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Introduction
Ultracold Neutrons

Gravitationally Bound States

Motivation



Ultracold Neutrons (UCNs)

For slow neutrons, atomic potential becomes 
effective Fermi potential~100 neV.

Neutrons with < 100 neV can be totally 
reflected with any angle of incidence
= Ultracold neutrons (UCNs)

UCNs can be trapped by either:
• Fermi potential ~100 neV
• Gravitational potential 100 neV/m
• Magnetic potential 60 neV/T ∙ m

Slow neutrons can be reflected by 
material surface.



Gravitationally Bound States

Schrödinger equation with gravitational potential and a reflecting floor is

Boundary conditions are:

Solutions are written using the Airy functions 
(Ai) as

For neutrons, the length and energy in the above 
equation are

The probability distributions and the 
eigenenergy of the first five eigenstates. 
The black line indicates the potential.

There are two ways to observe the gravitationally 
bound states: measuring 𝑧0 (position) or 𝐸0 (energy).
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Experiment and motivation
Measuring 𝑧0 (position) or 𝐸0 (energy) can be used
for testing the inverse square law of the gravity
and searching for new short-range forces.

Measuring 𝑧0 (position)
Moving the height of UCN absorber or 
measuring the position distribution.
V. V. Nesvizhevsky et al., Nature 415, 297 (2002); Eur. Phys. J. C 40, 479 (2005). 

Position sensitive detection is limited to the resolution of current neutron detectors (~2 μm).
The purpose of our study is improving the position sensitive detection by a new method.

Measuring 𝐸0 (energy)
Spectroscopy of bound states.
GRANIT experiment, qBounce experiment (T. Jenke et al., Nat. Phys. 7, 468 (2011)).

What happens if both of 𝑧0 (position) and 𝐸0 (energy) are measured?
Can be used for testing the equivalence principle.

Setup in Nature 415, 297 (2002).



Experiment
The experimental method



Overview of Experiment

The detector system is designed to achieve submicron resolution of UCN height in the guide.

• Preparation of the bound states
UCNs are settled in the bound states inside the collimating guide.
• Magnification
The distribution is magnified by the cylindrical surface as a convex mirror.
• Detection
The UCNs are detected by the pixelated detector.

We developed a novel technique to improve the spatial resolution of current 
neutron detectors. We carried out the experiment at Institut Laue-Langevin
(ILL) in 2011.



ILL PF2 UCN beam line

UCN production in ILL.
(www.ill.eu/?id=243)

Horizontal velocity distribution of ILL UCN beam line.
Mean = 9.4 m/s
Standard deviation = 2.8 m/s

Setup for time-of-flight measurement.
We measured the velocity distribution of UCNs in the beam line.

Time-of-flight
Velocity

We used ILL PF2 UCN beam line.



Preparation of Bound States

High vertical energy UCNs are scattered by the ceiling. After 
that, they collide with the surfaces many times and are finally 
absorbed by the surface material.

Depositing Gd-Ti-Zr alloy on a rough scatterer is originated 
from V. V. Nesvizhevsky et al., Phys. Rev. D 67, 102002 (2003)

UCNs are settled in gravitationally bound states 
inside the narrow collimating guide. The height of 
the ceiling is 100 μm.

200 mm

The ceiling surface has arithmetic 
roughness of 0.4 μm.
An absorptive Gd-Ti-Zr alloy 
(54/35/11) was deposited on the 
surface.



Magnification

UCNs are reflected by the rod surface.
The rod magnifies the UCN distribution 
as a convex mirror.

Pixelated detector

Magnification rod
Bottom 
mirror

Ceiling

Height above the floor (z) and magnification factor (M). 
Here, the vertical velocity is assumed to be zero.
In this simple estimation, a 100 μm distribution is magnified 
to be 2.5 mm.
(The average magnification factor is 2.5 mm/100 μm =25.)



Critical velocity for magnification

Ni is coated on the magnification rod to make the potential high.
Almost all the UCN in the beam (𝑣𝑥 < 20 m/s) can be reflected by the rod surface.

The surface of the rod was polished.
The surface roughness (1 nm) ≪ UCN wavelength (100 nm).

