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“Scientific theories deal with concepts, never with reality”
Athanasios Paopoulis, Foreword to the first edition of his book

Probability, Random Variables and Stochastic Processes
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Introduction

Reactor noise diagnostics for fast reactors

@ Noise methods were traditionally developed for the currently used thermal reactors with
measuring only the thermal flux/thermal noise

@ The simplest manageable but realistic model is based on two-group theory
@ Most of next generation reactors will use a fast spectrum
@ The 2-group methodology/theory has to be suited for fast systems

@ The methodology was extended to fast systems for reactors with solid fuel. A
comprehensive edited book was written recently on these extensions

@ In this talk the extensions to fast Molten Salt Reactors will be presented.
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Thermal systems

Noise equations for thermal systems

The equations for the space-frequency dependent neutron noise, d¢(z,w), which are obtained
from the time-dependent equations for the flux and the precursors, after subtracting the static
equations and neglecting second order terms, read as

D1V? — ¥ (w) v¥fa(w) 0p1(z,w) Si(z,w)
= (1)
YR DyV? — $o(w) dpa(z,w) So(z,w)
Here, the following standard notations and definitions were used:
wpf
Iy =Y., (11— : ;= 1,2 2
) =5 (1525 )5 it @)
Tw
21((,0) =>4 +Xr+ 71 — I/Zfl(w) (3)
and .
1w
EQ(W) =24+ — (4)
U2
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Thermal systems

Thermal systems: the noise sources

The noise sources S;(z,w) and Sa(z,w) are defined in terms of the cross section fluctuations
and the static fluxes as follows:

Si(zw) = |08R(z.w) + 08,4, (z.w) — 0vEy (z,w) (1 — iczwf/\>] o1(z)—

(5)

03, (z,w) <1 _ ij;wa> Bo(x)
and
So(z,w) = —0XR(z,w)p1(z) + 624, (z,w)Pa(T). (6)
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Thermal systems

Thermal systems: the Green’s function

The equation for the Green's matrix that connects the noise in the fast and thermal groups
with the fast and thermal noise sources can then be written as

D1V2 — El(w) Vng(w) Gll(l‘,fl?/,w) Glg(I,ZE,7w)
YR DyV? — %g(w) Gor(z,7'\w)  Gaa(z,2' W)
(7)
O(x — ') 0
0 O(z — ')

From Eq. (7) the noise can be obtained as:

da’ (8)

31 (z,w) /H G (z,2'w) Gra(z,r' w) S (2’ w)
dpa(z,w) 0
Two-group noise theory in fast MSRs IMORN-33 2026-07-07 8 /38
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Fast systems - energy separation between groups

@ Thermal systems: energy separation between groups 1 and 2 at 0.625 eV (the minimum
of the flux between the fission spectrum and the thermal peak)

@ Fast systems: at the threshold for fast fission - 1.35 MeV (around the top of the fast
spectrum.)

Noise simul
—ERANOS | |

10" 10> 10" 10* 10° 10" 10° 10° 10
Neutron energy (eV)

Figure 1. Energy spectrum of the flux in a fast reactor
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Fast systems

Fast systems - fission neutron source

The second modification concerns the fact that with the energy separation of 1.35 MeV, both
the prompt and the delayed neutrons will appear both in group 1 and 2 with the corresponding
spectral weight. Correspondingly, we define

Xp,1 - fraction of prompt fission neutrons appearing in group 1
Xp,2 - fraction of prompt fission neutrons appearing in group 2
Xd,1 - fraction of delayed neutrons appearing in group 1

Xd,2 - fraction of delayed neutrons appearing in group 2.

