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•  Noncommuta1ve	
  Geometry	
  

•  Phase-­‐Space	
  Noncommuta1ve	
  Quantum	
  Cosmology	
  

•  Phase-­‐Space	
  Noncommuta1ve	
  Black	
  Holes	
  

•  Noncommuta1ve	
  Quantum	
  Mechanics	
  

•  Gravita1onal	
  Quantum	
  Well	
  (GQW)	
  

•  Noncommuta1ve	
  Gravita1onal	
  Quantum	
  Well	
  (NCGQW)	
  

•  The	
  NCGQW	
  Berry	
  Phase	
  and	
  the	
  Seiberg-­‐WiHen	
  map	
  

•  NC	
  Dirac	
  Equa1on,	
  NC	
  Graphene	
  

•  NC	
  Entropic	
  Gravity	
  

•  Viola1on	
  of	
  the	
  Robertson-­‐Schrödinger	
  Uncertainty	
  Principle	
  	
  

•  NC	
  Quantum	
  Bea1ng,	
  NC	
  Entanglement	
  

	
  

	
  

	
  



q  String	
  Theory	
  /	
  M-­‐Theory	
  (configura1on	
  space	
  NC);	
  
	
  
q  Gravita1onal	
  Quantum	
  Well	
  (Phase-­‐Space	
  NC):	
  

q Measurement	
  of	
  the	
  quantum	
  states	
  for	
  ultra	
  cold	
  neutrons	
  
	
  

q  Noncommuta1vity:	
  Quantum	
  gravity	
  feature?	
  
q  Relevant	
  effects	
  at	
  very	
  high	
  energy	
  scales	
  	
  
q  Importance	
  of	
  momentum	
  NC	
  
	
  

q  Black	
  Holes	
  radiate	
  ⇒	
  Thermodynamics	
  
q Quantum	
  Gravity	
  
q Minisuperspace	
  approxima1on	
  (Quantum	
  Cosmology)	
  

Motivation 



	
  
q θij	
  ,	
  ηij	
  anDsymmetric	
  real	
  constant	
  (dxd)	
  matrices	
  

q Seiberg-­‐WiNen	
  map:	
  class	
  of	
  linear	
  non-­‐canonical	
  	
  
transformaDons	
  
q Relates	
  standard	
  Heisenberg-­‐Weyl	
  algebra	
  with	
  noncommutaDve	
  algebra	
  

q States	
  of	
  system:	
  
q  	
  Wave	
  funcDons	
  of	
  the	
  ordinary	
  Hilbert	
  space	
  

q Schrödinger	
  equaDon:	
  
q Modified	
  η,θ-­‐dependent	
  Hamiltonian	
  
q Dynamics	
  of	
  the	
  system	
  

Phase-Space Noncommutative Extension of Quantum Mechanics 



The Cosmological Kantowski-Sachs Model (I) 

	
  
 

q 	
  	
  	
  ADM	
  Formalism	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  Hamiltonian	
  for	
  KS	
  metric	
  	
  
	
  
	
  

	
  
q Lapse	
  funcDon	
  (gauge	
  choice):	
  
	
  
q  	
  WDW	
  EquaDon	
  (H≈0): 
 

	
  
q Classical	
  model:	
  	
  
	
  

PR	
  D	
  78,	
  023516	
  (2008)	
  



The Cosmological Kantowski-Sachs Model (II) 

 
q   Quantum model: 

q Non-unitary linear transformation, SW map: 

q  Noncommutative WDW Equation: 

q Constraint (NC version):  

 

θ ~ LP2	
  ~ 1 
η~LP

-2~1 
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q Solutions are simultaneous eigenstates of the Hamiltonian and of the 
above constraint 

 
q  If Ψa(Ωc,βc) is an eigenstate of the Â operator with real 

eigenvalue a: 

 
q A\er	
  some	
  algebraic	
  manipulaDon	
  and	
  a	
  change	
  of	
  variables 

Solutions – Noncommutative WDW Equation (I) 

From the constraint: 

PR	
  D	
  78,	
  023516	
  (2008)	
  



PΩ(0)=0	
  ,	
  Pβ(0)=0.4	
  ,	
  Ω(0)=1.65	
  ,	
  β(0)=10	
  	
  

(a)	
  θ=η=0	
  ,	
  a=0.4	
   (b)	
  θ=5	
  ,	
  η=0	
  ,	
  a=0.4	
  

(c)	
  θ=0	
  ,	
  η=0.1	
  ,	
  a=0.565	
   (d)	
  θ=5	
  ,	
  η=0.1	
  ,	
  a=0.799	
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(d) θ = 5, η = 0.1 and a = 0.799

Figure 1. Representation of the numerical solutions of Eq. (26) for different values to the
noncommutative parameters. In the four plots Pβ(0) = 0.4 and Ω(0) = 1.65.

we choose some numerical values for Pβ(0) and PΩ(0), one immediately obtains a value for Ω(0).
β(0) is an independent initial condition.

In Fig. 1 we present the numerical solutions of Eq. (26) for particular sets of values for a, θ
and η. The eigenvalue a was taken to be a = C√

1−θη
and is determined through Eq. (9) from

the classical values Pβ(0) and Ω(0) used to generate the solutions of Eqs. (8). These classical
values are fairly typical, and once again they were borrowed from the previous studies of the
noncommutative KS cosmological model [15], so as to allow for comparison with previous results.
However, one finds that under variations of the relevant parameters, the qualitative behaviour
of the obtained wave function is not significantly changed.