The rod is manufactured by Crystal Optics Inc.
The surface is polished at Research Center for Ultra-Precision Science and Technology, Osaka University.
The Ni layer is deposited at Kyoto University Research Reactor Institute.

Height above the floor (𝑧) and horizontal critical 
velocity for reflection by the rod (𝑣𝑥). Ni surface 
can reflect UCNs with 𝑣𝑥 < 20 m/s.

Ni coating



Detection

We developed a CCD based pixelated detector.
Neutron converting layer (10B) is deposited on the detector surface.

One of the charged particles is detected by CCD.

An event of an alpha particle.

Neutron signals are 
recorded as 2D clusters.

S7030-1008 back-thinned CCD (Hamamatsu Photonics K. K.) is used.

The charge sum corresponds to the energy of the 
charged particle. Each peak corresponds to the energy 
of produced charged particles.



Resolution of the pixelated detector

Masking pattern of neutron absorbing Gd
(indicated by black rectangles).

Resolution: ± μ

Direction of neutron beam

The barycenter of a 
cluster corresponds to 
the incident position of 
the neutron.

Using this method, resolution can be 
better than

Masking pattern

Pixelated detector

We measured the resolution of the pixelated detector using a masking pattern.



Other devices

• Vacuum chamber
• He bag
reduce scattering by the air.
• Neutron shatter
needed due to CCD readout.
• Magnetic shield
• Anti-vibration table
• Inclinometer



Analysis
Result and analysis



Result of magnification experiment

Setup of experiment.

The result of a run during 
a period of 17 days.
(52613 events)



What is observed
The wave function of each UCN is generally a super position. 

The interference terms have the initial phases due to the correlations of eigenstates.

The observed probability distribution becomes 
the same expression as that of a mixed state.

An average of incoherent UCNs are observed.
We assume each incoherent UCN has the different initial phase and it is randomly 
distributed.

If you want to see a time development of the spatial distribution,
the initial state must start from one eigenstate (e.g. n=1).

The absolute square has interference terms.

The interference terms are cancelled out.



Eigenstates with/without a ceiling

Eigenstates without a ceiling. 
Only Ai is used as

Eigenstates with a ceiling at the 
height of 30 μm. Ai and Bi are used 
as

Wave functions must become zero at the infinite potential (material surface),
hence eigenstates with and without a ceiling are different.

Linear independent Airy 
functions, Ai and Bi.

In our case, the ceiling is at the height of 100 μm.
The red (green) line is = 15 eigenstate without (with) 
the ceiling. 



Calculation steps

 Transition into bound states with the ceiling.
 Removing UCNs inside the guide.
 Transition into bound states without the ceiling.
(Probabilities of eigenstates are calculated in these three steps.)
 Magnification by the cylindrical rod (using the Wigner function and 

classical mechanical trajectory).

Ceiling

Bottom mirror

Magnification rod

Pixelated detector



Initial probabilities

 Initial condition.
Initial energy distribution is assumed to be uniform.
This is equivalent to a uniform phase space density. Probability distribution of height 

using equal probabilities of 50 
eigenstates.



Removing UCNs

 Removing high vertical energy UCN.
UCNs with high vertical energy are scattered and 
removed by the rough ceiling.
We assumed that the loss rate is written as

Loss by the ceiling
∝ Probability to be found inside 
the roughness region
(A. Westphal et al.,
Eur. Phys. J. C 51, 367 (2007))

Loss by the bottom mirror
∝ Classical bouncing number

Probabilities of eigenstates with 
the ceiling after this step.

𝛾 and 𝛽 are fitting parameters.



Sudden approximation

 The ceiling suddenly disappears at the exit of the guide.

With tildes = With ceiling
Without tildes = Without ceiling

Probabilities of eigenstates 
without the ceiling after the 
sudden approximation.

(Using continuity of the wave function.)

(Assuming randomly distributed phases.)

The relation of wave functions after and before the sudden change is

The relation of populations is



Wigner function

 Calculating correspondence between height 
above the floor and position on the detector.

The trajectory of magnification depends on the 
position and the velocity. Hence, we use the 
Wigner function (quasi-probability distribution) in 
phase space,

Resulting Wigner function at 
the end of the guide.



