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3. SUSY BASICS

As already mentioned in the Introduction, SUSY is a symmetry between fermions and bosons. A SUSY generator
Q changes a fermion into a boson and vice versa:

Q|fermioni = |bosoni , Q|bosoni = |fermioni . (17)

Be aware that, while the generators of the Poincaré algebra (the algebra of space-time translations, rotations and
boosts) are bosonic operators (they do not change the spin of a particle), here we have introduced fermionic, hence
anti-commuting, operators!

For the following it is convenient to work in two-component Weyl notation. A four-component Dirac spinor is then
made of 2 Weyl spinors Q↵ and Q̄�̇ = (Q�)† with indices ↵ = 1, 2 and �̇ = 1, 2. (The use of normal undotted indices
for Q and dotted ones for Q̄ is simply a matter of convention.) Introducing one set of such fermionic generators,
corresponding to N = 1 supersymmetry, the algebra is given by

{Q↵, Q̄↵̇} = 2�µ
↵↵̇Pµ ,

{Q↵, Q�} = {Q̄↵̇, Q̄�̇} = 0 , (18)

[Q↵, Pµ] = [Q̄�̇ , Pµ] = 0 .

Here Pµ is the 4-momentum generator of space-time, �0 is the 2⇥2 identity matrix, and the �i are the Pauli matrices.
This constitutes an extension of ‘ordinary’ space-time by anti-commuting coordinates, xµ ! X = (xµ, ✓↵, ✓̄↵̇). X
is called the super-space. It combines the relativistic ‘external’ symmetries, such as Lorentz invariance, with the
‘internal’ symmetries of a field, such as weak isospin, and is in fact the unique extension [8] of the Poincaré algebra.

The new coordinates ✓ and ✓̄ are so-called Grassmann variables, or more precisely Grassmann spinors. Grassmann
variables have the property that they anti-commute with other Grassmann variables, {✓↵, ✓�} = {✓↵, ✓̄�̇} = 0, and
commute with any ordinary variable. Moreover, the product of a Grassman spinor with itself is given by ✓✓ =
✓1✓1 + ✓2✓2 = �2✓1✓2, and analogously for ✓̄, while any higher product of ✓’s (or ✓̄’s) vanishes. This means that any
Taylor expansion in ✓ (✓̄) will terminate in the ✓✓ (✓̄✓̄) term.

In conventional quantum field theory, particles are represented by fields which are functions of the four space-time
coordinates. The Poincaré algebra translates into di↵erential operators acting on these fields, e.g.,
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Going from Minkowski space to super-space, we introduce the SUSY generators in di↵erential form,
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These operators now act on superfields, which are functions of xµ, ✓, and ✓̄. To determine the particle content, we
expand superfields in powers of ✓ and ✓̄. Conventional four-dimensional fields then appear as the coe�cients of the
expansion. This is completely analogous to the case of higher space-time dimensions, where a Fourier expansion in
the extra-dimensional coordinates produces a zero-mode particle and a tower of (infinite) Kaluza-Klein states in four
dimensions. The important di↵erence is that in the SUSY case the expansion in ✓ and ✓̄ terminates and hence leads
to a finite number of four-dimensional particles.

The simplest case is a chiral superfield, also called matter or scalar superfield, which depends only on ✓ (likewise,
an anti-chiral superfield depends only on ✓̄):

 (x, ✓) = �(x) +
p

2 ✓↵ ↵(x) + ✓✓F (x) . (21)

It contains a Weyl fermion  and a complex scalar �. The auxiliary field F has mass dimension 2 and is necessary
to close the algebra o↵-shell, i.e. to make the numbers of fermionic and bosonic degrees of freedom match on-shell
as well as o↵-shell. It has no physical degrees of freedom and can be removed by applying its equation of motion;
however, it plays an important role in SUSY breaking.

Obviously the quarks and leptons of the SM, being chiral fermions, can be accommodated in chiral superfields (21).
Here note also that the states in the same superfield carry the same gauge quantum numbers. We see already that
it is not possible to build a supersymmetric theory from SM fields only. Rather, SUSY requires the existence of
new states, so-called superpartners. The quarks and leptons of the SM hence each obtain scalar partners, so-called


