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Motivation

Q String Theory / M-Theory (configuration space NC);

d Gravitational Quantum Well (Phase-Space NC):
O Measurement of the quantum states for ultra cold neutrons

d Noncommutativity: Quantum gravity feature?
O Relevant effects at very high energy scales
O Importance of momentum NC

[ Black Holes radiate = Thermodynamics
U Quantum Gravity
O Minisuperspace approximation (Quantum Cosmology)



Phase-Space Noncommutative Extension of Quantum Mechanics

Gi, 4] = 105, |qi.ps) = ihoi; . [pips) =nij . g =1.....d

4 6, n; antisymmetric real constant (dxd) matrices

1 Seiberg-Witten map: class of linear non-canonical
transformations

(] Relates standard Heisenberg-Weyl algebra with noncommutative algebra

] States of system:
O Wave functions of the ordinary Hilbert space

d Schrodinger equation:

0 Modified n,0-dependent Hamiltonian
U Dynamics of the system



The Cosmological Kantowski-Sachs Model (I)

ds> = —=N2dt* 4+ 2V30dr? + e V3823 (492 4 sin? 0dp?)

(d ADM Formalism === Hamiltonian for KS metric

P
H=NH = Ne\/§,8+2\/§fz [Pfgz n P@ 262\/@9‘”

YT

U Lapse function (gauge choice): N — 246—\/5.8—2\@9

O WDW Equation (H=0):

exp (\/§3" + 2\@@) [—ﬁ% -+ ﬁ’g — 48&?_2‘@ﬁ] (€2, 3) =10

(Classical model:

Py = —n(—2Py) = —nS)| wb | Py 4y = C

PR D 78, 023516 (2008)




The Cosmological Kantowski-Sachs Model (I1)

0~ LP2~ 1

O Quantum model: N~Lp2~q

=0, [P =in, [ =[] -

O Non-unitary linear transformation, SW map:

i . Y
Q=X — =Py |/ FEY
2\ b |0 = Aj) +2/\Pp (/\/l)Q—/\/t—f—g:O@/\/t:@
2
TNy ; _iA

d Noncommutative WDW Equatlon.

(2., 0,) =0

p p o\ 9 b\ 0
{ (z/uaﬂc + 2#,\30) + (2“836 — Q/JQC) — 48 exp [ 2V/3 (/\Q + 1 NG )]

[ Constraint (NC version): = Pyt ) \/; (Hpac N 2;_;90)
L

PR D 78, 023516 (2008)




Solutions — Noncommutative WDW Equation ()

. _'ﬁ _ C ". i{-_""_} . .«
From the constraint: |4 = 7= — il 5 e = -

ﬁﬁ Q. = |} (), — E%_I_ . —d8e” V3R] _
By 49, H] = [Py + 0, —F3 + P2 — 48725 =

O Solutions are simultaneous eigenstates of the Hamiltonian and of the
above constraint

QIf ¥_(Q.,B.) is an eigenstate of the A operator with real
eigenvalue a:

0 n o o _ _ ) i o
— + " 2l ) ,"I . F— X .':,? i ,"I ‘ BT 51 ol e '}? .,F — N |
( mi‘).fb’c QMSZP) Va(8de, Be) = avha(§de, O) Valfle, Te) (He) €XP |i#-.r. (ﬂr Qﬁtuf) jc]

J After some algebraic manipulation and a change of variables

‘\/7 \
‘ _ 36 ., $2. ¢
0" (2) 4+ (nz —a)® &(z) — 48exp [—2v/32 + Y alo(z) =0 ° =
It 7
h

PR D 78, 023516 (2008)




Solutions — Noncommutative WDW Equation (ll)

P,(0)=0, P4(0)=0.4, €©2(0)=1.65, [3(0)=10

150f 4.10%!
oo 2-10"}
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(c) 6=0,1=0.1, a=0.565 (d) 6=5,1=0.1, a=0.799