For thermal systems, x;,1 = Xxq¢,1 =1 and xp2 = xa2 = 0.
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Fast systems

Noise equations in fast systems (solid fuel)

The equations for the neutron noise in the two groups will read as

DiV? — 3 (w) VYo (w) 01 (z,w) Si(z.w)
= (9)
ZRQ(UJ) D2V2 — Zg(w) 5(;32(x,w) SQ(QE,W)
with
() = Xp12(1 = B) + xa12 — (10)
X1,2(W) = Xp1,2 f Xd1,2 T L\
W
Yiw) =20+ o +Xp—x1(w)v¥p (11)
W
So(w) = Tao + P X2(w) vEro (12)
Yro(w) = x1(w) vEso. (13)
and
Ypo(w) = Xg + x2(w) vEn (14)
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The noise sources in fast systems

The components of the noise source are given as

$1(0w) = (080 (2.0) + 08 p(z.w) — 1 () S (2.0) ) é1(a) -

(15)
X1(w) owEp, (z,w) o)
and
S(zw) = — (6ZRr(z.w) + x2(w) vEf1(w)) d1(x) + (16)
(0¥ q; (zw) — X2(w) 6vEf2) ¢2(z).
If Xp,1 = Xd,1 =1and xp2 = x42 =0 (thermal systems), then one has
\ .
) ==+ 2= (1 57) e e o (17)

i.e. all expressions revert to the former ones for thermal system. The above is therefore a
generalisation of the formalism which is valid for both thermal and fast systems.
Two-group noise theory in fast MSRs IMORN-33 2026-07-07 12 /38



Solution)

Solution for the Green’s matrix

With these definitions, the roots of the characteristic equation of (9) read as

. 1 El(w) Eg(w)
/ﬂ(w)——2< b T D, >+
(18)
1 /(Siw)  Zaw)\? Zro(w)rEie(w) — S (w) Ba(w)
2\/< 1Dl * QDz ) == f2D1D2 : =
and /s .
1/2(w)22< gi"u j)(;”)>+
(19)

1 [(Zi(w)  Tow)\? Tro(w)rEe(w) — 21 (w) Ba(w)
\/( 1Dl * i72 ) H4=5 2D1D2 : =
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Solution)

Solution

The equation can be solved columnwise for the Green's matrix, and the solution reads as
follows. Define the basic solutions which fulfil the boundary conditions as

/

sinu(w) (a + )] sinfu(w) (a— oY) @ <7
gu(ac,x/,w) = (20)

/

sinfp(w) (a — 2)] sinfu(w) (a +2)]; = >

and
sinh[v(w) (a + z)] sinh[v(w) (a — z)]; T <z’
g (7,2’ W) = (21)
sinh[v(w) (@ — )] sinh[v(w) (a + 2')]; x>,
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Solution)

The solution for the Green’s matrix

Then, one has for j = 1,2:

G, (z,2" W) 1 1
= A;L,j (w) gu(xa'rlvw) + AVj (W) gv(xaxlvw) (22)

Go (2,2 \w) (w) e (W)
with
() = Y1 (w) + Dy p?(w)
" - I/Efg (w)
and
_ Si(w) — Dy A (w)
o(w) =

v¥fa(w)

The four coefficients A,; and A,;, j = 1,2 are obtained from the continuity of the Green’s

function components and the discontinuity of the derivatives at z = z’.

Two-group noise theory in fast MSRs
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Solution)

Examples of Green’s functions for thermal and fast systems

Green's matrix components, X, = 0, w = 10 rad/sec

Green's matrix Jel , X = 0, w =10 rad/sec
— 16nl 200 — 16l
50 Gl Gl
6l 3
40) 150) 62l
= — l6al = — Gal
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Figure 2: Space dependence of the amplitude and the phase of the components of the Green's function
for 2o = 0 and w = 10 rad/s for a commercial BWR (left column) and for a large fluoride salt cooled
fast core
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Fast MSR

Neutron noise in fast MSRs

The following notations are introduced:

u: the speed of the fuel flow

H : height of the core

L : length of the external loop

T = H + L: the total length of the loop

Tc = H /u: the transit time of the fuel in the core

7, = L/u: the transit time of the fuel in the external loop

T = 7.+ 7, = T/u: the total recirculation time.
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Static equations for fast MSRs

The static two-group equations for an MSR read as follows in the = coordinate system, with
the system boundaries at x = +a:

DiV261(z) = (Sar + Br)¢1(z) + xp1 [VEp1(1 = B¢ (z) + vEp2(1 = B) d2(2)] + Xa1A Co(x) =0

