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M OTIVATION I
What about superfluidity in 1D?
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M OTIVATION I
What about superfluidity in 1D?

Landau’s criterion for superfluidity
[E. M. Lifshitz and L. P. Pitaevskii, Statistical Physics, Part 2, Pergamon Press, Oxford]

v < ε/p sound modes at low energy linear, i.e., ε = cp
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M OTIVATION I
What about superfluidity in 1D?

Landau’s criterion for superfluidity
[E. M. Lifshitz and L. P. Pitaevskii, Statistical Physics, Part 2, Pergamon Press, Oxford]

v < ε/p sound modes at low energy linear, i.e., ε = cp

The drag force (from Bethe-Ansatz) forv ≪ c
[G. E. Astrakharchik and L. P. Pitaevskii, Phys. Rev. A70013608 (2004)]

Fdrag ∝ v2K−1 K : Luttinger parameter

(Tonks-Girardeau gas: K=1)
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M OTIVATION I
What about superfluidity in 1D?

Landau’s criterion for superfluidity
[E. M. Lifshitz and L. P. Pitaevskii, Statistical Physics, Part 2, Pergamon Press, Oxford]

v < ε/p sound modes at low energy linear, i.e., ε = cp

The drag force (from Bethe-Ansatz) forv ≪ c
[G. E. Astrakharchik and L. P. Pitaevskii, Phys. Rev. A70013608 (2004)]

Fdrag ∝ v2K−1 K : Luttinger parameter

(Tonks-Girardeau gas: K=1)

Angular momentum enters in
quanta of̄h/m via the
formation of a soliton into
1D Bose gas
[R. Kanamoto, L. D. Carr, and M. Ueda, Phys.

Rev. A81023625 (2010)]
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M OTIVATION II

[A. Ramanathan et al, Phys. Rev. Lett.106130401 (2011)]

Persistant currents in a toroidal 3D
BEC

Decay of superflow due to a weak
link in the BEC
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M OTIVATION II

[A. Ramanathan et al, Phys. Rev. Lett.106130401 (2011)]

Persistant currents in a toroidal 3D
BEC

Decay of superflow due to a weak
link in the BEC

[T. Kinoshita, T. Wenger, and D. S. Weiss, Science3055687 (2004)]

Realization of a strongly interacting
Bose-gas (Tonks-Girardeau gas)

For very strong interactions fermionic
properties become visible

γ =
Vint

Ekin
=

g1D n1D

h̄2n2
1D/m
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THE SYSTEM

We want to study a system that allows to adress superfluidity in 1D!

Christoph Schenke, Anna Minguzzi and Frank Hekking Laboratoire de Physique et Modélisation des Milieux Condensés Grenoble

Exact solution for the stirring of a one-dimensional interacting Bose gas on a ring trap



The Search for 1D Superfluidity The Exact Solution Superfluid Properties of the Tonks-Girardeau Gas Superpositions and Entanglement

THE SYSTEM

We want to study a system that allows to adress superfluidity in 1D!

System ofN identical bosons of massm

confined to a 1D ring geometry
of circumferenceL
stirred by an external
time-dependent potential
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THE SYSTEM

We want to study a system that allows to adress superfluidity in 1D!

System ofN identical bosons of massm

confined to a 1D ring geometry
of circumferenceL
stirred by an external
time-dependent potential

The Hamiltonian

H = HLL +Vext(t)

HLL =
N

∑
l=1

− h̄2

2m
∂ 2

∂x2
l

︸ ︷︷ ︸

Ekin

+g ∑
j<l

δ (xj − xl)

︸ ︷︷ ︸

Vint

and Vext(t) = U0 δ (xl − vt)
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THE L IEB -LINIGER M ODEL

The Lieb-Liniger Hamiltonian

HLL =
N

∑
l=1

− h̄2

2m
∂ 2

∂x2
l

+g ∑
j<l

δ (xj − xl)
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THE L IEB -LINIGER M ODEL

The Lieb-Liniger Hamiltonian

HLL =
N

∑
l=1

− h̄2

2m
∂ 2

∂x2
l

+g ∑
j<l

δ (xj − xl)

Bethe-Ansatz−→ exactly solvable for arbitrary interaction strengthγ = gm/h̄2n
[E. H. Lieb and W. Liniger, Phys. Rev 130, 1605 (1963), E. H. Lieb, Phys. Rev 130, 1616 (1963) ]
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THE EXTERNAL POTENTIAL