Indeed after a thorough analysis of the results, one observes that the qualitative features of
the solutions displayed in Fig. 1 is unchanged for a rather broad range of values for θ, η and
a [11]. The choice θ = 5 is fairly typical in what concerns the properties of the wave function.
Furthermore, it is consistent with the point of view that the noncommutative parameters should
be of order one close to the fundamental quantum gravity scale. The summary of the main
results of Ref. [11] is the following:

(i) For θ = 5, the wave function has a damping behaviour for η in the range 0.05 < η < 0.12;

• For ηc > 0.12 the wave function blows up, suggesting that it is an upper limit for
momenta noncommutativity;

(ii) For θ > η, varying θ affects the numerical values of φ(z), but its qualitative features remain
unchanged.
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Figure 1. Representation of the numerical solutions of Eq. (26) for different values to the
noncommutative parameters. In the four plots Pβ(0) = 0.4 and Ω(0) = 1.65.

we choose some numerical values for Pβ(0) and PΩ(0), one immediately obtains a value for Ω(0).
β(0) is an independent initial condition.

In Fig. 1 we present the numerical solutions of Eq. (26) for particular sets of values for a, θ
and η. The eigenvalue a was taken to be a = C√

1−θη
and is determined through Eq. (9) from

the classical values Pβ(0) and Ω(0) used to generate the solutions of Eqs. (8). These classical
values are fairly typical, and once again they were borrowed from the previous studies of the
noncommutative KS cosmological model [15], so as to allow for comparison with previous results.
However, one finds that under variations of the relevant parameters, the qualitative behaviour
of the obtained wave function is not significantly changed.

Indeed after a thorough analysis of the results, one observes that the qualitative features of
the solutions displayed in Fig. 1 is unchanged for a rather broad range of values for θ, η and
a [11]. The choice θ = 5 is fairly typical in what concerns the properties of the wave function.
Furthermore, it is consistent with the point of view that the noncommutative parameters should
be of order one close to the fundamental quantum gravity scale. The summary of the main
results of Ref. [11] is the following:

(i) For θ = 5, the wave function has a damping behaviour for η in the range 0.05 < η < 0.12;

• For ηc > 0.12 the wave function blows up, suggesting that it is an upper limit for
momenta noncommutativity;

(ii) For θ > η, varying θ affects the numerical values of φ(z), but its qualitative features remain
unchanged.

Solutions – Noncommutative WDW Equation (II) 

PR	
  D	
  78,	
  023516	
  (2008)	
  



q For typical θ=5, wave function with damping: 0.05<η<0.12 
q The wave function blows up for ηc>0.12 
 

q For θ>η, varying θ affects numerical values of φ(z) but its 
qualitative features remain unchanged  
q The range for possible values of η where the damping occurs is 

slightly different 
q The lower limit for η is about 0.05 for all possible values of θ  

q For η>θ, the damping behaviour of the wave function is 
more difficult to observe, only for certain values of θ that the 
wave function does not blow up (η∈[1,2])  

q For large z, the qualitative behaviour of the wave function is 
analogous to the one depicted in Figures   

Analysis of Solutions – Noncommutative WDW Equation (III) 
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q r<2M,	
  Dme	
  and	
  radial	
  coordinates	
  interchange	
  

	
  
	
  
q  Isotropic	
  metric	
  turns	
  into	
  an	
  anisotropic	
  one	
  
q Mapped	
  into	
  the	
  Kantowski-­‐Sachs	
  metric	
  

q Away	
  from	
  the	
  horizon	
  t	
  =	
  r	
  =	
  2M:	
  

General Relativity à causal structure changes at different regions of 
space-time 

Noncommutative Black Holes (I) 
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Potential Function – Canonical NC (II)  

For non-vanishing and typical η values, the potential has a 
local minimum and maximum 
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q  Local	
  minimum:	
  

	
  

q  SoluDon	
  (implicit):	
  

q  PotenDal	
  funcDon	
  in	
  second	
  order	
  in	
  x-­‐x0:	
  

q  NCWDW	
  EquaDon:	
  	
  
	
  
	
  

Potential Function – Canonical NC (III)  
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Feynman-Hibbs Procedure – Canonical NC (IV) 
q Comparing with Schrödinger equation of the harmonic 

oscillator: 
 
 

q Quantum correction: 
 

q Potential function: 

q Partition Function: 

q   NC Internal Energy: 

q NC Temperature (ĒNC=M)	
  for	
  M>>1: 
 

 

ζ → ζ0ζ → ζ0ζ → ζ0

η0=0.025	
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q NoncommutaDve	
  Entropy	
  (neglecDng	
  terms	
  prop.	
  to	
  η2/M2):	
  

q Thermodynamical	
  quanDDes:	
  
q Non-­‐trivial	
  dependence	
  on	
  momentum	
  noncommutaDvity	
  
q Matches	
  Hawking	
  temperature	
  TBH=1/8πM	
  for	
  η0=	
  0.025	
  
	
  

q η=0:	
  
q  Thermodynamics	
  of	
  BH	
  is	
  ill-­‐defined	
  in	
  what	
  concerns	
  the	
  Feynman-­‐Hibbs	
  

procedure	
  
q  PotenDal	
  funcDon	
  reduces	
  to	
  a	
  monotonous	
  exponenDal	
  term	
  with	
  no	
  

local	
  minima	
  

Feynman-Hibbs Procedure – Canonical NC (V) 

PR	
  D	
  80,	
  124038	
  (2009)	
  



Singularity, t=r=0 - Canonical NC (VI) 

q By the identification between the metrics: 

q Study the limit: 

q NCWDW equation in this limit: 
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q SoluDon	
  to	
  NCWDW	
  equaDon	
  at	
  t=r=0:	
  

q For	
  all	
  a:	
  

q Thus,	
  for	
  a	
  suitable,	
  although	
  fairly	
  general,	
  choice	
  of	
  C(a):	
  

	
   Necessary condition to provide a quantum regularization of 
the BH singularity 

Singularity, t=r=0 – Canonical NC (VII) 
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q Wave	
  funcDon	
  oscillatory	
  for	
  βC.	
  Fix	
  βC-­‐hypersurface:	
  
	
  

q  Probability	
  of	
  reaching	
  the	
  BH	
  singularity:	
  

Does the probability of reaching the BH singularity vanish? (VIII) 

Inverted harmonic oscillator displays non-normalizable 
eigenstates! 