DyV2¢o() — Baa¢a(x) + Lro1 () + xp2 [VEf1(1 — B)d1(2) + vEs2(1 — B) da(2)] 4+ Xa2A Co(z) =0

dC,
u C(;;x) = BvEnd1(z) + vEis2 d2(x)] — ACo()
(25)
Boundary conditions :
- vanishing of the fluxes at the extrapolated boundaries,
- for the precursors one has
C()(—.T) = C()(IIJ)@i)\TL (26)

Two-group noise theory in fast MSRs IMORN-33 2026-07-07 18 / 38



Fast MSR

Static equations: delayed neutron precursors

The equation for the delayed neutron precursors can be integrated, to express the precursors as
functions of the fluxes:

Gia) = B8 (g [ mnane) + S o'+

U —a

(27)
x
/ Tu [V2f1¢1( ) + I/ng ¢2(x/)} d.’L'/) .
—a
Analytical solution can only be obtained in the prompt recirculation (infinite fuel velocity)
approximation, in which case the above will simplify to

a

Co(z) = i [VEp1¢1(2") + vEj2 ¢2(a)] da'. (28)

AT
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Fast MSR

Static equations for the fluxes

Introducing the notations

Y1 =%a+Xr — xp1vEp1(1 - B), (29)
22 = Eag — Xp2 I/Efz(l - B), (30)
YRro = 2R+ Xp2 I/Efl(l — ,8), (31)

one obtains the static equations for the fast and slow flux in a matrix form as

DiV? =51 xpivEp(l-p) ] [ $1(z) }
P2(z)

Y Rr2 D2V2 —

Xd1 a
- [ ] %/ [VEp101(2") + vEp2 ¢o(a’)] da’.
Xd2 e

Two-group noise theory in fast MSRs IMORN-33 2026-07-07 20 / 38



The character of the static equation

The definite integrals on the r.h.s. of (32) are constants, hence the equation is formally an
inhomogeneous equation. Its solution can be sought as such (general solution of the
homogeneous plus a particular solution of the inhomogeneous.

On the other hand, even the constant term is proportional to the solution itself (it is its
integral), hence the equation is still homogeneous, whose solution is undetermined to a
constant factor, and has only a solution with a specific combination of the parameters
(=criticality condition).
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Fast MSR

The solution for the static flux

The particular solution of the inhomogeneous equation is a constant, thus a general solution
which satisfies the boundary conditions at * = £a has the form

¢1(z) 1 1
=A [ cos(pz) — cos(pua)| + B [cosh(vz) — cosh(va)]  (33)
¢2(.’E> oM Cy

where 112 and —v? are the two roots of the characteristic equation,

. YRz _ 21 + Dy i
" 22 + DQ,M2 Xpll/zfg (1 — ﬁ)

and )
by 1—D
_ R2 - = 1 1V (35)
Yo — Dov Xp1v2r2 (1 =)
Substituting the above into (32) yields a relationship between A and B, as well as the
criticality equation which has to be fulfilled.

Two-group noise theory in fast MSRs IMORN-33 2026-07-07 22 /38

Cv



The dynamic case

The dynamic equations

The equation for the space- and frequency dependent Green’s function matrix is given as

Xd11/2f1ﬁ(w)/ Xd1vE 2 B(w) /a da’

DiV? — ¥ (w) + da’ xp1 (1 — B) +

T . T -
X
b)) e b)) a
ERQ + Xd2 V 1]:1 /B(W) / dx/ D2v2 . 22(0‘)) + Xd2V ;"2 /B(W) / dxl
G11($,$0,W) G12($7$0,W) (5(1; — xo) 0
Go1(7,m.w)  Goa(7,70,w) 0 0(z — )
(36)

The integrals on the I.h.s. of Eq. (36) have to be taken with respect to the first argument of
the Green's function.
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The dynamic case

The dynamic equations

Here

Blw) = f— (37)
U AN+ iw
7 W
21(W) = Za1 + Zr — xp1vEa (1 — B) + Pt (38)
Tw
Yo(w) = Xaz — xpavZa(l — B) + o (39)
and

Ypo = XRr+ Xp2v2r1(1 = B). (40)
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Solution of the dynamic equations

Eq. (36) can be solved with a method similar to the solution of the transport equation as a
sum of the uncollided and collided flux.