The time-dependent external Potential

Vext(t) = U0

N

∑
l=1

δ (xl − vt)

Christoph Schenke, Anna Minguzzi and Frank Hekking Laboratoire de Physique et Modélisation des Milieux Condensés Grenoble

Exact solution for the stirring of a one-dimensional interacting Bose gas on a ring trap



The Search for 1D Superfluidity The Exact Solution Superfluid Properties of the Tonks-Girardeau Gas Superpositions and Entanglement

THE EXTERNAL POTENTIAL

The time-dependent external Potential

Vext(t) = U0

N

∑
l=1

δ (xl − vt)

breaks translational invariance−→ Hamiltoniannot solvablewith the Bethe Ansatz!
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THE EXTERNAL POTENTIAL

The time-dependent external Potential

Vext(t) = U0

N

∑
l=1

δ (xl − vt)

breaks translational invariance−→ Hamiltoniannot solvablewith the Bethe Ansatz!

Islands of exact solvability

g = 0 ideal bosons
g = ∞ (=̂K = 1) Tonks-Girardeau gas of impenetrable (hardcore) bosons
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THE EXTERNAL POTENTIAL

The time-dependent external Potential

Vext(t) = U0

N

∑
l=1

δ (xl − vt)

breaks translational invariance−→ Hamiltoniannot solvablewith the Bethe Ansatz!

Islands of exact solvability

g = 0 ideal bosons
g = ∞ (=̂K = 1) Tonks-Girardeau gas of impenetrable (hardcore) bosons

Initial condition: barrier at rest att = 0
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THE EXTERNAL POTENTIAL

The time-dependent external Potential

Vext(t) = U0

N

∑
l=1

δ (xl − vt)

breaks translational invariance−→ Hamiltoniannot solvablewith the Bethe Ansatz!

Islands of exact solvability

g = 0 ideal bosons
g = ∞ (=̂K = 1) Tonks-Girardeau gas of impenetrable (hardcore) bosons

Initial condition: barrier at rest att = 0

PBCs for the many-body wavefunction atx = ± L
2
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THE M ANY-BODY WAVEFUNCTION

Wavefunction forideal bosonsis a product of “lowest” single particle wavefunction
ψ1(xℓ, t) (factorizable)

Ψid(x1...xN , t) = ∏
ℓ

ψ1(xℓ, t)
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THE M ANY-BODY WAVEFUNCTION

Wavefunction forideal bosonsis a product of “lowest” single particle wavefunction
ψ1(xℓ, t) (factorizable)

Ψid(x1...xN , t) = ∏
ℓ

ψ1(xℓ, t)

Wavefunction forimpenetrable bosons(strongly correlated particles)
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THE M ANY-BODY WAVEFUNCTION

Wavefunction forideal bosonsis a product of “lowest” single particle wavefunction
ψ1(xℓ, t) (factorizable)

Ψid(x1...xN , t) = ∏
ℓ

ψ1(xℓ, t)

Wavefunction forimpenetrable bosons(strongly correlated particles)

IDEA: The cusp-conditions for the particle interaction
(

∂
∂xj

− ∂
∂xl

)

Ψ
∣
∣
∣
xj=x+

l

−
(

∂
∂xj

− ∂
∂xl

)

Ψ
∣
∣
∣
xj=x−l

= 2
gm

h̄2 Ψ
∣
∣
∣
xj=xl

equivalent to the Pauli-exclusion principle of non-interacting Fermions forg = ∞
[M. D. Girardeau, J. Math. Phys. 1, 516 (1960)]
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THE M ANY-BODY WAVEFUNCTION

Wavefunction forideal bosonsis a product of “lowest” single particle wavefunction
ψ1(xℓ, t) (factorizable)

Ψid(x1...xN , t) = ∏
ℓ

ψ1(xℓ, t)

Wavefunction forimpenetrable bosons(strongly correlated particles)

IDEA: The cusp-conditions for the particle interaction
(

∂
∂xj

− ∂
∂xl

)

Ψ
∣
∣
∣
xj=x+

l

−
(

∂
∂xj

− ∂
∂xl

)