PR D 78, 023516 (2008)




Analysis of Solutions — Noncommutative WDW Equation (llI)

O For typical 6=5, wave function with damping: 0.05<n<0.12

d The wave function blows up for n,>0.12

4 For 6>n, varying 06 affects numerical values of ¢(z) but its
qualitative features remain unchanged

O The range for possible values of n where the damping occurs is
slightly different

O The lower limit for ) is about 0.05 for all possible values of 6

4 For >0, the damping behaviour of the wave function is
more difficult to observe, only for certain values of 0 that the
wave function does not blow up (n€[1,2])

4 For large z, the qualitative behaviour of the wave function is
analogous to the one depicted in Figures

PR D 78, 023516 (2008)




Noncommutative Black Holes (I)

General Relativity - causal structure changes at different regions of
space-time

2M M\ !
ds® = — <1 — j—) dt* + <1 — —) dr* + 1*(d6* + sin® 6dp?)

T r

 r<2M, time and radial coordinates interchange

2M -t 2M
ds* = — (T — 1) dt* + (T — 1) dr® + t*(df* + sin* 6dp?)

O Isotropic metric turns into an anisotropic one
O Mapped into the Kantowski-Sachs metric

ds? = — N2dt2 4+ 2V384r2 + e_g‘/ﬁ'ﬁe_g‘/ﬁﬂ(dgg + sin’ Qdipg)

O Away from the horizon t =r = 2M:

N2 (Q_U B 1)_1 V3 _ <2T” _ 1) L em2VBB 2V g

PR D 80, 124038 (2009)




Potential Function — Canonical NC (II)

V30 e
V(z) =48 exp [-2V/3z + i al — (nz — a) r==z 30 a
V(z) =48 exp (—2V3z) — (nz — ¢)* ¢ = P3(0)+nQ(0)
(a) =0 and ¢ = 0.01 (b) n=1.5 and ¢ = 5.68

For non-vanishing and typical n values, the potential has a
local minimum and maximum

PR D 80, 124038 (2009)




Potential Function — Canonical NC (lIl)

. Local minimum:
Ccli—v|x0 = —96\/§exp (2\/§x0) — 2n2x0 +2nc =20
xr
: : L B B _C_Q
J Solution (implicit): | exp (—2v3x0) = ¢D 7| [(=avs
6exp (—2V3x) — (2> 0 xp < —%ln (%) D =c¢/12

] Potential function in second order in x-x,:

Viz) = 48(64!3_2‘/@”0 — )z — x0)* + 4Re~2V3%0 _ (nzo — ¢)?

J NCWDW Equation:

1d2¢

1
—5 g+ 24(6e7VI — () (@ — 20)*0 + 247V — 2 (nap — )¢ = 0

2 dx?




Feynman-Hibbs Procedure — Canonical NC (IV)

(J Comparing with Schrédinger equation of the harmonic
oscillator:

Vive(y) = 24(6e72V3%0 — (2)y? | |y =2 —0

3
. Quantum correction: 23: Viio(y) = 28pr (6e2V3%0 — (?)

J Potential function: Uoly) = 24(6e-2V30 _ ) ( ,{33,)
. Partition Function: 1 1 V30
e J 18(6e2V3%0 — %) Bprr [~26hu (6% = )]
1

J NC Internal Energy: Enc = G 4(6e72V30 — (%) By

(J NC Temperature (E,.=M) for M>>1: T —
T = =7

. i —2v/3z0 2 r]0=0025 8w M

TBH = ]M (66 C ) '

PR D 80, 124038 (2009)




Feynman-Hibbs Procedure — Canonical NC (V)

J Noncommutative Entropy (neglecting terms prop. to n2/M32):

p—

M? y/b(C
Spy =~ + 1
BH=9500) T M3

(N

(J Thermodynamical quantities:
. Non-trivial dependence on momentum noncommutativity
(d Matches Hawking temperature Tg,y=1/8nM for ny,= 0.025

