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Abstract. Using analytic solutions of the Yang-Mills equations we calculate the initial flow of
energy of the classical gluon field created in collisions of large nuclei at high energies. We find
radial and elliptic flow which follows gradients in the initial energy density, similar to a simple
hydrodynamic behavior. In addition we find a rapidity-odd transverse flow field which implies
the presence of angular momentum and should lead to directed flow in final particle spectra. We
trace those energy flow terms to transverse fields from the non-abelian generalization of Gauss’
Law and Ampére’s and Faraday’s Laws.

1. Introduction

At asymptotically large energies (or small Bjorken-x) the gluon fields in hadrons and nuclei
approach a state of nuclear matter generally referred to as color glass condensate (CGC) [1, 2].
The transverse gluon density saturates at a value ∼ Q−2

s characterized by a saturation scale Qs.
In this limit large occupation numbers permit a quasi-classical treatment of the gluon field which
is the approximation known as the McLerran-Venugopalan (MV) model [3, 4]. The saturation
scale Qs grows with the size of the nucleus ∼ A1/3. Hence high energy nuclear collisions at
the Relativistic Heavy Ion Collider (RHIC) and the Large Hadron Collider (LHC) offer unique
opportunities to study CGC.

Here we report on results from a calculation which solves the classical gluon field (Yang-Mills)
equations employing an expansion in powers of the proper time τ =

√
t2 − z2 after the collision.

We focus on the transverse Poynting vector Si = T 0i, i = 1, 2 of the gluon field, where T µν

is the energy momentum tensor. Si describes the initial transverse flow of energy of the gluon
field, but we expect this flow to translate into hydrodynamic flow of quark gluon plasma once
the system thermalizes. Our results have first been reported in detail in [5, 6].

2. Color Glass Condensate

We seek solutions of the classical Yang-Mills equations

[Dµ, F
µν ] = Jν (1)

where the SU(3)-current Jµ is generated by two transverse charge distributions ρ1(~x⊥) and
ρ2(~x⊥) moving on the + and − light cone respectively. The ρi describe the SU(3) charge
distributions of the large-x partons in the colliding nuclei which generate the small-x gluon
field. Typically these equations are solved numerically in the forward light cone (τ ≥ 0) [7, 8, 9].



However, it is possible to obtain an analytic recursive solution as well, as first described in
[10]. To that end one employs a power series for the gauge potential Aµ in the forward light
cone,

A(τ, ~x⊥) =

∞
∑

n=0

τnA(n)(~x⊥) , (2)

Ai
⊥(τ, ~x⊥) =

∞
∑

n=0

τnAi
⊥(n)(~x⊥) , (3)

where in light cone notation A± = ±x±A. The leading terms are given by boundary conditions
on the light cone [11]

Ai
⊥(0) = Ai

1 +Ai
2 , (4)

A(0) = − ig

2

[

Ai
1, A

i
2

]

, (5)

where Ai
1 and Ai

2 are the gauge potentials in nucleus 1 and 2 (generated by charges ρ1 and ρ2),
respectively, before the collision. The recursion relation for coefficients of even powers n (n > 1),
are

A(n) =
1

n(n+ 2)

∑

k+l+m=n−2

[

Di
(k),
[

Di
(l), A(m)

]]

, (6)

Ai
⊥(n) =

1

n2

(

∑

k+l=n−2

[

Dj
(k), F

ji
(l)

]

+ ig
∑

k+l+m=n−4

[

A(k), [D
i
(l), A(m)]

]

)

, (7)

while all odd coefficients vanish. The convergence radius of this series in τ will generally be of
order 1/Qs, but for example the series recovers the known solution for the abelian case for all
times [12].

The physical fields Fµν can be expanded in τ as well and can be computed order by order from
Aµ. The dominant fields for small times, i.e. at order O(τ0), are the longitudinal chromo-electric
and -magnetic fields [10, 13]

E(0) = F+−

(0) = ig
[

Ai
1, A

i
2

]

, (8)

B(0) = F 21
(0) = igǫij

[

Ai
1, A

j
2

]

. (9)

From this result one can calculate an initial energy density ǫ0 = T 00
(0). After averaging over

charge densities ρi one obtains an event-averaged energy density [14, 12]

ε0(~x⊥) = 2πα3
s

Nc

N2
c − 1

µ1(~x⊥)µ2(~x⊥) ln
2 Q2

m̂2
. (10)

Here the usual assumptions of the MV model have been applied, i.e. the ρi follow Gaussian
distributions and µ1 and µ2 determine the average squared charge distribution in each nucleus.
Q and m̂ are UV and IR cutoffs respectively.



3. Transverse Fields and Transverse Flow

Transverse electric and magnetic fields enter at order O(τ1) in the power series of Fµν . The
corresponding coefficients can be computed to be [6]

Ei
(1) = −1

2

(

sinh η[Di, E0] + cosh η ǫij [Dj, B0]
)

(11)

Bi
(1) =

1

2

(

cosh η ǫij [Dj, E0]− sinh η[Di, B0]
)

. (12)

Here η is the space-time rapidity. One can readily verify that these expressions are simply the
SU(3) analogs of Gauss’ Law and Faraday’s and Ampére’s Laws. More specifically, the η-odd
terms emerge naturally as a consequence of Gauss’ Law, see Fig. 1.