Ψ
∣
∣
∣
xj=x−l

= 2
gm

h̄2 Ψ
∣
∣
∣
xj=xl

equivalent to the Pauli-exclusion principle of non-interacting Fermions forg = ∞
[M. D. Girardeau, J. Math. Phys. 1, 516 (1960)]

Interactions ≡ Pauli-principle
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THE M ANY-BODY WAVEFUNCTION II

Wavefunction forimpenetrable bosonsobtained from time-dependent Fermi Bose
mapping theorem
[M. D. Girardeau and E. M. Wright, Phys. Rev. Lett. 84 5691 (2000)]

ΨTG(x1...xN , t) = A(x1, ...,xN , t)ΨF(x1, ...,xN , t)

with







A(x1, ...,xN , t) = Mapping Function

ΨF(x1, ...,xN , t) = 1√
N!

det[ψl(xk, t)]
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THE M ANY-BODY WAVEFUNCTION II

Wavefunction forimpenetrable bosonsobtained from time-dependent Fermi Bose
mapping theorem
[M. D. Girardeau and E. M. Wright, Phys. Rev. Lett. 84 5691 (2000)]

ΨTG(x1...xN , t) = A(x1, ...,xN , t)ΨF(x1, ...,xN , t)

with







A(x1, ...,xN , t) = Mapping Function

ΨF(x1, ...,xN , t) = 1√
N!

det[ψl(xk, t)]

The mapping function must restore the bosonic symmetry under particle exchange

A(x1, ...,xN , t) = ∏
i>j

sgn[xi − xj]
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THE M ANY-BODY WAVEFUNCTION II

Wavefunction forimpenetrable bosonsobtained from time-dependent Fermi Bose
mapping theorem
[M. D. Girardeau and E. M. Wright, Phys. Rev. Lett. 84 5691 (2000)]

ΨTG(x1...xN , t) = A(x1, ...,xN , t)ΨF(x1, ...,xN , t)

with







A(x1, ...,xN , t) = Mapping Function

ΨF(x1, ...,xN , t) = 1√
N!

det[ψl(xk, t)]

The mapping function must restore the bosonic symmetry under particle exchange

A(x1, ...,xN , t) = ∏
i>j

sgn[xi − xj]
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THE ROTATING FRAME

Move to the rotating frame via two unitary transformations (gauge transformations)

U1 = e−
i
h̄ p̂ v t translation by vt

U2 = e
i
h̄ q x̂ momentum shift by q = mv/h̄
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THE ROTATING FRAME

Move to the rotating frame via two unitary transformations (gauge transformations)

U1 = e−
i
h̄ p̂ v t translation by vt

U2 = e
i
h̄ q x̂ momentum shift by q = mv/h̄

A stationary Schr̈odinger equation is obtained

Ẽj ϕ̃j(x) =

(

− h̄2

2m
∂ 2

∂x2 +U0 δ (x)

)

ϕ̃j(x)
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THE ROTATING FRAME

Move to the rotating frame via two unitary transformations (gauge transformations)

U1 = e−
i
h̄ p̂ v t translation by vt

U2 = e
i
h̄ q x̂ momentum shift by q = mv/h̄

A stationary Schr̈odinger equation is obtained

Ẽj ϕ̃j(x) =

(

− h̄2

2m
∂ 2

∂x2 +U0 δ (x)

)

ϕ̃j(x)

BUT! there is a price to pay
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THE ROTATING FRAME

Move to the rotating frame via two unitary transformations (gauge transformations)

U1 = e−
i
h̄ p̂ v t translation by vt

U2 = e
i
h̄ q x̂ momentum shift by q = mv/h̄

A stationary Schr̈odinger equation is obtained

Ẽj ϕ̃j(x) =

(

− h̄2

2m
∂ 2

∂x2 +U0 δ (x)

)

ϕ̃j(x)

BUT! there is a price to pay

PBCs =⇒ TBCs (twisted boundary conditions)

ψl(xl, t) = ψl(xl +L, t) ϕ̃j(xl) = eiqL ϕ̃j(xl +L)
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THE ROTATING FRAME

Move to the rotating frame via two unitary transformations (gauge transformations)

U1 = e−
i
h̄ p̂ v t translation by vt

U2 = e
i
h̄ q x̂ momentum shift by q = mv/h̄

A stationary Schr̈odinger equation is obtained

Ẽj ϕ̃j(x) =

(

− h̄2

2m
∂ 2

∂x2 +U0 δ (x)

)