Noncommuativity of this form cannot be regarded as a 
solution for the singularity problem of the Schwarzschild BH! 
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Noncanonical Phase Space Noncommutativity (I) 
 

q SW – Map: 

q Solutions of NCWDW Eq. are simultaneous eigenstates of the 
Hamiltonian and Â constraints: 

	
  
	
  

	
  
	
  

	
  
	
  
	
  

PR	
  D	
  82,	
  041502	
  (2010)	
  
[R.C.];	
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q Minimum for small z values: 
	
  
	
  
	
  

For η≠0 potential has 
a local minimum and 

maximum. 

Potential Function – Noncanonical NC (II)  

PR	
  D	
  82,	
  041502	
  (2010)	
  
[R.C.];	
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q Local minimum: 

q Solution (implicit): 

q Potential function in second order in x-x0: 

q NCWDW Equation:  
 

Potential Function – Noncanonical NC (III)  



q Comparing with Schrödinger eq. of harmonic oscillator: 

 
q Quantum correction to potential: 

 
q Potential function: 

 
q Partition Function: 
 
q NC Internal Energy: 

q NC	
  Temperature	
  (UNC=M),	
  M>>1:	
  
 
q NC Entropy (neglecDng	
  terms	
  proporDonal	
  to	
  η2/M2): 

Feynman-Hibbs Procedure – Noncanonical NC (IV) 



q Asymptotically: 

q Solution: square integrable 

q Probability of system reaching the Schwarzschild 
singularity: 

Regularization of the singularity! 

Singularity, t=r=0 - Noncanonical NC (V) 



q Compute probabilities of the type: 

q I is some compact subset of IR. 

q Simple calculations: 

q Thus: 

Singularity, t=r=0 - Noncanonical NC (VI) 
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q PotenDal	
  varies	
  smoothly	
  with	
  respect	
  to	
  a	
  

q Regularity	
  condiDons:	
  

q Uniform	
  convergence	
  on	
  every	
  compact	
  interval	
  I	
  and	
  all	
  βc:	
  

Singularity, t=r=0 - Noncanonical NC (VII) 
PR	
  D	
  82,	
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q Indeed,	
  
	
  

q Riemann-­‐Lesbegue	
  Lemma:	
  every	
  L1	
  funcDon	
  has	
  a	
  conDnuous	
  
Fourier	
  transform,	
  which	
  vanishes	
  at	
  infinity:	
  

RegularizaDon	
  of	
  the	
  Kantowski-­‐Sachs	
  singularity!	
  

Singularity, t=r=0 - Noncanonical NC (VIII) 
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PR	
  D	
  84,	
  024005	
  (2011)	
  



Conclusions 

q Kantowski-­‐Sachs	
  metric	
  to	
  study	
  interior	
  of	
  a	
  Schwarzschild	
  BH	
  
(r<2M)	
  

q  Thermodynamical	
  quanDDes	
  and	
  singularity	
  analyzed	
  

q Momentum	
  NC	
  is	
  crucial:	
  

q  QuadraDc	
  term	
  in	
  potenDal	
  that	
  allows	
  for	
  the	
  	
  Feynman-­‐Hibbs	
  procedure	
  	
  
q  NC	
  Temperature	
  and	
  NC	
  Entropy	
  

q Singularity	
  t=r=0:	
  
q  Inverted	
  harmonic	
  oscillator	
  
	
  
q Wave	
  funcDon	
  vanishes,	
  but	
  is	
  not	
  square	
  integrable	
  
	
  
q Noncanonical	
  NC	
  yields	
  a	
  squared	
  integrable	
  wave	
  funcDon	
  and	
  the	
  

probability	
  of	
  reaching	
  the	
  singulariDes	
  (Schwarzschild	
  and	
  Kantowski-­‐
Sachs)	
  vanish!	
  



	
  
Noncommuta1ve	
  Quantum	
  Mechanics	
  (I)	
  

[Chaichian,	
  Sheikh-­‐Jabbari,	
  Tureanu	
  2000]	
  
	
  [Gamboa,	
  Loewe,	
  Rojas	
  2001;	
  Nair,	
  Polychronakos	
  2001]	
  	
  

[Ho,	
  Kao	
  2002;	
  Zhang	
  2004]	
  
	
  

	
  
• Non-­‐rela1vis1c	
  limit	
  of	
  NC	
  quantum	
  field	
  theory	
  (one-­‐par1cle	
  sector)	
  
corresponds	
  to	
  the	
  Schrödinger	
  equa1on:	
  

	
  	
  	
  	
  	
  	
  	
  
	
  
	
  
	
  
where	
  one	
  can	
  write	
  the	
  noncommuta1ve	
  part	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  as	
  	
  
	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  
	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  
	
  
through	
  the	
  “Seiberg-­‐WiHen”	
  map.	
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Noncommuta1ve	
  Quantum	
  Mechanics	
  (II)	
  

	
  
	
  
The	
  “Seiberg-­‐WiHen”	
  map	
  is	
  a	
  linear	
  set	
  of	
  non-­‐canonical	
  transforma1ons	
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Quantum Gravitational Well (QGW)  
 [Nesvizhevsky et al. 2002-2005] 

