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In 1927 Heisenberg proposed a reciprocal relation for measurement mean error and 
disturbance by the famous γ-ray microscope thought experiment (Compton effect) 

W. Heisenberg, Z. Phys, 43, 172 (1927).

Heisenberg‘s Uncertainty Principle

 : mean error of position measurement

: discontinuous change of momentum (disturbance) p1

q1

p1
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p1 q1 ⇠ h

 : mean error of position measurement (                      )

: discontinuous change of momentum (                          ) p1

q1
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In 1927 Heisenberg proposed a reciprocal relation for measurement mean error and 
disturbance by the famous γ-ray microscope thought experiment (Compton effect)

p1 q1 ⇠ h

 : mean error of position measurement (                      )

: discontinuous change of momentum (                          ) p1

q1

more modern treatment for observables Q, P

�(Q)⇥(P ) � ~
2

: error of first measurement (Q)
: disturbance on a second measurement (P)

✏
⌘

W. Heisenberg, Z. Phys, 43, 172 (1927).
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Kennard reformulated Heisenberg‘s relation as an inequality for the
standard deviations of position and momentum (statistical distributions of not a joint
but a single measurement either     or     )

E. H. Kennard, Z. Phys, 44, 326 (1927).

Kennard‘s Relation: From Mean Error to Standard Deviations 

�(X) =
p
hX2i � hXi2

standard deviations: 

p3

�(Q)�( ) �
~
2

P

PQ
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Kennard reformulated Heisenberg‘s relation as an inequality for the
standard deviations of position and momentum (statistical distributions of not a joint
but a single measurement either     or     )

E. H. Kennard, Z. Phys, 44, 326 (1927).

Kennard‘s Relation: From Mean Error to Standard Deviations 

�(X) =
p
hX2i � hXi2

standard deviations: 

p3

intrinsic uncertainty every quantum system possesses  - measured or not

unavoidable recoil in any measuring device is ignored

�(Q)�( ) �
~
2

P

PQ

�(Q) �(P )

| (p)|2| (q)|2
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Robertson  generalized Kennard’s relation between standard deviations to arbitrary 
pairs of observables A and B 

where [A,B] = AB-BA is the commutator between A and B 

J. A. Wheeler and W. H. Zurek, eds., “Quantum theory and measurement” (1984).

Robertson‘s Relation: From Q, P to arbitrary Observables

M. Ozawa, J. Opt. B 7, 762 (2005).H. P. Robertson, Phys. Rev. 34, 163 (1929),

�(A)�(B) � 1

2
|⇥⇥|[A,B]|⇥⇤|

p4
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Robertson  generalized Kennard’s relation between standard deviations to arbitrary 
pairs of observables A and B 

where [A,B] = AB-BA is the commutator between A and B 

corresponding generalized Heisenberg’s Error Disturbance Uncertainty Relation (EDUR) ? 

validity of Heisenbergs’s generalized EDUR ? certain measurements do NOT 
obey the EDUR - proven to be formally incorrect

J. A. Wheeler and W. H. Zurek, eds., “Quantum theory and measurement” (1984).

Robertson‘s Relation: From Q, P to arbitrary Observables

M. Ozawa, J. Opt. B 7, 762 (2005).H. P. Robertson, Phys. Rev. 34, 163 (1929),

�(A)�(B) � 1

2
|⇥⇥|[A,B]|⇥⇤|

�(A)⇥(B) � 1

2
|⇥⇤|[A,B]|⇤⇤|

p4
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M. Ozawa, Phys. Rev. A 67, 042105 (2003).

Ozawa‘s Universally Valid Uncertainty Relation (UVUR)

Universally valid reformulation of the Heisenberg uncertainty principle on noise and disturbance
in measurement

Masanao Ozawa
Graduate School of Information Sciences, Tôhoku University, Aoba-ku, Sendai, 980-8579, Japan

Received 9 October 2002; published 11 April 2003

The Heisenberg uncertainty principle states that the product of the noise in a position measurement and the
momentum disturbance caused by that measurement should be no less than the limit set by Planck’s constant
/2 as demonstrated by Heisenberg’s thought experiment using a -ray microscope. Here it is shown that this
common assumption is not universally true: a universally valid trade-off relation between the noise and the
disturbance has an additional correlation term, which is redundant when the intervention brought by the
measurement is independent of the measured object, but which allows the noise-disturbance product much
below Planck’s constant when the intervention is dependent. A model of measuring interaction with dependent
intervention shows that Heisenberg’s lower bound for the noise-disturbance product is violated even by a
nearly nondisturbing precise position measurement. An experimental implementation is also proposed to real-
ize the above model in the context of optical quadrature measurement with currently available linear optical
devices.