ϕ̃j(x)

BUT! there is a price to pay

PBCs =⇒ TBCs (twisted boundary conditions)

ψl(xl, t) = ψl(xl +L, t) ϕ̃j(xl) = eiqL ϕ̃j(xl +L)

The time-dependent single-particle wavefunction

ψl(x, t) = eiqx e−
i

2m q2t ∑
j

cjl e−iẼjt ϕ̃j(x− vt)
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THE WAVEVECTOR L ANDSCAPE

Single particle wavevectors vs stirring momentum (q = mv
h̄ )

kj = λ
sin(kjL)

cos(qL)−cos(kjL)
with λ =

m U0

h̄2
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THE BANDSTRUCTURE

The energy bands of the TG-Gas:

EGS
TG =

N

∑
j=1

Ej where Ej =
h̄2k2

j

2m
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THE BANDSTRUCTURE

The energy bands of the TG-Gas:

EGS
TG =

N

∑
j=1

Ej where Ej =
h̄2k2

j

2m

The parabolas represent states of different angular momentum
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THE REDUCED SINGLE PARTICLE DENSITY M ATRIX

The Single-particle density matrix (SPDM)

ρB(t) = |ΨTG(t)〉〈ΨTG(t)|
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THE REDUCED SINGLE PARTICLE DENSITY M ATRIX

The Single-particle density matrix (SPDM)

ρB(t) = |ΨTG(t)〉〈ΨTG(t)|

The reduced single-particle density matrix (RSPDM)

ρB(x,y, t) = N
∫

dx2....dxNΨ∗
TG(x,x2...xN , t)ΨTG(y,x2...xN , t)
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THE REDUCED SINGLE PARTICLE DENSITY M ATRIX

The Single-particle density matrix (SPDM)

ρB(t) = |ΨTG(t)〉〈ΨTG(t)|

The reduced single-particle density matrix (RSPDM)

ρB(x,y, t) = N
∫

dx2....dxNΨ∗
TG(x,x2...xN , t)ΨTG(y,x2...xN , t)

in terms of single particle wavefunctions
[R. Pezer and H. Buljan, Phys. Rev. Lett. 98 240403 (2007)]

ρB(x,y, t) =
N

∑
i,j=1

ψ∗
i (x, t)Aij(x,y, t)ψj(y, t)

A(x,y, t) =
(

P−1(x,y, t)
)T

det
(

P(x,y, t)
)

Pij(x,y, t) = δi,j −2
∫ y

x
dx ′ ψ∗

i (x ′, t)ψj(x
′, t)
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THE INTEGRATED PARTICLE CURRENT

The adiabatic current Iad = Nq− ∂E
∂q
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THE INTEGRATED PARTICLE CURRENT

The adiabatic current Iad = Nq− ∂E
∂q

The nonadiabatic current 〈I 〉 = 1
L

1
τ
∫ ∫ 〈ΨTG(t)| j(x)|ΨTG(t)〉

with j(x) = i h̄
2 m ∑j (δ (x− xj)∂x +∂xδ (x− xj))
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THE INTEGRATED PARTICLE CURRENT

The adiabatic current Iad = Nq− ∂E
∂q

The nonadiabatic current 〈I 〉 = 1
L

1
τ
∫ ∫ 〈ΨTG(t)| j(x)|ΨTG(t)〉

with j(x) = i h̄
2 m ∑j (δ (x− xj)∂x +∂xδ (x− xj))

[C. Schenke, M. Minguzzi and F.W.J. Hekking, Phys. Rev. A 85 053627 (2012)]
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THE CURRENT-CURRENT FLUCTUATIONS

The current-current correlation function

C2(x,y, t) = 〈ΨTG(t)|j(x)j(y)|ΨTG(t)〉
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THE CURRENT-CURRENT FLUCTUATIONS

The current-current correlation function

C2(x,y, t) = 〈ΨTG(t)|j(x)j(y)|ΨTG(t)〉

The current-current fluctuations ∆I =
√

〈I 2〉−〈I 〉2

with 〈I2〉 =
1
L2

1
τ

∫ τ/2

−τ/2

∫ L/2

−L/2
dxdy C2(x,y, t)
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THE DRAG FORCE

The classical force on the particles (Ehrenfest theorem)