•  Bound neutrons by gravity in the x-direction (               ) 

•  Hamiltonian:  

 
•  Wave function ~ Airy function: 

•  Classical turning points: 

•  Energy spectrum:  

•  Experimental results:  

•  Theoretical results:  
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2-dimensions 
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Ways to implement a noncommutative version of QM: 

or 

To lift the ambiguity consider the combination of the above: 

Effective Planck´s constant 



Most general set of transformations: 
[O.B., Rosa, Aragão, Castorina, Zappalà 2006] 

That admits the 4-dimensional generalization: 

It then follows that: 

Mod.	
  Phys.	
  LeH.	
  A	
  21,	
  795-­‐802	
  (2006)	
  



Hence, if one chooses              : 
 

That is, these models are equivalent. 

If on the other hand one chooses                                              then: 

Mod.	
  Phys.	
  LeH.	
  A	
  21,	
  795-­‐802	
  	
  (2006)	
  



Four-dimensional generalization 

Non-diagonal 

* Noncommutative Hamiltonian (C=[1- ξNC]-1, ξNC =  ηθ/4    ): 

At first order in the noncommutative parameters: 

)
2

,(
2


θgmCppCpp yyxx +==
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GQW data allow setting bounds on the fundamental momentum scale: 

  Uncertainty Principle allows improving these bounds down to 1µeV/c 

Second order terms are 6-7 orders of magnitude smaller than the first order ones 

Remarks: 

Bounds on the correction to Planck´s constant (                            ):  )1( NCeff ξ+= 

NCξ

NCξ

Phys.	
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  025010	
  (2005)	
  



Beyond	
  the	
  NCGQW	
  	
  

•  Higher-­‐order	
  correc1ons?	
  	
  Doubsul!	
  
	
  

	
  
	
  

•  Berry	
  phase?	
  Non-­‐trivial	
  topological	
  phase	
  acumulated	
  on	
  a	
  adiaba1c	
  
evolu1on	
  of	
  the	
  system	
  around	
  a	
  closed	
  path	
  in	
  the	
  parameter	
  space	
  	
  

-eigenstate 



Berry	
  Phase	
  and	
  the	
  Seiberg-­‐WiHen	
  Map	
  

•  Commuta1ve	
  GQW	
  
	
  

	
  
•  NCGQW	
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[Bastos, O.B. 2006] 
 

Independently	
  of	
  the	
  SW	
  map	
  

[Bastos,	
  O.B.,	
  Dias,	
  Prata,	
  2008]	
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  (2008)	
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NC	
  Dirac	
  Equa1on	
  for	
  the	
  Hydrogen	
  Atom	
  
[O.B.	
  &	
  Queiroz	
  2011]	
  

	
  	
  

Experimental bound on the hyperfine correction to the hydrogem 
atom spectrum    

PL	
  A	
  375,	
  4116	
  (2011)	
  	
  



NC	
  Graphene	
  
[Bastos,	
  O.B.,	
  Costa	
  Dias,	
  Prata	
  2013]	
  

	
  	
  

IR spectroscopy in the presence of a magnetic field allows to resolve the 
Landau spectrum for one single layer graphene and generalize it to the NC 
case:   

Striking feature of the graphene, a two-dimensional of carbon atoms in a 
hexagonal honeycomb configuration, is that its low-energy excitations are 
relativistic and correspond to massless, quasi-free fermions described by 
the Dirac equation  

It turns out that graphene’s low energy excitations are relativistic corresponding to

massless, quasi-free fermions that can be theoretically described by the Dirac equation for

these particles [3]. Thus, one considers the Dirac equation at the vicinity of the Dirac

points K and K
�
. Expanding the dispersion relation around these points, one has to a first

order approximation a linear relation, which, for small energies, gives origin to the so-called

Dirac cones. These cones imply that graphene can be seen as a conventional semiconductor,

given that there is no gap between conduction and valence bands.

We start with Dirac equation,

ih̄
∂ψ

∂t
= HDψ , (3)

where the wave function ψ in the graphene case describes the electron states around the

Dirac points K and K
�
, and the Dirac Hamiltonian is given by [4]

HD = c[�α · �P + βmc] , (4)

where �α and β are the Dirac matrices and �P = (−ih̄∂x,−ih̄∂y, 0). In the case of graphene,

one has massless particles that move through the honeycomb lattice with a velocity vF ∼

10
6
ms

−1
, the so-called Fermi velocity. Thus, for instance, the Dirac Hamiltonian around

the Dirac point K reads

H = vF�σ · �P . (5)

where, �σ = (σx, σy, σz) and σx, σy and σz are the Pauli matrices. The same Hamiltonian

can be written to the Dirac Point K
�
with �σ

∗
given by �σ

∗
= (σx,−σy, σz). We can now

write the Hamiltonian for the two Dirac points as [4],

HD =




HK 0

0 HK�



 = vF





0 px − ipy 0 0

px + ipy 0 0 0

0 0 0 px + ipy

0 0 px − ipy 0





. (6)

As mentioned, the wave function ψ consists of two components, one describing K and

other K
�
. Moreover, for these two Dirac points one has an eigenvector that describes the

probablility of an electron state to be on sub-lattice A in the upper component, or on the

sub-lattice B in the lower component of the eigenstate. Thus,

ψ =




ψ

K

ψ
K�



 , (7)

4

n = 1 (in the case of electrons). These transitions correspond to the filling factor ν = −2

in the IQHE, the lowest Landau level transitions possible in graphene.