Wigner function

The Wigner function (quasi-probability distribution) in phase space,

is a real number and can be negative.

The Wigner function gives exact probability distributions 
of the position and the velocity as

Resulting Wigner function at 
the end of the guide.

Under linear potential, the motion of the Wigner function 
obeys the classical mechanical equation of motion.
Therefore, the correspondence of the phase space point 
and the detection position can be calculated using the 
classical mechanical trajectory.



Using                                           .
(UCNs cannot penetrate into the floor)

Wigner Function of Gravitationally Bound States

Changing the coordinates to 
𝑧 and 𝑣𝑧

In the analysis, the whole phase space was 
divided into a mesh with a size of

and each mesh point was weighted by the 
Wigner function               .

Wigner function The Wigner function of n=3.

3D plot with
mesh Density plot

Projection onto the 
velocity axis 

Projection onto the 
height axis 



Binned Maximum Likelihood Analysis
The predicted distribution is fitted to data using the binned maximum 
likelihood method. Six parameters are used in the analysis:
• 𝑠 is the ratio of the signal to the total events. (A flat background in the 

detector surface is assumed.)
• The position of the data 𝑍 is rotated by 𝜃 to be 𝑍 → 𝑍′.
• 𝑍0 is the offset for the position of the prediction 𝑍p as 𝑍′ = 𝑍p + 𝑍0.

• 𝑑 is the difference between the actual and the design height of the detector. 
(𝑑 effectively modifies magnification power as shown in the figure below.)

• 𝛾 and 𝛽 are parameters for UCN loss inside the guide.
• (𝑐 and 𝑏 are loss rates per bounce in classical mechanics.)

Geometry in a case of 𝑑 > 0. 
The magnification power 
becomes larger than that of 
designed.

Parameter Value

𝑠 0.95 ± 0.01 (0.94−0.02
+0.01)

𝑍0 mm −1.009−0.001
+0.002 (−1.009−0.001

+0.002) 

𝑑 mm −0.015−0.006
+0.004 (−0.23−0.02

+0.03)

𝜃 deg −1.254 ± 0.001 (fixed −1.254)

𝛾 s−1 (𝑐) 9.5−0.9
+0.7 × 104 (0.01 ± 0.01)

𝛽 (𝑏) 0.38−0.03
+0.04 (0.40 ± 0.02)

The best fit parameters for 
quantum (classical) mechanics.

We also performed classical mechanical fitting. In this 
case, when UCN hit the ceiling (floor), it is removed with 
a probability of ( ) and specularly reflected with a 
probability of 1 - (1 - ).



Best-fit of Quantum Mechanics

Source Δ𝑍 μm Δ𝑧 μm

𝑣𝑥 dispersion 1.2 0.1

Aberration of rod 4.8 0.3

Spatial resolution of 
detector

3.4 0.2

Roughness of detector 
surface

10.6 0.6

Total 12.1 0.7

: Position on the CCD
: Height above the bottom floor

Systematic Uncertainties (1𝜎)

G. Ichikawa et al., Phys. Rev. Lett. 112, 071101 (2014).

The whole region (a) and the lower 𝑍’ region (b).



Best-fits of Quantum and Classical 
Mechanics

value for the quantum-
mechanical (classical) prediction is 
0.715 (0.062).

In the classical mechanical 
prediction, the two rising edges at 
𝑍′ ∼ 0.65 mm and 𝑍′ ∼ 0.75 mm
are due to downward- and upward-
going neutrons just before 
reflection by the rod.

The whole region (a) and the lower 𝑍’ region (b).



Conclusion



Conclusion

• UCNs are bound by gravitational potential above a material floor. The 
probability distribution is given by the Airy functions and has 
modulations with a typical size of ~ 6 μm.

• We developed a novel technique to magnify this spatial distribution of 
gravitationally bound states.

• The experiment was carried out in 2011 at Institut Laue-Langevin. The 
observed distribution is in good agreement with that prediction by 
quantum mechanics using the Wigner function. The spatial resolution of 
the detector system is estimated to be 0.7 μm.

• This is the first observation of gravitationally bound states of UCNs with 
submicron resolution.