Fclass =

〈
∂ p
∂ t

〉

=
i
h̄
〈[H,p]〉 = − i

h̄
〈pVext〉 = −〈ψ∗

l (x, t)|
(

∂
∂x

Vext(x, t)

)

|ψl(x, t)〉

= −
∫ L/2

−L/2
dx ρ(x,x, t)∂xVext(x, t) = U0∂xρ(x,x, t)

∣
∣
∣
x=0
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∣
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x=0

The drag force on the barrier is the counter force FDrag = −Fclass
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The classical force on the particles (Ehrenfest theorem)
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〈pVext〉 = −〈ψ∗
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(

∂
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)

|ψl(x, t)〉

= −
∫ L/2

−L/2
dx ρ(x,x, t)∂xVext(x, t) = U0∂xρ(x,x, t)

∣
∣
∣
x=0
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TimescaleT = L2m/(h̄π)
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THE T IME -DEPENDENCE

Current vs time atq = 4π
L
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THE T IME -DEPENDENCE

Current vs time atq = 4π
L

The time-scale of the oscillation is given by 10T whereT = L2m/(h̄π)
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THE T IME -DEPENDENCE

Current vs time atq = 4π
L

The time-scale of the oscillation is given by 10T whereT = L2m/(h̄π)

⇒ oscillation frequency≃ highest occupied avoided level crossing
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THE M OMENTUM DISTRIBUTION

Momentum Dist.: nB(k,q, t) =
∫

dx
∫

dy eik(x−y)ρB(x,y,q, t)
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THE STATE

What kind of state are we dealing with?
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SUPERPOSITIONS OF PARTICLE STATES

What about Superpositions and Entanglement?
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SUPERPOSITIONS OF PARTICLE STATES

What about Superpositions and Entanglement?

Experimentally realized with
Photons in a cavity
[S. Delegise et al, Nature455510 (2008)]
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SUPERPOSITIONS OF PARTICLE STATES

What about Superpositions and Entanglement?

Experimentally realized with
Photons in a cavity
[S. Delegise et al, Nature455510 (2008)]

negative Wigner function
=⇒ state is non-classical
Entanglement
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SUPERPOSITIONS OF PARTICLE STATES

What about Superpositions and Entanglement?

Experimentally realized with
Photons in a cavity
[S. Delegise et al, Nature455510 (2008)]

negative Wigner function
=⇒ state is non-classical
Entanglement

But! No experiment with
cold atoms so far
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SUPERPOSITIONS OF PARTICLE STATES

What about Superpositions and Entanglement?

Experimentally realized with
Photons in a cavity
[S. Delegise et al, Nature455510 (2008)]

negative Wigner function
=⇒ state is non-classical
Entanglement

But! No experiment with
cold atoms so far

Theoretical predictions for ultracold atomic gases
−→ in Bose Josephson Junctions (superposition of coherent states)
[G. Ferrini, A. Minguzzi, F.W. Hekking, PRA 78, 023606 (2008); PRA 80, 043628 (2009)]
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SUPERPOSITIONS OF BOSONS ON A RING

Have been analyzed for weak/intermediate interaction strength
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SUPERPOSITIONS OF BOSONS ON A RING

Have been analyzed for weak/intermediate interaction strength

Superposition of current states
=⇒for adiabatic stirring the states

|L〉 and|L+1〉
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SUPERPOSITIONS OF BOSONS ON A RING

Have been analyzed for weak/intermediate interaction strength

Superposition of current states
=⇒for adiabatic stirring the states

|L〉 and|L+1〉

weak interactions: realization of a ”NOON”∝ |N,0〉+ |0,N〉 state
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SUPERPOSITIONS OF BOSONS ON A RING

Have been analyzed for weak/intermediate interaction strength

Superposition of current states
=⇒for adiabatic stirring the states

|L〉 and|L+1〉

weak interactions: realization of a ”NOON”∝ |N,0〉+ |0,N〉 state

velocity quench in superlattices leads to
Rabi-like oscillations
=⇒ superposition of the statesq = 0 and
q = 2q0

|NOON〉 ∝ [(b†
0)

N +(b†
2q0

)N |vac〉
[A. Nunnenkamp, A.M. Rey, K. Burnett, PRA 77, 023622 (2008)]
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SUPERPOSITIONS OF BOSONS ON A RING