The energy for the Landau levels n = 1 or n = −1,

EK = ±
√
2
h̄vF
lB

= ±
�
2eh̄v2FB , (42)

where + is for electrons and n = 1, and − is for holes and n = −1. For these levels one has

EK = ±(172 ± 3) meV [30]. Thus, if the noncommutative energy spectrum for graphene

is given by Eq. (38), and considering that the uncertainty in the energy is at most 6 meV ,

one can obtain a bound for the noncommutative parameter η. Using Eq. (38) it follows

that:

η
l2B
h̄2 < 0.069 . (43)

Thus, the noncommutative parameter η satisfies

η < 2.1× 10
−53 kg2m2s−2

⇒ √
η < 8.6 eV/c . (44)

Naturally, this bound is not as stringent as the one arising from the hyperfine transition

in the hydrogen atom,
√
η ≤ 2.26 µeV/c, [11], one of the most accurate experimental results

in the whole of physics. Despite of that, the above reasonings show that noncommutative

effects are consistent with what is known about graphene physics.

In what concerns other bounds for the momentum noncommutative parameter, notice

that the one arising from the gravitational quantum well [17] and from the equivalence

principle [31] depend on an assumption about the configuration space noncommutative

parameter, θ, and cannot the compared with the above bound without fixing a value for θ.

IV. CONCLUSIONS

In this work the phase-space noncommutative extension of the graphene in the pres-

ence of an external constant magnetic field was examined. More precisely, only momenta

noncommutativity was considered since the noncommutativity associated with the config-

uration variables implies the breaking of gauge invariance. The introduction of momenta

noncommutativity determines a correction of the energy spectrum of graphene in the pres-

ence of a magnetic field.

12

which leads to an experimental bound on the noncommutative parameter:   

Using the same potential vector as in section IIA, Eq. (18), and substituting the non-

commutative variables by the commutative ones, through the SW map, Eq. (30), we get,

(p− eA)
NC

=




px +

eB
2 y

py − eB
2 x



 =




λp

�
x +

eB
2 µy

�

λp
�
y − eB

2 µx
�





where

λ =

�

1 +
eBθ

4h̄

�

, µ =

�
1 +

η

eBh̄

�
. (32)

Thus, for the Dirac point K, one gets the following Hamiltonian:

HK = vF




0 λ(p

�
x − ip

�
y) +

eB
2 µ(y

�
+ ix

�
)

λ(p
�
x + ip

�
y) +

eB
2 µ(y

� − ix
�
) 0



 . (33)

A straightforward comparison with Hamiltonian Eq. (19) shows that noncommutativity

reveals itself through constants λ and µ. For future convenience one introduces the constant

γ =

�
2h̄

eB

λ

µ
= lB

�
2λ

µ
. (34)

In what follows we shall consider only momenta noncommutativity, since in the general

Dirac problem, configuration space noncommutativity leads to the breaking of gauge sym-

metry [11], a symmetry preserved in the graphene lattice [29]. Indeed, if one evaluates the

velocity of a charged particle,

v =
i

h̄
[HNC , r] , (35)

we obtain an extra term depending on the θ parameter, and not the expected result v =

vFσ. Hence λ = 1 and

γ =

�
2h̄

eB

1

µ
= lB

�
2

µ
. (36)

Thus, the equations to be solved are now,

h̄vF

γ

�

−i

�

γ∂x −
x

γ

�

+

�

−γ∂y +
y

γ

��

φ
B
= EKφ

A
,

h̄vF

γ

�

−i

�

γ∂x +
x

γ

�

+

�

γ∂y +
y

γ

��

φ
A
= EKφ

B
, (37)

Following the strategy discussed in the last section, one obtains for the energy spectrum

E
NC
K = ±2h̄vF

��
eB

2h̄

��
1 +

η

eBh̄

�
ne

= ± h̄vF

lB

����2

�

1 + η
l
2
B

h̄
2

�

ne , (38)

taken in account in the calculation of the Fermi velocity, which should not change when noncommutativity

is imposed.

10

IJMP	
  A	
  28,	
  1350064	
  (2013)	
  	
  



Entropic Gravity 
[Bastos,	
  O.B.,	
  Costa	
  Dias,	
  Prata	
  2011]	
  

	
    q  Generalization of entropic derivation of ISL (Verlinde 2011) to 
include phase-space NC effects 

q Effective Planck constant: 
 
q Considerations about a minimal size cell in phase-

space: 
 
q Dependence on the anisotropy of NC parameters:  
 
 

q  Putative anisotropy of the NC correction implies: 
q Violation of the Equivalence Principle 
q Allows to obtain bounds for the NC parameters 

CQG	
  28,	
  25007	
  (2011)	
  	
  



Violation of Robertson-Schrödinger Uncertainty Principle 
q  Violation of Robertson-Schrödinger Uncertainty Principle 

(RSUP) in Quantum Mechanics: 

q  Would signal a deformation of Heisenberg-Weyl algebra: 

q  NC Gaussian state: 

q  Violates RSUP 
q  Is a quantum state of a NC extension of Quantum Mechanics 

 

 
PR	
  D	
  86,	
  105030	
  (2012)	
  

5Likewise, from (18) and (24), the Gaussian is a
Wigner function on (R2n;ω) of a pure state if and
only if there exists a matrix C ∈ D(2n;ω) such that

Σ = 1
2CCT . (26)

We are now in condition prove our main result.

Let GΣ,ζ be a Gaussian of the form (17). Then

there exists a matrix Ω associated with a

symplectic form (9), such that GΣ,ζ is a quantum

state of the NCQM based on the deformed

Heisenberg algebra (6).