The equation for the uncollided part has a Dirac delta source but no scattering (no integral
term), whereas the collided part has no Dirac delta singularity, but its source contains the
integral of the uncollided solution.

In an analogous manner, the full solution for the Greens function G of the MSR will be sought
as the sum of the unrecirculated (G") and the recirculated (G¢) terms:

G =Gu +Ge (41)
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The dynamic case

The equation for the unrecirculated part

The equation for the unrecirculated compoment GU of the Green's function reads as

D1V2 - El(w) Xpl V2f2<1 - 6) Gfl(x,xo,w) G&({E,xo,w)
Y Ro DoV — ¥o(w) G3y(z,20,w)  Gh(z,20,w) (42)
d(z — p) 0
0 0(x — xp)

This equation has formally the same form as for the traditional reactors, only the parameters
are different. Hence the solution of this component can be written down immediately and has
the same form as (22) (see next page).
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The dynamic case

The solution for the unrecirculated Green’s matrix

The roots of the characteristic equation are given as

2 1 /5 (w) | Ya(w)
“(“)_2<Dl * D2>+
(43)
1\/<E1(w) n Zz(w)>2 _  Z21(W) Zo(@) — Bre xp1 vEp2(1 — §)
2 Dy D, Dy Dy ’
and
2 1/ (w) | Ba(w)
vei(w) = 3 D + D, ) +
(44)

1 \/(El(w) Ez(w)>2 _ 421(00) Yo(w) — B2 xp1 vEf2(1 — B)
Dy Dy '
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The dynamic case

The solution for the unrecirculated Green’s matrix

The coupling constants ¢,(w) and ¢, (w) are given by

- Y R2 _ El(w) + DLLL2(W) (45)
M S(w) + Dop2(w)  xp1vEpe (1—B)
and
. — Y Ro _ Yi(w) — DA (w) (46)

Yo(w) = Dav?(w)  xpivEpa(1—5)°
Then, one has for j = 1,2:

Gl (z,3" w) 1 1
[ ] i [ ] Ay (@) gu(w,2' w) + [ } Avj (@) gu (22" w) (47)

Gy (z,2"\w) ¢ (W)
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The dynamic case

The solution for the unrecirculated component

The coefficients A,,;(w) and A,;(w), 7 = 1,2 are given by

e (W) Xp1 vEf2(1 — B)

A1) = D () sin2 o) a] (47() + 7)) 4

) =~ I D) “

Ayale) =~ e

and e Xp1 vEp2(1 — ) (51)

" D1 Dy v(w) sin2v(w) a] (12(w) + 2 (w))
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The equation for the recirculated part

The equation for the recirculated compoment Ge of the Green's function reads as

DV = 31(w) xp1vEp(l-p) G (z,20w)  Gfy(z,70,0)

YRo DoV? — %o (w) Gs)(z,20,w)  Gey(x,70,wW)

T

B(w) /a Xa1(vEp1 Gu1 +vEf2 Ga1)  xa1(VEf1 Giz + vEpe Gao) /
dx

@ | xa2(VEp1 G + v Go1)  Xa2(v3p1 Gia + vXra Gog)
On the right hand side of (52), one has the full Green's function under the integral sign, i.e.
Gy = G+ Gf (53)

and the integrals need to be performed w.r.t the first argument of the Green's function
Two-group noise theory in fast MSRs IMORN-33 2026-07-07 30 / 38



The dynamic case

The solution for the recirculated part

The equation has the same structure as the one for the static flux, and hence the solution can
be sought with the same method. Define the functions

pu(z,w) = cos[u(w) z] — cos[u(w) a (54)

and
¢y (z,w) = cosh[v(w) z] — cosh[v(w) a (55)

The two columns (j = 1,2) of the recirculated Green's function matrix are then written as
Gij(7,20,w) 1 1

= A]‘(xo,w) gDu(l',W) + Bj(x()vw) (pV($7w) (56)
Gs; (2,20,w) cu(w) o (w)