Have been analyzed for weak/intermediate interaction strength

Superposition of current states
=⇒for adiabatic stirring the states

|L〉 and|L+1〉

weak interactions: realization of a ”NOON”∝ |N,0〉+ |0,N〉 state

velocity quench in superlattices leads to
Rabi-like oscillations
=⇒ superposition of the statesq = 0 and
q = 2q0

|NOON〉 ∝ [(b†
0)

N +(b†
2q0

)N |vac〉
[A. Nunnenkamp, A.M. Rey, K. Burnett, PRA 77, 023622 (2008)]

interactions−→ fidelity ≃ 0.8

=⇒ no ”NOON”-state
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M ACROSCOPIC SUPERPOSITION OF STRONGLY

INTERACTING BOSONS (TONKS-GIRARDEAU GAS )

Why are strongly interacting Bosons favorable?
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M ACROSCOPIC SUPERPOSITION OF STRONGLY

INTERACTING BOSONS (TONKS-GIRARDEAU GAS )

Why are strongly interacting Bosons favorable?

weak interactions are harmful: small energy splittings
−→ long oscillation times between the ”two-level systems”
−→ sensitive to particle loss (decoherence)
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M ACROSCOPIC SUPERPOSITION OF STRONGLY

INTERACTING BOSONS (TONKS-GIRARDEAU GAS )

Why are strongly interacting Bosons favorable?

weak interactions are harmful: small energy splittings
−→ long oscillation times between the ”two-level systems”
−→ sensitive to particle loss (decoherence)

free particles or strong interactions: level
splitting between ground-state and 1st excited
state is maximal
[D.W. Hallwood, T. Ernst, J. Brandt, PRA 82, 063623 (2010)]
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INTERACTING BOSONS (TONKS-GIRARDEAU GAS )

Why are strongly interacting Bosons favorable?

weak interactions are harmful: small energy splittings
−→ long oscillation times between the ”two-level systems”
−→ sensitive to particle loss (decoherence)

free particles or strong interactions: level
splitting between ground-state and 1st excited
state is maximal
[D.W. Hallwood, T. Ernst, J. Brandt, PRA 82, 063623 (2010)]

Moreover: fermionization prevents two- and three-body losses
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M ACROSCOPIC SUPERPOSITION OF STRONGLY

INTERACTING BOSONS (TONKS-GIRARDEAU GAS )

Why are strongly interacting Bosons favorable?

weak interactions are harmful: small energy splittings
−→ long oscillation times between the ”two-level systems”
−→ sensitive to particle loss (decoherence)

free particles or strong interactions: level
splitting between ground-state and 1st excited
state is maximal
[D.W. Hallwood, T. Ernst, J. Brandt, PRA 82, 063623 (2010)]

Moreover: fermionization prevents two- and three-body losses

Ideal candidate for robust superpositions
=⇒ Tonks Girardeau gas
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SUPERPOSITIONS IN THE TG-L IMIT

typical momentumq = qF ≫ π
L

=⇒ adiabatic coupling of states is not
resolvable!
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SUPERPOSITIONS IN THE TG-L IMIT

typical momentumq = qF ≫ π
L

=⇒ adiabatic coupling of states is not
resolvable!

Solution: Out of equilibrium drive (Quench)

here:qF = 2π
L andq0 = 4π

L
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Solution: Out of equilibrium drive (Quench)
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SUPERPOSITIONS IN THE TG-L IMIT II

occupation number distribution:
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THE W IGNER FUNCTION (9 PARTICLES )

Wigner Function: fw(k,R, t) =
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dr ρB(R+ r/2,R− r/2,q, t)eikr
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THE W IGNER FUNCTION (9 PARTICLES )

Wigner Function: fw(k,R, t) =
∫

dr ρB(R+ r/2,R− r/2,q, t)eikr

[C. Schenke, M. Minguzzi and F.W.J. Hekking, Phys. Rev. A 84 053636 (2011)]
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T IME OF FLIGHT

Dynamics of the transfer of angular momentum

TOF: nTOF(k) =
∫

d3x
∫

d3y ρring
B (x,y, t)eik(x−y)

Christoph Schenke, Anna Minguzzi and Frank Hekking Laboratoire de Physique et Modélisation des Milieux Condensés Grenoble

Exact solution for the stirring of a one-dimensional interacting Bose gas on a ring trap



The Search for 1D Superfluidity The Exact Solution SuperfluidProperties of the Tonks-Girardeau Gas Superpositions and Entanglement