J n=0:
. Thermodynamics of BH is ill-defined in what concerns the Feynman-Hibbs
procedure

. Potential function reduces to a monotonous exponential term with no
local minima

PR D 80, 124038 (2009)




Singularity, t=r=0 - Canonical NC (VI)

J By the identification between the metrics:

t =0, Q2 — +o0 and  — +x

0 Study the limit: $(Q, ) = [ daCla)a(Q, Be)
dm v@ei)| [ ¢1(z) + (2 — a) gu(z) = 0

I NCWDW equation in this limit:

5 ) 2 -
R YO N C R O




Singularity, t=r=0 — Canonical NC (VII)

J Solution to NCWDW equation at t=r=0:

T (= 1 1] -9
Ga(Z) ~ 173 OXP [:l:z§z ]

Jd For all a:

. . ¥ a .
zll’gloo (}50(2) - zllrr-l{loo ¢a(z o ;) =0 = Qc,[£11—1+1+oo %(Qc, ,Bc) =0

J Thus, for a suitable, although fairly general, choice of C(a):

o Jim,_0(0..5) =0




Does the probability of reaching the BH singularity vanish? (VIII)

. Wave function oscillatory for B.. Fix B-hypersurface:

J Probability of reaching the BH singularity:

400 too Q, )
P(r=0,t=0)= _ lim / W wsl) ™ hm / |Pa(—=)|2dC,
Qe,Be—+00 le—to0 JQ, H

Inverted harmonic oscillator displays non-normalizable
eigenstates!

PR D 80, 124038 (2009)

Noncommuativity of this form cannot be regarded as a
solution for the singularity problem of the Schwarzschild BH!




1+vI—-¢

[139, 155 =1 (17 +e(1+/1-6)2Q+e0(1 + M)Pg)
[Q, 139 = [B, Pﬁ] =1 (1 +e0(14+/1-6)Q+ 602Pﬁ) :

Noncanonical Phase Space Noncommutativity (|
- R c R %

.. g2
[Q, 3l = ie (1 + ) + Pﬁ>

"
Q=)0 - —
© 2N

Ps, + EQ? , B=)\3.+

5 _ o5, s 7 2
Po=uP. —f0. , Pg= P ——Qc FQC.
0 #Qc+2#5 5 = pbs, o +

i P,

A= by + 220, || [Py 92, 1] =

[P+ 0, =P+ P — 48723 =0

Hamiltonian and A constraints:

J Solutions of NCWDW Egq. are simultaneous eigenstates of the

—,(2) + V(2)¢a(2) =0 ,

V(z)=— (Fu2z2 +nz — a)2 + 48 exp (—2\/§z — 2V3PE2 +

%




Potential Function — Noncanonical NC (lI)

For n#0 potential has
a local minimum and

(a) p=0,0=0,e=0and a=0.01 (b)p=0,06=0.1,¢e =0.3 and a = 0.01 maximum.
: o
r 200}
‘ I s e 2 4 PR
- _ ool
_m:- —400 |

(¢)n=5,0=0,e=0.3 and a = 18.89 (d)np=5,6=0.1,e=0.3 and a = 18.89

L Minimum for small z values:

V(z) = —(nz — a)® + 48 exp l—Z\/g(z - % - quzQ)]




Potential Function — Noncanonical NC (lII)

J Local minimum:

av
dz

0
2o = n(Nzo — a) + 48\/5(1 x5 2u2Ezo) exp [—2\/§(z0 — Q#—Q)‘ + ,ﬂEzg)] -0

J Solution (implicit):
[ == n/4\/3!