Two-group noise theory in fast MSRs IMORN-33 2026-07-07 31/38



The dynamic case

The solution for the recirculated part

To calculate the coefficients A;(2p,w) and B;(2p,w), we need to calculate the integrals on the
right hand side of (52). We will use the shorthand notations

R e (57)

v (10.w) = /_ g (apw)de = —2 Smh[”(i)(ﬁ ovla0,w) (58)

pule) = [ putian =2 (L - o cosfue) (59)

" a1 = [ oo =2 (TR o oy (60)
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The dynamic case

The solution for the recirculated part

This procedure will lead to a 2 X 2 matrix equation for the coefficient matrix A(xo,w)

Ay (myw)  Az(zo,w)
A (zo,w) = (61)
Bi(zg,w)  Ba(zp,w)

in the form

~ ~

M (w) A (z0,w) = L(w.w) (62)

From this the searched coefficients are obtained by inverting the equation,

~

A(z,w) = M (w) L(zp w) (63)
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The dynamic case

The solution for the recirculated part

The elements of the matrix M(xo,w) are given as follows:

M1 (w) = —Dy pi?(w) cos[p(w) a] + Xd’lTﬁ(w)(yEfl + cuvEp2) Gpu(w) (64)
Ms(w) = Dy v*(w) cosh[v(w) a] + Xd’lﬁ(w)(uilfl + ¢ vEf2) Gu(w) (65)
Moy (w) = — Dy ¢, pi*(w) cos[u(w) a] + Xd’QTﬁ(M)(VEﬂ + cuvEp2) Pu(w) (66)
and
Moy (w) = Dy ¢, v*(w) cosh[v(w) a] + Xd’lTﬁ(w)(yEfl + ey vEf2) Pu(w) (67)
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The dynamic case

The solution for the recirculated part

The elements of the matrix L(zp,w) are given as

 Xd,i Bw)

VB [ (00) u(@00) + Auy(0.6) G an0)] +

Lij(mo,w) =
(68)

Vg2 [0 Ay (00.0) (@) + o Auy (20.) 3 (20.0)] |
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The solution for the recirculated part

With the inverse M~!(w) written out, the solution for the coefficients A;(zp,w) and B; (10, w)
are given as follows:

Ar(zo.w) = [ M| [Maz(w) L1 (20,0) — Mia(w) La1(ao.w)], (69)
As(a.w) = [M |7 [Maz(w) Liz(20,w) — Mia(w) Laa(ao.0)], (70)
By (zo.w) = [ M|~ [~ Moy (w) L11(20,w) + Mi1(w) La1 (20.w)] (71)
" By(zo.w) = |M| ™[~ May (w) Lia(a0.w) + Mi1(w) Loz (z0.0)]. (72)

Here, | M| stands for the (signed, not absolute value) determinant of M(w).
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The full solution

With the above, the full analytical solution of the dynamic Green's matrix of the MSR in two
group theory, applicable for both thermal and fast MSRs in the prompt recirculation
approximation is available. The space-frequency dependent coefficients A,,;, A, A;, and B;,

j = 1,2 can all be calculated from the formulae above. The full solution in a columnwise
representation reads as

Gz, 2, w) 1 1
= A,LL,] (UJ) gu(:E? Ty, CU) + AI/,J (U)) gU(xy o, OJ) +
ngj(x, x(), w) C,M(w) Cu(w)
1 1
Aj(z0, w) ppu(z, w) + Bj(z0, w) pu (2, w)
Cu(w) ey (w)

(73)
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The dynamic case

Conclusion, future work

o Full solution of the 2-group MSR equations for fast systems was obtained in the prompt
recirculation approximation
@ Quantitative work is underway and will be reported in a journal publication soon

@ The main goal is to confirm that the suggestion put forward in the recent book that a
thermal MSR can be modelled by the equations of a traditional (solid fuel) reactor, but
with a reduced delayed neutron fraction, is also valid for fast systems.

Two-group noise theory in fast MSRs IMORN-33 2026-07-07 38 /38



	Motto
	Introduction
	Thermal systems
	Fast systems
	Solution)
	Fast MSR
	The dynamic case
	The dynamic case
	The dynamic case