Indeed, since Σ is positive definite, there exists a
real, non-singular, 2n× 2n matrix C for which (26)
holds. Define a matrix Ω by Ω = CJCT . Clearly,
the form ω defined by (9) is a symplectic form and
C ∈ D(2n;ω). According to Littlejohn’s Theorem
on (R2n;ω) (cf.(26)), then GΣ,ζ is a Wigner func-
tion on (R2n;ω) of a pure state. This concludes the
proof.

Notice that, as a by-product of the proof, for any
Gaussian, one can always find a NCQM for which
the Gaussian is a pure state. In a certain sense this
procedure amounts to a purification of the state.

There is a converse result of the previous one.
Namely: given a NCQM we can always find quan-
tum states which violate the standard RS uncer-
tainty principle. A general proof of this result is
beyond the scope of the present letter. Here we
shall illustrate explicitly this result for NCQM in 2
dimensions with algebra (6)-(7). That is

Ω =

�
θE I
−I ηE

�
, E =

�
0 1
−1 0

�
, (27)

where θ, η > 0 are real constants such that ξ =
θη < 1. A simple Darboux matrix is C ∈ D(2n;ω)
given by

C =

�
λI − θ

2λE
η
2µE µI

�
(28)

where µ,λ are real parameters such that 2µλ =
1 +

√
1− ξ. By construction the Gaussian with

covariance matrix Σ = 1
2CCT is a Wigner func-

tion on the non-standard symplectic space (R4,ω).
However, a straightforward calculation reveals that
it violates the standard RSUP (5).

CONCLUSIONS

Let us close our discussion with some clarifying
remarks. The symplectic form ω such that GΣ,ζ is
a quantum state on (R2n;ω) is not unique. Indeed,
a phase-space function may be a Wigner function
upon quantization on several distinct symplectic

spaces (see [10] for examples). Moreover, although
our result proves that a Gaussian will always be
associated with some pure state on an appropriate
symplectic space, it may nevertheless be a Wigner
function on another symplectic space, this instance
associated with a mixed state.

Finally, one could wonder whether any reasonable

function on phase-space will always be a Wigner
function on some appropriate symplectic space
(R2n;ω). By a reasonable function, we mean a func-
tion which satisfies some obvious a priori require-
ments of Wigner functions: being real, normalized,
uniformly continuous, bounded, square integrable,
etc. The answer is negative. Indeed if a function
F (z) is a Wigner function on some (R2n;ω), then
there has to exist a matrix S such that | detS|F (Sz)
is a Wigner function on (R2n;σ). But one may
easily construct functions which are reasonable but
are not Wigner functions on (R2n;σ), even admit-
ting rescalings of Planck’s constant. The deriva-
tion of such examples is difficult and beyond the
scope of the present work. It requires the concept
of Narcowich-Wigner spectrum [29]. We shall get
back to this issue in a future work.
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Violation of Robertson-Schrödinger Uncertainty Principle 

q  ViolaDon	
  of	
  the	
  RSUP	
  may	
  signal	
  the	
  existence	
  of	
  a	
  deformaDon	
  of	
  the	
  
Heisenberg-­‐Weyl	
  algebra:	
  any	
  Gaussian	
  state	
  in	
  the	
  phase-­‐space	
  is	
  
always	
  a	
  quantum	
  state	
  of	
  an	
  appropriate	
  noncommutaDve	
  extension	
  
of	
  quantum	
  mechanics	
  	
  

	
  
q  ViolaDon	
  of	
  the	
  RSUP	
  and	
  Heisenberg’s	
  UP	
  may	
  not	
  imply	
  the	
  

breakdown	
  of	
  quantum	
  mechanics,	
  but	
  rather	
  the	
  emergence	
  of	
  an	
  
underlying	
  non-­‐commutaDve	
  structure	
  of	
  quantum	
  mechanics	
  

q  ViolaDons	
  of	
  Heisenberg’s	
  formulaDon	
  of	
  the	
  UP	
  have	
  already	
  been	
  
detected	
  experimentally	
  and	
  have	
  confirmed	
  Osawa’s	
  formulaDon!	
  

	
  	
  	
  	
  	
  	
  	
  	
  [Rozema,	
  Darabi,	
  Mahler,	
  Hayat,	
  Soudagar,	
  Steinberg	
  2012]	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  [Sulyok,	
  Sponar,	
  Erhart,	
  Badurek,	
  Osawa,	
  Hasegawa	
  2013]	
  
	
  

q  	
  RS	
  version	
  of	
  Osawa’s	
  UP	
  (arXiv:	
  1310.4762)	
  
	
  
q  NC	
  version	
  in	
  preparaDon	
  ...	
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Quantum beating, missing information and the 
thermodynamic limit 
[Bernardini, O.B. 2013] 

 

through the SW map,

q̂i = λQ̂i −
θ

2λ��ijΠj , p̂i = µΠi +
η

2µ��ijQ̂j , (28)

which is invertible when the parameters λ and µ are constrained by the relationship

θη

4�2 = λµ(1− λµ), (29)

with θη � �2, and with the corresponding Jacobian reading

∂(q, p)

∂(Q ,Π)
= (detΩ)

1/2
= 1− θη

�2 . (30)

The Hamiltonian in terms of the commutative variables, Q̂i and Π̂i, reads:

H
W
HO(Q,Π) = α

2Q2
+ β

2Π2
+ γ

2�

i,j=1

�ijΠ̂iQ̂j, (31)

where

α
2 ≡ λ

2
mω

2

2
+

η
2

8mµ2�2 ,

β
2 ≡ µ

2

2m
+

mω
2
θ
2

8λ2�2 ,

γ ≡ θ

2�mω
2
+

η

2m� . (32)

Giving that, from Eq. (18), the commutative variables, Q and Π, satisfy the Hamilton

equations of motion, one obtains the following set of coupled first-order differential equations,