SUMMARY AND PERSPECTIVES

TG gas on a ring

Summary

Exact solution for sudden stirring

Mesoscopic superfluidity

Quantum interferences can be seen in
the time of flight images

Perspectives

Out-of-equilibrium description beyond TG limit?
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THE PHYSICAL OBSERVABLES

Density Profile: ρB(x,x,q, t)

Current: Il(t) =
∫

dx h̄
m Im

{

ψ∗
l (x, t) ∂

∂x ψl(x, t)
}

Drag-Force: Fd = 〈ψ∗
l (x, t)|

(
∂
∂x Vext(x, t)

)

|ψl(x, t)〉

Momentum Dist.: nB(k,q, t) =
∫

dx
∫

dy eik(x−y)ρB(x,y,q, t)

Wigner Function: fw(k,R, t) =
∫

dr ρB(R+ r/2,R− r/2,q, t)eikr

TOF: nTOF(k) =
∫

d3x
∫

d3y ρring
B (x,y, t)eik(x−y)

Note:

⇒ ρring
B (r,θ ,z;r ′,θ ′,z ′; t) = δ (r−R)δ (r ′−R)δ (z)δ (z ′)ρB(Rθ ,Rθ ′, t)

⇒ Angular Momentum: L = L
2π I

⇒ Center of Mass Coord: r = x− y and R = (x+ y)/2
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THE SINGLE -PARTICLE WAVEFUNCTION

The time-dependent single-particle wavefunction

ψl(x, t) = eiqx e−
i

2m q2t ∑
j

cjl e−iẼjt ϕ̃j(x− vt)

Coefficients determined through the initial conditionψl(x, t = 0) = ϕl(x)

cjl =
∫ L

0
dx e−iqx ϕ̃∗

j (x) ϕl(x)

where
(

− h̄2

2m
∂ 2

∂x2 +U0 δ (x)

)

ϕl(x) = εl ϕl(x)
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THE SINGLE -PARTICLE ORBITALS

Ansatz

ϕ̃j(x) =







ϕ̃−
j (x) = 1

N−

(

eikjx + γ−j e−ikjx
)

x ∈ [− L
2 ,0]

ϕ̃+
j (x) = 1

N+

(

eikjx + γ+
j e−ikjx

)

x ∈ [0, L
2 ]
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THE SINGLE -PARTICLE ORBITALS

Ansatz

ϕ̃j(x) =







ϕ̃−
j (x) = 1

N−

(

eikjx + γ−j e−ikjx
)

x ∈ [− L
2 ,0]

ϕ̃+
j (x) = 1

N+

(

eikjx + γ+
j e−ikjx

)

x ∈ [0, L
2 ]

Unknownskj, Ñ
+
j , Ñ−

j ,γ+
j ,γ−j determined by the matching conditions

1 Normalization

2 TBCs

3 Cusp Conditions
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THE SINGLE -PARTICLE ORBITALS

Ansatz

ϕ̃j(x) =







ϕ̃−
j (x) = 1

N−

(

eikjx + γ−j e−ikjx
)

x ∈ [− L
2 ,0]

ϕ̃+
j (x) = 1

N+

(

eikjx + γ+
j e−ikjx

)

x ∈ [0, L
2 ]

Unknownskj, Ñ
+
j , Ñ−

j ,γ+
j ,γ−j determined by the matching conditions

1 Normalization

2 TBCs

3 Cusp Conditions
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THE SINGLE -PARTICLE ORBITALS II

The complete set of orbitals forq 6= π
L n n = 1,2,3...

ϕ̃j(x) =







ϕ̃−
j (x) = 1

Ñj
eiq L

2

(

eikj(x+
L
2 ) + A(kj,q) e−ikj(x+

L
2 )
)

x ∈ [− L
2 ,0]

ϕ̃+
j (x) = 1

Ñj
e−iq L

2

(

eikj(x− L
2 ) + A(kj,q) e−ikj(x− L

2 )
)

x ∈ [0, L
2 ]
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THE SINGLE -PARTICLE ORBITALS II

The complete set of orbitals forq 6= π
L n n = 1,2,3...