PHYSICAL REVIEW A 67, 042105 2003

rigorous theoretical treatments of quantum measurements:

first term: error of the first measuremt, disturbance on the second measurement

second and third terms: crosstalks between spreads of wavefunctions and error/disturbance

�(A)⇥(B) + �(A)⇤(B) + ⇤(A)⇥(B) �
1

2
|⇥⌅|[A,B]|⌅⇤|

p5
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M. Ozawa, Phys. Rev. A 67, 042105 (2003).

composite quantum system: object + measurement probe

object system: S
  probe system: P

(initial state, observables) (initial state, 
meter observable)

�(A)⇥(B) + �(A)⇤(B) + ⇤(A)⇥(B) �
1

2
|⇥⌅|[A,B]|⌅⇤|

A(x)
Hpro : |⇠i,MHobj : | i, A ,B

Hobj ⌦Hpro : U(t)

p6

Ozawa‘s Universally Valid Uncertainty Relation (UVUR)
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Error is defined as the root-mean-square (rms) of noise operator:

|ξ⟩: initial state of the apparatus in Hilbert space 
|ψ⟩ initial state of the object be measured in 
M: meter observable acting on the apparatus’s Hilbert space 
U: unitary evolution of the composite object-apparatus in Hilbert space             
     from the time t = 0 to  t = ∆ t

M. Ozawa, Phys. Rev. A 67, 042105 (2003).

Measurement defined via Indirect Measurement Model

noise operator

Happ

Hobj

Happ

Hobj �Happ

�(A) = ⇤⇤|⇥ ⇤⇥|
�
U†(I ⇥M)U �A⇥ I| {z }

N(A)

�2|⇥⌅ ⇥ |⇤⌅1/2

p7

| i ⌦ |⇠i
�1/2

✏(A) =
�
h⇠|⌦ h |

Ozawa‘s Universally Valid Uncertainty Relation (UVUR)
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Error is defined as the root-mean-square (rms) of noise operator:

Disturbance is defined in the same manner:

|ξ⟩: initial state of the apparatus in Hilbert space 
|ψ⟩ initial state of the object be measured in 
M: meter observable acting on the apparatus’s Hilbert space 
U: unitary evolution of the composite object-apparatus in Hilbert space             
     from the time t = 0 to  t = ∆ t

M. Ozawa, Phys. Rev. A 67, 042105 (2003).

Measurement defined via Indirect Measurement Model

noise operator

�(B) = ⇤⇤|⇥ ⇤⇥|
�
U†(B ⇥ I)U �B ⇥ I| {z }

D(B)

�2|⇥⌅ ⇥ |⇤⌅1/2

disturbance operator

Happ

Hobj

Happ

Hobj �Happ

�(A) = ⇤⇤|⇥ ⇤⇥|
�
U†(I ⇥M)U �A⇥ I| {z }

N(A)

�2|⇥⌅ ⇥ |⇤⌅1/2

state-dependent !

p7

| i ⌦ |⇠i
�1/2

✏(A) =
�
h⇠|⌦ h |

| i ⌦ |⇠i
�1/2

⌘(B) =
�
h⇠|⌦ h |

Ozawa‘s Universally Valid Uncertainty Relation (UVUR)
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Error:

�(A)2 = ||(OA �A)|⇥⇥||2 output operator: OA =
X

�

�O�

Error and Disturbance for Projection Operators

||...|| = ||X|�⇥|| = ��|X†X|�⇥ 1
2

p8

N(A) = U †(I ⌦M)U �A⌦ I

M. Ozawa, Ann. Phys. 311, 350 (2004) 

measurement operators: O� = ��|U |⇥⇥ Hobj Hobj ⌦Hpro : U(t)

M =
X

�

�|�⇥��|

acting on obj.-system          (U on                  )
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Error:

�(A)2 = ||(OA �A)|⇥⇥||2 output operator: OA =
X

�

�O�

Error and Disturbance for Projection Operators

�(B)2 =
X

�

||[O�, B]|⇥�||2

Disturbance:

||...|| = ||X|�⇥|| = ��|X†X|�⇥ 1
2

p8

both considered experimentally inaccessible   !!! 