Π̇k = − i

�
�
Πk, H

W
HO

�
= −2α

2 Qk − γ εjkΠj,

Q̇k = − i

�
�
Qk, H

W
HO

�
= 2β

2
Πk − γ εjkQj, k, j = 1, 2 (33)

so that Q and Π may be interpreted as classical dynamical variables within the WWGM

formalism. The above equations can be rewritten as two uncoupled forth-order differential

equations as

....
Π k = −2(γ

2
+ 4α

2
β
2
) Π̈k + (γ

2 − 4α
2
β
2
)Πk,

....
Q k = −2(γ

2
+ 4α

2
β
2
) Q̈k + (γ

2 − 4α
2
β
2
)Qk, (34)
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�
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FIG. 7: Linear entropy (black lines), S12(σ), and mutual information (blue lines), I12(σ), and

corresponding missing information given in terms of ∆S12(σ) and ∆I12(σ), for the isotropic 2D

NC harmonic oscillator. For higher temperatures, kBT � �γ (σ � 1), the NC effects are not

effective. For very lower temperatures, kBT � �γ (σ � 1), the wave function collapses into the

classical limit. The maximal values of ∆S12(σ) and ∆I12(σ) are obtained at intermediate scales of

σ (see the correspondence in Fig. 8). One has considered � = 0 (solid lines), 0.1 (dotted lines) and

0.5 (dashed lines).
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such that

ρWth (σ; ξ
2,L) =

1

π2 �2
cosh (σ)− cosh (�σ)

cosh (σ) + cosh (�σ)
exp

�
−ξ2 sinh (σ) + 2L sinh (�σ)

cosh (σ) + cosh (�σ)

�
. (69)

Since the above result depends on time-invariant quantities, ξ2 and L (c. f. Eqs. (39)),

one can obtain the corresponding probability distribution relative to coordinates Q1(↔ r1)

and Q2(↔ r2) by integrating the above thermalized Wigner function over k1 and k2, as

P(σ; r1, r2) =

� +∞

−∞

dk1

� +∞

−∞

dk2 ρWth (σ; ξ
2,L). (70)

The distortion over the probability distribution resulting from NC effects can be obtained

by subtracting P (�→0) from P . The result follows from the axial invariance (P(σ; r1, r2) ≡

P(σ;Q2)) which can be visualized in the Q1−Q2 plane, as depicted from Fig. 6. The results

are described in terms of an increasing scale of the thermodynamic parameter σ = �Ω/(kBT ).
For illustration purposes, the pictures are exemplified for � = γ/Ω equals to 0.1 and 0.5.

To provide a more accurate estimate of the contribution of noncommutativity on the

missing information, one examines the quantum entropy and the quantum mutual infor-

mation of the system described above (c. f. the expression for S12, Eq. (58)). The linear

entropy, S12(σ), and the mutual information, I12(σ), as well as the corresponding missing

information described in terms of ∆S12 ∼ S12−S(�→0)
12 and ∆I12 ∼ I12− I(�→0)

12 , are depicted

in Fig. 7.

One notices that the isotropic 2D harmonic oscillator does exhibit NC features through

the statistical mixing, Eq. (61).

At high temperatures, the corrections due to noncommutativity reflects into the missing

information given by ∆S12 ∝ �2σ2 and by ∆I12 ∝ �2σ, being therefore small. As the

parameter σ decreases, the system can access quantum states with larger quantum numbers,

the linear entropy approaches the unity, and the system exhibits the behavior of a maximal

statistical mixing, i. e. the classical limit. For extremely low temperatures, kBT � �Ω
(σ � 1), the system accesses predominantly quantum states with low quantum numbers.

This corresponds to a decreasing level of mixing and hence the quantum behavior, despite

NC contributions. For � � 1 (γ � Ω) the usual pattern of missing information is maximally

modified by the NC element at intermediate scales (1 � σmax � 4), as one can notice from

numerical results depicted in Fig. 8. There is a transition regime where the NC effects are

maximized.
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where ρWn1,n2
are the normalized state vectors given by Eq. (42), σ = �Ω/(kBT ), and N(σ)

is the normalization factor that absorbs the information from the corresponding statistical

weights.

This variable corresponds to the state operator of the infinite multiple modes n1 and n2

of the 2D harmonic oscillator, in equilibrium with a thermal bath through an interaction

Hamiltonian factorizable as H1 ⊗H2 ⊗Hbath in the Hilbert space representation.

One notices that the state Eq. (61) is quite suitable for analytical manipulations. By

introducing the useful coordinate parametrization,

ri =

�
α

�βQi and ki =

�
β

�αΠi, (63)

such that dri dki = dQi dΠi, with i = 1, 2, and re-defining

ξ2 =
2�

i=1

�
r2i + k2

i

�
,

L =
2�

i,j=1

( �ij ki rj),

one can rewrite the statistical mixing Eq. (61) as

ρWth (σ; ξ
2,L) =

1

π2 �2 eσ N(σ)
exp

�
−ξ2

� 2�

s=1

� ∞�

ns=1

�
−e−σs

�ns L0
ns

�
ξ2 + 2(−1)sL

�
�
.(64)

To obtain an explicit expression for N(σ), one uses the following property of the Laguerre

polynomials,
∞�

l=0

Lν
l (z)∆

l =
1

(1−∆)ν+1
exp

�
∆

∆− 1
z

�
; |∆| < 1; (65)

through which, for e−σs < 1, with ∆ = −e−σs , one obtains

∞�

ns=1

�
−e−σs

�ns L0
ns

�
ξ2 + 2(−1)sL

�
=

1

(1 + e−σs)2
exp

�
ξ2 + 2(−1)sL

1 + eσs

�
, (66)

which results into

ρWth (σ) =
1

2 π2 �2 N(σ)[cosh (σ) + cosh (�σ)]
exp

�
−ξ2 sinh (σ) + 2L sinh (�σ)

cosh (σ) + cosh (�σ)