0 _
exp [_2\/5(20 — 2,u_a)\ + /L2Ezg)] — n(nzo — a)

483(1+ 2u2Ez)

6 ((1 + 242 Ezy)? — ?IRE) exp [—2\/§(z0 = 21—(1/\ - ,u2Ez§)] —1?>0

 Potential function in second order in x-x,:

V(z) =48B(z — z)* — (nzo — a)* + 48k |

B := 6k[(1+ 2u%FEz)? — (v/3/3)u?E] — 12| |k := exp [—2\/5(20 = 2‘:‘—“)‘ - ;L2Ez§)]

A NCWDW Equation:
1 d2 1
T R e




Feynman-Hibbs Procedure — Noncanonical NC (1V)

. Comparing with Schroédinger eq. of harmonic oscillator:

O Quantum correction to potential: | 5, V¥c() = 26pu(B %)

] Potential function:

) Partition Function: | Znc = \/48(

Vne(y) = 24(B - 1P)y* |

VNc(y) = 24(B — 12) <y2 4 %;H)

1 1
B — 1) Bpn

X exp [—2,8%,1(3 — 12)]

(NC Internal Energy: | tye = 1y 4(B —1*)Bey .

4 .
ANC Temperature (Uy=M), M>> Tsi = 37(B — 1)

Beu

—)

_ 1
Ten = 537

zp = 2.26369

A NC Entropy (neglecting terms proportional to n2/M2):

~

M2

Spu =
P8 (6k[(1 + 242E20)? — B2E] — 12) 2

1 ( 32 )
— —1In A : .
6k[(1+ 2u2E )2 — L2 2E] — I2




Singularity, t=r=0 - Noncanonical NC (V)

1 Asymptotically: _4(2) — K2%a(2) = 0, 2 — +00 .

] Solution: square integrable

Galz) == %exp (:tz'K;ﬂz?') , z—+x.acR.

J Probability of system reaching the Schwarzschild
singularity:

Pir=0,t=0)= limﬁc,ﬁc—»+oo fgcoo fj:oo D (€2, :8)|2 d§ =

=limg , . fgcoo %(Q, B)|?dQe = 0




Singularity, t=r=0 - Noncanonical NC (VI)

Be = +oo

J Compute probabilities of the type:

P(Q e l,f—+o0)= Tim [ [ [(QB)Pds = lim [ (@B, dO

1 is some compact subset of IR. -
J Simple calculations:

6(Qe, Be)|* = [ f C(@)C (@) (L) b (%) exp (Lea — Lea’) dada’ =

= | Cl@)éa (5) exp (Sra) dal

J Thus:

P(Q.€ 1,8, — +o0) = lim /l/ C(a)od, (%) exp (i%a) da i dQQ,

Be—+c0 JIT |JR




Singularity, t=r=0 - Noncanonical NC (VIl)

J Potential varies smoothly with respect to a

(J Regularity conditions:

1) C(a) € L'(R)
2) C(a)M(a) € L'(IR)

M(a) = ||dal| L r) = Supzecr|@a(z)| < 00, foreacha e R .

J

/R C(a)dq (%) exp (%a) da

Ca0, < |11 [/R |C(a)|M(a)da]2 < |

(J Uniform convergence on every compact interval | and all Bc:

P(Q.e1,pB.— 40) =

lim
I ﬁc—"*‘oo

/RC'(a)an (%“-) exp (é%a) da

2
dfl,.




Singularity, t=r=0 - Noncanonical NC (VIll)

JIndeed, 1C(a)dbq (%) | < |C'(a)M(a)],

(J Riemann-Lesbegue Lemma: every L1 function has a continuous
Fourier transform, which vanishes at infinity:

/f(ael‘ da=0 wp | P(Q.c1,3 — +00)=0




Conclusions

. Kantowski-Sachs metric to study interior of a Schwarzschild BH
(r<2M)

(d Thermodynamical quantities and singularity analyzed

J Momentum NC is crucial:

(d Quadratic term in potential that allows for the Feynman-Hibbs procedure
(1 NC Temperature and NC Entropy

. Singularity t=r=0:

[ Inverted harmonic oscillator
(d Wave function vanishes, but is not square integrable

d Noncanonical NC yields a squared integrable wave function and the
probability of reaching the singularities (Schwarzschild and Kantowski-
Sachs) vanish!