N(A) = U †(I ⌦M)U �A⌦ I

D(B) = U†(B ⌦ I)U �B ⌦ I

M. Ozawa, Ann. Phys. 311, 350 (2004) M. Ozawa, Ann. Phys. 311, 350 (2004), R. F. Werner, Quantum Inf. Comput. 4, 546 (2004)

measurement operators: O� = ��|U |⇥⇥ Hobj Hobj ⌦Hpro : U(t)

M =
X

�

�|�⇥��|

acting on obj.-system          (U on                  )
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M. Ozawa, Ann. Phys. 311, 350 (2004).

Error:

�(A)2 = ||(OA �A)|⇥⇥||2 output operator: OA =
X

�

�O�

Error and Disturbance for Projection Operators

�(B)2 =
X

�

||[O�, B]|⇥�||2Disturbance:

||...|| = ||X|�⇥|| = ��|X†X|�⇥ 1
2

p8

operator identity: OAA+AOA = (A+ I)OA(A+ I)�AOAA�OA
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M. Ozawa, Ann. Phys. 311, 350 (2004).

with

Error and Disturbance for Projection Operators

O2
A =

X

�

�2O†
�O�

�(A)2 = ⇥⇥|A2|⇥⇤+ ⇥⇥|O2
A|⇥⇤+ ⇥⇥|OA|⇥⇤+ ⇥⇥|AOAA|⇥⇤ � ⇥⇥|(A+ I)OA(A+ I)|⇥⇤

||...|| = ||X|�⇥|| = ��|X†X|�⇥ 1
2

p8

�(B)2 =
X

�

||[O�, B]|⇥�||2Disturbance:

Error:

�(A)2 = ||(OA �A)|⇥⇥||2 output operator: OA =
X

�

�O�

different expression for measurement (5 expectation values):
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M. Ozawa, Ann. Phys. 311, 350 (2004).

Error and Disturbance for Projection Operators

with O2
A =

X

�

�2O†
�O�

�(A)2 = ⇥⇥|A2|⇥⇤+ ⇥⇥|O2
A|⇥⇤+ ⇥⇥|OA|⇥⇤+ ⇥⇥|AOAA|⇥⇤| {z }

��0|OA|�0⇥

�⇥⇥|(A+ I)OA(A+ I)|⇥⇤| {z }
��00|OA|�00⇥

||...|| = ||X|�⇥|| = ��|X†X|�⇥ 1
2

p8

�(B)2 =
X

�

||[O�, B]|⇥�||2Disturbance:

Error:

�(A)2 = ||(OA �A)|⇥⇥||2 output operator: OA =
X

�

�O�

different expression for measurement (5 expectation values):
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M. Ozawa, Ann. Phys. 311, 350 (2004).

X2
B =

X

�

O†
�B

2O�with                            , and modified output operator: XB =
X

�

O†
�BO�

remark: another strategy using weak-values  
A. P. Lund and H. Wiseman, N.J. Phys. 12, 093011 (2010).

Error and Disturbance for Projection Operators

�(B)2 = ⇥⇥|B2|⇥⇤+ ⇥⇥|X2
B |⇥⇤+ ⇥⇥|XB |⇥⇤+

��000|XB |�000⇥
z }| {
⇥⇥|BXBB|⇥⇤�

��0000|XB |�0000⇥
z }| {
⇥⇥|(B + I)XB(B + I)|⇥⇤

p8

with O2
A =

X

�

�2O†
�O�

�(A)2 = ⇥⇥|A2|⇥⇤+ ⇥⇥|O2
A|⇥⇤+ ⇥⇥|OA|⇥⇤+ ⇥⇥|AOAA|⇥⇤| {z }

��0|OA|�0⇥

�⇥⇥|(A+ I)OA(A+ I)|⇥⇤| {z }
��00|OA|�00⇥

�(B)2 =
X

�

||[O�, B]|⇥�||2Disturbance:

different expression for measurement (5 expectation values):