�
. (67)

The normalization integral is evaluated over the infinite four-parameter phase-space,

{{r1, k1}, {r2, k2}}, in a way that one obtains

N(σ) =
1

2

1

[cosh (σ)− cosh (�σ)]
, (68)
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equations as

....
Π k = −2(γ2 + 4α2β2) Π̈k + (γ2 − 4α2β2)Πk,
....
Q k = −2(γ2 + 4α2β2) Q̈k + (γ2 − 4α2β2)Qk, (35)

from which one gets the solutions

Q1(t) = x cos(Ωt) cos(γt) + y cos(Ωt) sin(γt) +
β

α
[πy sin(Ωt) sin(γt) + πx sin(Ωt) cos(γt)] ,

Q2(t) = y cos(Ωt) cos(γt)− x cos(Ωt) sin(γt)− β

α
[πx sin(Ωt) sin(γt)− πy sin(Ωt) cos(γt)] ,

Π1(t) = πx cos(Ωt) cos(γt) + πy cos(Ωt) sin(γt)− α

β
[y sin(Ωt) sin(γt) + x sin(Ωt) cos(γt)] ,

Π2(t) = πy cos(Ωt) cos(γt)− πx cos(Ωt) sin(γt) +
α

β
[x sin(Ωt) sin(γt)− y sin(Ωt) cos(γt)] , (36)

where x, y, πx, and πy are arbitrary parameters, and

Ω = 2αβ = ω
�
(2λµ− 1) + ε2, (37)

with

ε =
1

2�

�
mωθ +

η

mω

�
, (38)

such that γ = ωε. By conveniently setting λ = µ = 1, one sees that Ω ∼ ω(1 + O(ε2)), so

that the NC parameters, θ and η, introduce second-order modifications onto Ω. Likewise,

the modifications due to γ = ωε correspond typically to first order effects. Notice that by

setting ε = 0 one recovers the solutions for the 2D harmonic oscillator with uncoupled x− y

coordinates. The above results lead to some time-invariant quantities described by,

2�

i=1

�
α

β
Qi(t)

2 +
β

α
Πi(t)

2

�
=

α

β
(x2 + y2) +

β

α
(π2

x + π2
y),

2�

i=1

(�ijQi(t)Πj(t)) = x πy − y πx, (39)

which will be useful in the subsequent discussion.

The time evolution of the phase-space coordinates,(Q1(t),Π1(t)) and (Q2(t),Π2(t)), for

the NC harmonic oscillator are depicted in Fig. 1. For convenience, we define an auxiliary

variable, �, as

� =
γ

Ω
=

ε√
1 + ε2

, (40)

in order to perform a non-perturbative analysis of the results. If � can be written as a

rational number, one would encounter a beating effect along the phase-space trajectories.

The same does not occur for non-rational values of � (c. f. the last plot in Fig. 1).
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through the SW map,

q̂i = λQ̂i −
θ

2λ��ijΠj , p̂i = µΠi +
η

2µ��ijQ̂j , (28)

which is invertible when the parameters λ and µ are constrained by the relationship

θη

4�2 = λµ(1− λµ), (29)

with θη � �2, and with the corresponding Jacobian reading

∂(q, p)

∂(Q ,Π)
= (detΩ)

1/2
= 1− θη

�2 . (30)

The Hamiltonian in terms of the commutative variables, Q̂i and Π̂i, reads:

H
W
HO(Q,Π) = α

2Q2
+ β

2Π2
+ γ

2�

i,j=1

�ijΠ̂iQ̂j, (31)

where

α
2 ≡ λ

2
mω

2

2
+

η
2

8mµ2�2 ,

β
2 ≡ µ

2

2m
+

mω
2
θ
2

8λ2�2 ,

γ ≡ θ

2�mω
2
+

η

2m� . (32)

Giving that, from Eq. (18), the commutative variables, Q and Π, satisfy the Hamilton

equations of motion, one obtains the following set of coupled first-order differential equations,

Π̇k = − i

�
�
Πk, H

W
HO

�
= −2α

2 Qk − γ εjkΠj,

Q̇k = − i

�
�
Qk, H

W
HO

�
= 2β

2
Πk − γ εjkQj, k, j = 1, 2 (33)

so that Q and Π may be interpreted as classical dynamical variables within the WWGM

formalism. The above equations can be rewritten as two uncoupled forth-order differential

equations as

....
Π k = −2(γ

2
+ 4α

2
β
2
) Π̈k + (γ

2 − 4α
2
β
2
)Πk,

....
Q k = −2(γ

2
+ 4α

2
β
2
) Q̈k + (γ

2 − 4α
2
β
2
)Qk, (34)
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Giving that, from Eq. (18), the commutative variables, Q and Π, satisfy the Hamilton

equations of motion, one obtains the following set of coupled first-order differential equations,
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Entanglement in Phase Space NC Quantum Mechanics (I) 

Entanglement of Gaussian states may be exclusively induced 
by “switching on” the noncommutative deformation 
 
q PPT criterium (Positive Partial Transpose):  

 
q  SW map: 
 
q  NCPPT criterium: 

 
q  Invariance of SW map and symplectic eigenvalues: 
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Entanglement in Phase Space NC Quantum Mechanics (II) 
q 2-dimensional NC Gaussian State: 

 
Smallest Williamson symplectic eigenvalues: 
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