Noncommutative Quantum Mechanics (l)
[Chaichian, Sheikh-Jabbari, Tureanu 2000]
[Gamboa, Loewe, Rojas 2001; Nair, Polychronakos 2001]
[Ho, Kao 2002; Zhang 2004]

*Non-relativistic limit of NC quantum field theory (one-particle sector)
corresponds to the Schrodinger equation:

2

0 h
ih— =—— Ay +V *
ot v 2m v v
where one can write the noncommutative part V' * as
p' Be .
V r‘ _ J I ’
9= w(q’)

through the “Seiberg-Witten” map.



Noncommutative Quantum Mechanics (lI)

The “Seiberg-Witten” map is a linear set of non-canonical transformations

, 0 , ,
qZ'=qZ'_%8ijpj Pi=D,;

that relates the NC variables which satisfy the NC algebra

[qiaq]']=i68ij [piapj]=0 [QZ’p]]=lh§l]

with the variables that satisfy the Heisenberg-Weyl algebra of Quantum
Mechanics

[q,iaq,j]=0 [p,iﬂp,j]=0 [q’iﬂp’j]=ih(5ij



Quantum Gravitational Well (QGW)
[Nesvizhevsky et al. 2002-2005]

Bound neutrons by gravity in the x-direction (g = —gex )
p/2 12
. . . Hl — x Yy /
Hamiltonian: om | 9m +mgx

Wave function ~ Airy function: ¢¥,(z') = A, ¢(2)

Classical turning points: Tn = En/mg

m92h2 1/3
Energy spectrum: E, = — ( 5 ) Qp
ri"? = 12,2+ 1,8(syst.) £ 0,7(stat.) (um) ,
Experimental results: z,"P = 21,6+ 2,2(syst.) £ 0,7(stat.) (um) .

-

Theoretical results: 1 = 13,7 um ro = 24,0 um



Noncommutative Gravitational Quantum Well (NCGQW)
[0.B., Rosa, Aragdo, Castorina, Zappala 2005]

Consider the NC extension of QM in the phase space:

a2’ = g 9] = 6,
'] = ", ——  lpepy] = i,
[z, p"] = ihdh” w3, p;] = ihdy
4-dimensions 2-dimensions

\/5 and \/ﬁ set the fundamental scales of distance and momentum

Phys. Rev. D 72, 025010 (2005)




Ways to implement a noncommutative version of QM:

6
r = 2 — ﬁp;/ z = o,
/ ;0
y — y ) Y = Y + ﬁpm ’
Pe = o, , > pe = p;+%y',
. / /
Py = py B ﬁa: Py = p; ,

To lift the ambiguity consider the combination of the above:

Tr = x, — ip,

2h° Y’
y = y + ip’ 6n

27771 v —_— [ZI?i,pj] = 1h (1 - —4h2)(5ij
pe = pl+ %y' ;

/ n e

Py = Py= 5% Effective Planck’s constant



Most general set of transformations:
[O.B., Rosa, Aragao, Castorina, Zappala 2006]

I ! H F E"i ’
=Sl T gEPy ) y=£ y+ﬁ

1 7
(p$+ 5FY ’) ? py=£(p;—ﬁf)

That admits the 4-dimensional generalization:

il'—PL — g Ll‘-fp& L QF‘L p!’y ‘ p;_,a — 5 p J-’.
2h | oh "

It then follows that:

P=x

[I"-' y] - ?'-529 = 'ieeff ) [p;ﬂapy] - i‘fgn = eff
[mi!pj] - i‘fgh(l + %)‘ﬁij = thefpoij, 1=1,2.