Error:

�(A)2 = ||(OA �A)|⇥⇥||2 output operator: OA =
X

�

�O�
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Observables A, B (OA) are Pauli Spin Matrices:  

�(A)2 = ⇥⇥|A2|⇥⇤| {z }
1

+ ⇥⇥|O2
A|⇥⇤| {z }
1

+⇥⇥|OA|⇥⇤+ ⇥⇥|AOAA|⇥⇤| {z }
��0|OA|�0⇥

�⇥⇥|(A+ I)OA(A+ I)|⇥⇤| {z }
��00|OA|�00⇥

�(B)2 = ⇥⇥|B2|⇥⇤| {z }
1

+ ⇥⇥|X2
B |⇥⇤| {z }
1

+⇥⇥|XB |⇥⇤+ ⇥⇥|BXBB|⇥⇤| {z }
��000|XB |�000⇥

�⇥⇥|(B + I)XB(B + I)|⇥⇤| {z }
��0000|XB |�0000⇥

J. Erhart, S. Sponar, G. Sulyok, G. Badurek, M. Ozawa, Y. Hasegawa, Nature Phys. 8, 185 (2012).

�2
i = I

“Three-State-Method”  for Spin 1/2 Measurements
, A = A†, B = B†

p9
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Observables A, B (OA) are Pauli Spin Matrices:  

Measurement Scheme:

�2
i = I

�(A)2 = ⇥⇥|A2|⇥⇤| {z }
1

+ ⇥⇥|O2
A|⇥⇤| {z }
1

+⇥⇥|OA|⇥⇤+ ⇥⇥|AOAA|⇥⇤| {z }
��0|OA|�0⇥

�⇥⇥|(A+ I)OA(A+ I)|⇥⇤| {z }
��00|OA|�00⇥

�(B)2 = ⇥⇥|B2|⇥⇤| {z }
1

+ ⇥⇥|X2
B |⇥⇤| {z }
1

+⇥⇥|XB |⇥⇤+ ⇥⇥|BXBB|⇥⇤| {z }
��000|XB |�000⇥

�⇥⇥|(B + I)XB(B + I)|⇥⇤| {z }
��0000|XB |�0000⇥

, A = A†, B = B†

J. Erhart, S. Sponar, G. Sulyok, G. Badurek, M. Ozawa, Y. Hasegawa, Nature Phys. 8, 185 (2012).

“Three-State-Method”  for Spin 1/2 Measurements

p9



disturbance 

error 

�(B)

�(A)
output operator(I++ + I+�)� (I�+ + I��)

I++ + I�+ + I+� + I��
= ⇥�|OA|�⇤

(I++ + I�+)� (I+� + I��)

I++ + I�+ + I+� + I��
= ⇥�|

XBz }| {X

�=+,�
O†

�BO� |�⇤ = ⇥�|XB |�⇤

modified output operator:

J. Erhart, S. Sponar, G. Sulyok, G. Badurek, M. Ozawa, Y. Hasegawa, Nature Phys. 8, 185 (2012).
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Measurement Scheme:

“Three-State-Method”  for Spin 1/2 Measurements



A = �
x

set of observables and initial state

Error and Disturbance for Spin 1/2 Measurements

z 

y 
A 
x 

J. Erhart, S. Sponar, G. Sulyok, G. Badurek, M. Ozawa, Y. Hasegawa, Nature Phys. 8, 185 (2012).
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B = �y

A = �
x

set of observables and initial state

Error and Disturbance for Spin 1/2 Measurements

z 

y 
B A 

x 

J. Erhart, S. Sponar, G. Sulyok, G. Badurek, M. Ozawa, Y. Hasegawa, Nature Phys. 8, 185 (2012).
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OA = �� = �x sin⇥+ �y cos⇥

B = �y

A = �
x

set of observables and initial state

Error and Disturbance for Spin 1/2 Measurements

z 

y 
B A 

x O
φ

A

J. Erhart, S. Sponar, G. Sulyok, G. Badurek, M. Ozawa, Y. Hasegawa, Nature Phys. 8, 185 (2012).
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|�� = |+ z�
OA = �� = �x sin⇥+ �y cos⇥

