLO total cross section was evaluated analytically

M. Czakon, A. Mitov (’08)
Laporta algorithm and differential equation method are employed also for
the phase space integrals (by exploiting the optical theorem); cut
propagators are treated by using

1 1 1
5 2 2 - .
(a" + ) 27ri<q2+m2—i5 q2+m2+i6>
Anastasiou Melnikov (’02)

The gg — ttX cross section cannot be completely written in terms of

HPLs and their generalizations.
Integrals over elliptic functions

1
> 1
K(k) = dz
) 2,0
V1—22vV1— k?z
V1— k222
* E(k) = /dz
V1—22

RN
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Two-LoorP CORRECTIONS TO gg — tt

Ay = Ag2><0)

One-Loop x One-Loop

Anastasiou, Aybat (’08)

Korner, Kniehl, Merebashvili,
Rogal (’08)
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Two-LoorP CORRECTIONS TO gg — tt

1 1
AP0 (/v2_1)<N3A+NB+NC+mD+N2N/E/+N2NhEh

N N
+NiFi + NyFi + 5.1 + 175 Gh + NNPHy + NN Hy

N2 N2 NN
+NN,NyH,, + WIII + Whlh + INh//h

16 color structures
ANDREA FERROGLIA (MaINz U.)
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Two-LoorP CORRECTIONS TO gg — tt -1I

0 Agxo) is known only in the limit s > m?
Czakon, Mitov, Moch (’07)
@ The diagrams involving massless quark loops can be calculated
analytically in the usual way
Bonciani, AF, Gehrmann, Studerus (in progress)

@ The remaining part of the virtual corrections involve many MI which
cannot be expressed in terms of HPLs only = Numerical approach?

New ideas? ) )
ypoF—m - .
: Elliptic Functions

1 Ix
(D = K@=b I

Laporta Remiddi (’04)
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SUMMARY & CONCLUSIONS

@ The top-quark pair production cross section may eventually be
measurable with a 5% uncertainty at the LHC; This requires the
complete computation of the NNLO QCD corrections to the
top-quark pair production cross section

@ a crucial ingredient of the NNLO program is the calculation of the
two-loop corrections in both the gg and gg channels
@ In the qg there is already a complete numerical results, and the

analytical calculation of all the quark-loop diagrams; the analytical
calculation of all the planar diagrams is at an advanced stage

@ Much less is known in the gg channel; the light-quark loop diagrams
can be evaluated analytically, other contributions cannot be expressed
in terms of HPLs and might require a numerical approach
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SUMMARY & CONCLUSIONS

@ The top-quark pair production cross section may eventually be
measurable with a 5% uncertainty at the LHC; This requires the
complete computation of the NNLO QCD corrections to the
top-quark pair production cross section

@ a crucial ingredient of the NNLO program is the calculation of the
two-loop corrections in both the gg and gg channels
@ In the qg there is already a complete numerical results, and the

analytical calculation of all the quark-loop diagrams; the analytical
calculation of all the planar diagrams is at an advanced stage

@ Much less is known in the gg channel; the light-quark loop diagrams
can be evaluated analytically, other contributions cannot be expressed
in terms of HPLs and might require a numerical approach

The moral of the story is always the same:
there is a lot of work to do ...
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THE LORENTZ INVARIANCE IDENTITIES (LIS)

T. Gehrmann, E. Remiddi (’99)

A scalar integral is invariant under Lorentz transformation of the external

momenta:
p/l N p/l + 6p/l — p/l + (5€5p1/ 6(5/1 — 76(;
I(p1, P2, p3) = I(p1 + 6p1, p2 + dp2, p3 + 0p3)

implying the following 3 identities for a 4-point functions

3 - -
L UV 14 L v 8 8
(Pi'ps — pé);1 P g pﬁapg_ I(pi) =0
LI B El
(Pyp5 — P pk) ; P B P B I(pi) =0
309 Fl
(N ) '1; _ ﬁ | : =0
(Pi'py — pips) D P gor P | 1P

n=1



THE GENERAL SYMMETRY RELATIONS IDENTITIES

Further identities arise when a Feynman graph has symmetries

It is in those cases possible to perform a transformation of the loop
momenta that does not change the value of the integral but allows to
express the integrand as a combination of different integrands

Some relations are immediately seen:

others are more involved
s 1
0= 4@-@%4;31«#4@«1@ 4+5 @



EQUATIONS AND UNKNOWNS

In two-loop 2 — 2 processes there are two integration momenta and three
external momenta — 9 possible scalar products
Consider the integrals /; , . where

» t — # of propagators
» O-t — # of irreducible scalar products
» r — sum of the powers of all propagators

» s — sum of the powers of all irreducible scalar products

The number of integrals belonging to the /;, s set is

w0 ()

It is possible to build (Njgp + Ny )N(/t,s) identities



EULER METHOD

9 £(x) + CF(x) = Q)

dx

@ find the solution of the homogeneous equation

%h(x) + C(x)h(x) = 0



EULER METHOD

9 ) + COF() = )

@ find the solution of the homogeneous equation
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&h(x) + C(x)h(x) =0

@ build the general solution of the non-homogeneous equation

F(x) = h(x) [k + / dx%]



EULER METHOD

9 ) + COF() = )

@ find the solution of the homogeneous equation

%h(x) + C(x)h(x) = 0

@ build the general solution of the non-homogeneous equation

F(x) = h(x) [k + / dx%]

© fix the integration constant k



EULER METHOD-II

d2
dx? dx

f(x) + A(X)if(X) + B(x)f(x) = Q(x)

@ find the two solution of the homogeneous equation

:722/71,2(’() + A(X)di)’(hlg(X) + B(x)h12(x) =0
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EULER METHOD-II

d2
dx? dx

F(x) + AL F(x) + B()F(x) = Q(x)

@ find the two solution of the homogeneous equation

:722/71,2(’() + A(X)di)’(hlg(X) + B(x)h12(x) =0

@ build the Wronskian
W(x) = h()-S ha(x) — hax)- ()
dx dx
@ build the solution
X dw

F(x) = h(x) <k1 - th(w)Q(w)) ha(x) (k2 + OX%M(W)Q(W))



EULER METHOD-II

d2
dx? dx

F(x) + AL F(x) + B()F(x) = Q(x)

@ find the two solution of the homogeneous equation

:722/71,2(’() + A(X)di)’(hlg(X) + B(x)h12(x) =0

@ build the Wronskian

d d
W(X) = hl(X)&hz(X) — h2(X)$h1(X)
@ build the solution
F(x) = h(x) <k1 _ OX%M(W)Q(W)) () (k2 + OX%M(W)Q(W))

@ fix the integration constants ki and k»
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