Mod. Phys. Lett. A 21, 795-802 (2006)




Hence, if one chooses ¢ = 1:

on
Ocrr =0, Nepr =ms hepr = h(l+4hz)

If on the other hand one chooses & = (1 +t977/4h.2)—1/2 then:
v ?}
6. y Neff = . herr = h
fr— 1+ 21 4;1 Ir |+ 2 4;11 Ir

That is, these models are equivalent.

Mod. Phys. Lett. A 21, 795-802 (2006)




Four-dimensional generalization

[xH, 2] = 60", — Non-diagonal
W p"] = it

| | e Tr(fn]
[xH, p”] = zh((S‘“’ + 4}; O‘) —t Dy = h(l T 472

* Noncommutative Hamiltonian (C=[1- &I, Ene = NO/47):

~2 o2 2
Dz Dy Cn, _ = C° 5 2
H = N (g — yp,
2m * 2m TmgT T 2mﬁ<xpy ype) + smiz| @ +y)
— — m°gf
(px=Cpx9py=pr+ 2h )

At first order in the noncommutative parameters:

n
2mh

H = H' + (zpy — Ypz)

)



GQW data allow setting bounds on the fundamental momentum scale:

|\/T_]| ,S 0, 90 IIIGV/C (n - 1) ’
|\/T_]| 5 0,79 meV/c (n o 2) )

Remarks:

Uncertainty Principle allows improving these bounds down to 1ueV/c

Second order terms are 6-7 orders of magnitude smaller than the first order ones

Bounds on the correction to Planck’s constant ( 72, =A(1+&,.)):

5,2x107*  (n=1),
4,0x107**  (n=2)

Vo] < 1fm — Eicl
Sic

AR A

Phys. Rev. D 72, 025010 (2005)




Beyond the NCGQW

* Higher-order corrections? Doubtful!

h? i

_ _ 2 AN mlT — ‘_\‘LE
Hen me I A-m 8Sm3e?
3n° mU?  3R*AU 1
UA+ VI -V L2t o=
T me? LA+ T2 dmc? ( c )

* Berry phase? Non-trivial topological phase acumulated on a adiabatic
evolution of the system around a closed path in the parameter space

U, (x) — 7P, (x)
Y (C) = i?{{n(RHVRn(R)} -dR.

C

n(R)) -eigenstate



Berry Phase and the Seiberg-Witten Map

[Bastos, O.B. 2006]
Commutative GQW

7,(C)=0

NCGQW

2/3

Ayn(C>~—i( 2 ) (@) B !

m"gh® 2 a -a, )2

C=[1- el Sne= n9/4h2

y. (C)=0 PL A 372, 5556-5559 (2008)

Independently of the SW map

[Bastos, O.B., Dias, Prata, 2008] J. Math. Phys. 49, 072101 (2008)




NC Dirac Equation for the Hydrogen Atom
[0.B. & Queiroz 2011]

Hye = ca- (p — eA) + Bme? —I—e(I)—%[V(_ca-A—@) pl- 0+)—h[axr]-n

=0

Hyey = ca- (p — eA) + fmc? —I—e<I>+—h[a><r] n

. 1
=co-(p— g[B + En] X 1)+ fmc? + ed.

Experimental bound on the hyperfine correction to the hydrogem
atom spectrum

n < mh x 0.0024 = 1.45 x 107% Kg¢*m?s™?

=1 < 2.26 peV/e.

PL A 375, 4116 (2011)




NC Graphene
[Bastos, O.B., Costa Dias, Prata 2013]

Striking feature of the graphene, a two-dimensional of carbon atoms in a
hexagonal honeycomb configuration, is that its low-energy excitations are
relativistic and correspond to massless, quasi-free fermions described by
the Dirac equation

—

H:UFEP

IR spectroscopy in the presence of a magnetic field allows to resolve the
Landau spectrum for one single layer graphene and generalize it to the NC

case: -
NC __ €D Ui
b = i2hw\/(%) (1 " eBh) e

which leads to an experimental bound on the noncommutative parameter:

n < 2.1x107% kg*m?s™?