ϕ̃j(x) =







ϕ̃−
j (x) = 1

Ñj
eiq L

2

(

eikj(x+
L
2 ) + A(kj,q) e−ikj(x+

L
2 )
)

x ∈ [− L
2 ,0]

ϕ̃+
j (x) = 1

Ñj
e−iq L

2

(

eikj(x− L
2 ) + A(kj,q) e−ikj(x− L

2 )
)

x ∈ [0, L
2 ]

with

Ñj =

√

L

(

1+A2(kj,q)+2A(kj,q)
sin(kjL)

kjL

)

A(kj,q) =
sin
(
(kj +q) L

2

)

sin
(
(kj −q) L

2

)
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THE SINGLE -PARTICLE ORBITALS II

The complete set of orbitals forq 6= π
L n n = 1,2,3...

ϕ̃j(x) =







ϕ̃−
j (x) = 1

Ñj
eiq L

2

(

eikj(x+
L
2 ) + A(kj,q) e−ikj(x+

L
2 )
)

x ∈ [− L
2 ,0]

ϕ̃+
j (x) = 1

Ñj
e−iq L

2

(

eikj(x− L
2 ) + A(kj,q) e−ikj(x− L

2 )
)

x ∈ [0, L
2 ]

with

Ñj =

√

L

(

1+A2(kj,q)+2A(kj,q)
sin(kjL)

kjL

)

A(kj,q) =
sin
(
(kj +q) L

2

)

sin
(
(kj −q) L

2

)

kj = λ
sin(kjL)

cos(qL)−cos(kjL)
transcendental equation!
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THE TRANSCENDENTAL EQUATION

Solutions for the transcendental equationkj = λ sin(kjL)

cos(qL)−cos(kjL) with λ = m U0
h̄2
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THE TRANSCENDENTAL EQUATION

Solutions for the transcendental equationkj = λ sin(kjL)

cos(qL)−cos(kjL) with λ = m U0
h̄2

For q = 0.2π
L
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THE TRANSCENDENTAL EQUATION

Solutions for the transcendental equationkj = λ sin(kjL)

cos(qL)−cos(kjL) with λ = m U0
h̄2

For q = 0.2π
L
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For q = π
L n n = 1,2,3... this reduces to
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THE SINGLE -PARTICLE ORBITALS III
Need to distinguish betweenevenandodd states forq = π

L n n = 1,2,3...

q = 2πn
L

ϕ̃e
j (x) =

2
Nj

cos

(

kj(|x|−
L
2

)

)

ϕ̃o
l (x) =

√

2
L

sin(klx)
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THE SINGLE -PARTICLE ORBITALS III
Need to distinguish betweenevenandodd states forq = π

L n n = 1,2,3...

q = 2πn
L

ϕ̃e
j (x) =

2
Nj

cos

(

kj(|x|−
L
2

)

)

ϕ̃o
l (x) =

√

2
L

sin(klx)

with

kj = λ
cos
(
kj

L
2

)

sin
(
kj

L
2

)

kl =
2πl
L

l = 1,2,3...
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L

ϕ̃e
j (x) =

2
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cos

(

kj(|x|−
L
2

)

)

ϕ̃o
l (x) =

√

2
L

sin(klx)

with

kj = λ
cos
(
kj

L
2

)

sin
(
kj

L
2

)

kl =
2πl
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l = 1,2,3...
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THE SINGLE -PARTICLE ORBITALS III
Need to distinguish betweenevenandodd states forq = π

L n n = 1,2,3...

q = 2πn
L

ϕ̃e
j (x) =

2
Nj

cos
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L
2

)
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ϕ̃o
l (x) =
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with

kj = λ
cos
(
kj

L
2

)

sin
(
kj

L
2

)

kl =
2πl
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l = 1,2,3...

q = (2n+1)π
L

ϕ̃e
j (x) =

2
Nj

sin

(

kj(|x|−
L
2

)
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l (x) =

√

2
L
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CURRENT FLUCTUATIONS

The current fluctuations at timet = 2.5T
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M OMENTUM DISTRIBUTION

The momentum distribution
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RESOLVING THE COMPONENTS

momentum distribution and TOF images for a small velocityv = π h̄/mL

the components are not well resolved atv ≪ vF

(the Fermi spheres largely overlap)
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VELOCITY FLUCTUATIONS

what if v 6= nπ h̄/mL?

“mesoscopic superfluid”:
difficult to transfer angular momentum to the gas

velocity fluctuations are less important for a larger barrier
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TOF

evidence of interference effects
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