Figure 1. Schematic sketch of Gauss’
Law (cubes) and Ampére’s and Fara-
day’s Laws (loops) for positive and neg-
ative values of the longitudinal coordi-
nate z. The initial longitudinal electric
and magnetic fields in the forward light
cone diminish as functions of t and z.
Transverse fields due to Gauss’ Law will
have different signs for positive and neg-
ative z, while transverse fields due to
Ampére’s and Faraday’s Law are sym-
metric in z. The abelian version is shown
here, see [6] for details.

Fig. 2 shows a typical configuration of transverse fields (in the abelian case for simplicity)
for randomly seeded longitudinal fields E0 and B0. At rapidity η = 0 the transverse fields are
divergence-free, i.e. only closed field lines due to Ampére’s and Faraday’s Law appear. At η = 1
contributions from Gauss’ Law are present as well.

Figure 2. Transverse electric fields
(left panels) and magnetic fields (right
panels) at η = 0 (upper panels) and
η = 1 (lower panels) for a random dis-
tribution of initial longitudinal electric
(shown as background in the right pan-
els) and magnetic fields (left panels). At
η = 0 the fields are divergence-free. The
abelian case is shown here, see [6] for de-
tails.

We are now able to calculate the flow of energy due to transverse fields. The transverse
Poynting vector Si receives its first contribution in the power series of T µν at order O(τ1). I.e.



transverse flow in color glass sets in linearly in time,

T 0i =
τ

2
cosh η αi +

τ

2
sinh η βi . (13)

There is a rapidity-even part αi and a rapidity-odd contribution βi to the Poynting vector which
are given by [6]

αi = −∇iε0 , βi = ǫij
(

[Dj , B0]E0 − [Dj , E0]B0

)

. (14)

The rapidity-odd flow is expected from the existence of rapidity-odd gauge fields, however it is
more of a surprise when one approaches the topic of early flow from a purely phenomenological
point of view. αi corresponds to energy flow as expected from hydrodynamic expansion, following
the gradient of energy. On the other hand βi is determined by the gauge field structure
underlying the energy density.

After averaging over color charges ρi we obtain event-averaged transverse flow fields [6]

αi = −ε0
∇i (µ1µ2)

µ1µ2
, βi = −ε0

µ2∇iµ1 − µ1∇iµ2

µ1µ2
. (15)

We omit the notation 〈. . .〉 for event-averaged quantities if no confusion can arise. Fig. 3 shows
the initial event-averaged transverse flow field in Au+Au collisions at impact parameter b = 6
fm for two space-time rapidities η.
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Figure 3. Transverse flow of energy
T 0i (black arrows; arbitrary units) and
energy density ε0 (shading) in the
transverse plane for Au+Au collisions at
impact parameter b = 6 fm. The nucleus
with center located at x = 3 fm travels
into the plane (the positive η-direction).
Left Panel: η = 0. Right Panel: η = 1.

One can clearly see a radial and elliptic flow pattern for η = 0 which is qualitatively similar to
what would develop in hydrodynamics. At η = 1 the rapidity-odd flow βi becomes comparable
to αi and we notice that the gluon energy flow develops a preferred direction. This is akin to
directed flow v1. We can see this more clearly in Fig. 4 where the transverse flow is shown as a
function of x and η in the plane y = 0. The gluon field expands more rapidly in the wake of a
passing nucleus.

Interesting flow patterns can also be observed for asymmetric collision systems. Fig. 5 shows
the transverse flow in the x− η-plane for Au+Cu collisions for two different impact parameters.
Once again energy flow is larger in the wake of the spectators of the larger nucleus, leading to
a strong asymmetry between forward and backward rapidities.

4. Summary and Discussion

We have calculated the initial flow of energy of the classical gluon field in high energy nuclear
collisions. Our results are valid up to roughly a time ∼ 1/Qs after the collision. The gluon field
is expected to decohere and thermalize soon after. Energy and momentum conservation will
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Figure 4. Same as Fig. 3 but plotted in
the η−x-plane defined by y = 0. A flow
pattern akin to directed flow emerges.
The nucleus with center at x = 3 fm is
traveling to the right.
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Figure 5. The same as Fig. 4 for
Au+Cu (Au traveling to the right).
Left Panel: b = 0 fm. Right Panel:
b = 2 fm.

translate the flow fields found here into hydrodynamic flow which then will develop further
and eventually freeze out into particle flow. We expect the rapidity-odd pre-equilibrium
flow βi to translate into (rapidity-odd) directed flow v1 of particles. The sign and general
rapidity dependence of βi are qualitatively consistent with experimental results [6] but a more
quantitative statement would require a follow-up 3+1-D viscous hydrodynamic simulation.

One can also interpret the flow term βi for symmetric collision systems with finite impact
parameters b with the inevitable presence of angular momentum Ly (perpendicular to the
reaction plane). The initial gluon field transfers a part of the angular momentum in the system
before the collision onto the fireball after the collision [15, 16]. There it leads to a rotation of
the fireball and possibly to vorticity in the quark gluon fluid.

Another very interesting result is the flow found for asymmetric A+B collision systems. The
field βi specifically relies on the fact that classical gauge fields are the relevant degrees of freedom
and one could speculate that observables exist in asymmetric collision systems which are unique
signatures for the flow of gauge fields. A further investigation into this direction would be
worthwhile.

In the future we plan to use our results on pre-equilibrium flow in viscous hydrodynamic
calculations. Preliminary results show that key features of T µν , like angular momentum, readily
translate into hydrodynamic fields (local energy density,fluid velocity, shear stress, etc.) in a
rapid thermalization scenario [17, 9].
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