= /N <86 ¢eV/c.
IIMP A 28, 1350064 (2013)




Entropic Gravity
[Bastos, O.B., Costa Dias, Prata 2011]

 Generalization of entropic derivation of ISL (Verlinde 2011) to
include phase-space NC effects

] Effective Planck constant: B 1om12' 2
hegp =h {1+ —

1 Considerations about a minimal size cell in phase-
Space. AziApy > h/2, AziAzy > 01/2

B121m12

V(AIhAplgATQ,APQ) > 1

AzoApy > h/2, Ap1Aps > ma/2 .
O Dependence on the anisotropy of NC parameters:
h GMm O12m12

R0 : o =
V(A$1,AP1:AI21AP2)21+ 12;]12 = 4fff Fvo=—0 (1+ 2K )

 Putative anisotropy of the NC correction implies:
4 Violation of the Equivalence Principle
d Allows to obtain bounds for the NC parameters

Aa

a

a; — ag 1 9 .
2 ( ) ~ 0 — B 2T < 0(1) x 10713 |
a1+ a 4712( 12712 937723) 2 <O(1) x

CQG 28, 25007 (2011)




Violation of Robertson-Schrodinger Uncertainty Principle

1 Violation of Robertson-Schrodinger Uncertainty Principle
(RSUP) in Quantum Mechanics:

X+ 3J>0.

_ 9P _ 31 _ 0 I
J=-J =-J _(—IO)

0 Would signal a deformation of Heisenberg-Weyl algebra:

I:‘—'lﬁ'—‘]] - ZQ'l]) 23.7 - 1? 32n7 Q — ( .fa.l ;‘ )
(J NC Gaussian state:
O5.4(2) = Grvams P [-3(: - - =7z - ()] | T=3CC".

O Violates RSUP
O Is a quantum state of a NC extension of Quantum Mechanics

C_( M —ZE
B pl

)

-

0 1
—1 0

PR D 86, 105030 (2012)




Violation of Robertson-Schrodinger Uncertainty Principle

1 Violation of the RSUP may signal the existence of a deformation of the
Heisenberg-Weyl algebra: any Gaussian state in the phase-space is
always a quantum state of an appropriate noncommutative extension
of quantum mechanics

(d Violation of the RSUP and Heisenberg’s UP may not imply the
breakdown of quantum mechanics, but rather the emergence of an
underlying non-commutative structure of quantum mechanics

PR D 86, 105030 (2012)

1 Violations of Heisenberg’s formulation of the UP have already been
detected experimentally and have confirmed Osawa’s formulation!

[Rozema, Darabi, Mahler, Hayat, Soudagar, Steinberg 2012]
[Sulyok, Sponar, Erhart, Badurek, Osawa, Hasegawa 2013]

(RS version of Osawa’s UP (arXiv: 1310.4762)

( NC version in preparation ...



Quantum beating, missing information and the

thermodynamic limit
[Bernardini, O.B. 2013]

d Monitoring the time evolution of the components of the NC quantum
harmonic oscillator allows one to track the transfer of information due
to noncommutativity, as quantified by the linear quantum entropy and
mutual information:
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Entanglement in Phase Space NC Quantum Mechanics ()

Entanglement of Gaussian states may be exclusively induced
by “switching on” the noncommutative deformation

d PPT criterium (Positive Partial Transpose):

-/ 1 _ T -1 __ 0 I
$4+2320| | 3=-T=- —(_10)
d SW map: _
Y = Sy'sT
O NCPPT criterium:
, i (e 1
woiozol [ a-(91)

4 Invariance of SW map and symplectic eigenvalues:

Z+%QZO<=>§:+%JZO<=>?7_ZI<=>I/_ZI.
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Entanglement in Phase Space NC Quantum Mechanics (ll)

1 2-dimensional NC Gaussian State:
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Smallest Williamson symplectic eigenvalues:
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