B = �y

A = �
x

set of observables and initial state

Error and Disturbance for Spin 1/2 Measurements

z 

y 
B A 

x O
φ

A

>−ψ

J. Erhart, S. Sponar, G. Sulyok, G. Badurek, M. Ozawa, Y. Hasegawa, Nature Phys. 8, 185 (2012).
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set of observables and initial state

�(A)2 = ⇥+z|⇥2
x|+z⇤| {z }+ ⇥+z|⇥2

�|+z⇤
| {z }

+⇥+z|⇥�|+z⇤+ ⇥+z|⇥x⇥� ⇥x|+z⇤| {z }�⇥+z|(⇥x + I)⇥� (⇥x + I)|+z⇤| {z }

|�� = |+ z�
OA = �� = �x sin⇥+ �y cos⇥

B = �y

A = �
x

Error and Disturbance for Spin 1/2 Measurements

z 

y 
B A 

x O
φ

A

>−ψ

|� z⇥    1                      1 |x�

J. Erhart, S. Sponar, G. Sulyok, G. Badurek, M. Ozawa, Y. Hasegawa, Nature Phys. 8, 185 (2012).

16

�(B)2 = ⇥+z|⇥2
y|+z⇤

| {z }
+ ⇥+z|X2

B |+z⇤| {z }+⇥+z|XB |+z⇤+ ⇥+z|⇥yXB ⇥y|+z⇤
| {z }

�⇥+z|(⇥y + I)XB (⇥y + I)|+z⇤
| {z }

|� z⇥    1                      1 |y�
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Experimental Setup

B0








+z

-­z

  x

  y
 






J. Erhart, S. Sponar, G. Sulyok, G. Badurek, M. Ozawa, Y. Hasegawa, Nature Phys. 8, 185 (2012).
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� ⇠ 2Å



B0








+z

-­z

  x

  y
 






Preparation:

Experimental Setup
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� ⇠ 2Å



|+ z�

Experimental Setup: State Preparation
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Experimental Setup: State Preparation

J. Erhart, S. Sponar, G. Sulyok, G. Badurek, M. Ozawa, Y. Hasegawa, Nature Phys. 8, 185 (2012).
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⇥P (t) = ⇥P (t)⇥ � ⇥B(t)

⇤P (t) = �⇥|⇤�|⇥⇥

.



|y�|+ z� B
x

Bz

Experimental Setup: State Preparation

J. Erhart, S. Sponar, G. Sulyok, G. Badurek, M. Ozawa, Y. Hasegawa, Nature Phys. 8, 185 (2012).
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x

y

z

⇥P (t) = ⇥P (t)⇥ � ⇥B(t)

⇤P (t) = �⇥|⇤�|⇥⇥

.



Experimental Setup: State Preparation

J. Erhart, S. Sponar, G. Sulyok, G. Badurek, M. Ozawa, Y. Hasegawa, Nature Phys. 8, 185 (2012).
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error, disturbance: trade - off

Experimental Results of Error and Disturbance
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J. Erhart, S. Sponar, G. Sulyok, G. Badurek, M. Ozawa, Y. Hasegawa, Nature Phys. 8, 185 (2012).
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�(A) =

p
2 � 2 cos⇤OA sin ⇥OA

�(B) =
q

2 � 2 sin2 ⇤OA sin2 ⇥OA

�(A) = 1, �(B) = 1

OA : �OA

OA : �OA

polar angle

azimuthal angle



Sulyok, Sponar, Erhart, Badurek, Ozawa, Hasegawa, Phys. Rev. A 88, 022110 (2013). 
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Heisenberg’s original Error-Disturbance Uncertainty Relation :

OA � V ariation : ⇤OA 2 [0, 2⇥], and �OA 2 [0,⇥]

z                                              z
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y
x

Measurement:

Sulyok, Sponar, Erhart, Badurek, Ozawa, Hasegawa, Phys. Rev. A 88, 022110 (2013). 
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Ozawa‘s Universally Valid Uncertainty Relation :

OA � V ariation : ⇤OA 2 [0, 2⇥], and �OA 2 [0,⇥]
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Theory: Measurement:

Sulyok, Sponar, Erhart, Badurek, Ozawa, Hasegawa, Phys. Rev. A 88, 022110 (2013). 
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Sulyok, Sponar, Erhart, Badurek, Ozawa, Hasegawa, Phys. Rev. A 88, 022110 (2013). 
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Sulyok, Sponar, Erhart, Badurek, Ozawa, Hasegawa, Phys. Rev. A 88, 022110 (2013). 
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Entanglement - CHSH-Bell InequalitySteinberg Experiment - Weak Values of Single-Photon Polarization 

A. M. Steinberg et al., Phys.Rev.Lett. 109, 100404 (2012).
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Entanglement - CHSH-Bell Inequality
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Experimental Investigations (three state method & weak measurements) 
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Entanglement - CHSH-Bell InequalityRecent Development: alternative Definitions for Error & Disturbance
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P. Busch et al., Phys. Rev. Lett. 111, 160405 (2013).
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Entanglement - CHSH-Bell InequalityTheory-Paper: alternative Definitions for Error & Disturbance

individual measurements (ideal) compared with approximate measurements;

P. Busch et al., Phys. Rev. Lett. 111, 160405 (2013).

p20

state-independent model: 

a definition for the distance of two general probability distributions is required
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Outline

Part I: Violation Error-Disturbance Uncertainty Relation
Theory: Ozawa‘s universally valid Error-Disturbance Uncertainty 
Relation (UVUR)     
 

Violation of Heisenberg‘s Error-Disturbance Uncertainty Relation
& Validity of Ozawa‘s UVUR in Neutron Spin Measurements  

Part II: Hunting for the Quantum Cheshire Cat
 New Quantum Paradox & Neutron Interferometric Observation

Summary



04.03. 2014                                                                                /26               GRANIT-2014

Entanglement - CHSH-Bell InequalityQuantum Cheshire Cat

Cheshire Cat & Alice in Wonderland
                                                        

L. Carroll [C. L. Dodgson], Alice's Adventures In Wonderland (1965) pp. 90-91; Y. Aharonov, et al,. New J. Phys.15 (2013) 113018 
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Entanglement - CHSH-Bell InequalityQuantum Cheshire Cat

Cheshire Cat & Alice in Wonderland
                                                        

L. Carroll [C. L. Dodgson], Alice's Adventures In Wonderland (1965) pp. 90-91; Y. Aharonov, et al,. New J. Phys.15 (2013) 113018 

“Well! I’ve often seen a cat without 
a grin,” thought Alice; “but a grin 
without a cat! It’s the most curious 
thing I ever saw in all my life!"

p21
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Entanglement - CHSH-Bell InequalityQuantum Cheshire Cat

Cheshire Cat & Alice in Wonderland
                                                        Quantum Cheshire Cat 

Graphical design of the Cheshire Cat
© by Leon Filter

L. Carroll [C. L. Dodgson], Alice's Adventures In Wonderland (1965) pp. 90-91; Y. Aharonov, et al,. New J. Phys.15 (2013) 113018 
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Cheshire Cat & Alice in Wonderland
                                                        Quantum Cheshire Cat 

Graphical design of the Cheshire Cat
© by Leon Filter

L. Carroll [C. L. Dodgson], Alice's Adventures In Wonderland (1965) pp. 90-91; Y. Aharonov, et al,. New J. Phys.15 (2013) 113018 
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Detanglement of particle & property !
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 Y. Aharonov, et al,. New J. Phys.15 (2013) 113018 

Pre-Selection:
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Entanglement - CHSH-Bell InequalityQuantum Cheshire Cat

 Y. Aharonov, et al,. New J. Phys.15 (2013) 113018 

Post-Selection:

Pre-Selection:
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Entanglement - CHSH-Bell InequalityQuantum Cheshire Cat

 Y. Aharonov, et al,. New J. Phys.15 (2013) 113018 

Post-Selection:

Pre-Selection:

Weak V alues

p22

h⇧̂IIiw = 1
h�̂s

z⇧̂IIiw = 0

h�̂s
z⇧̂Iiw = 1

h⇧̂Iiw = 0
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hÂiw :=
h f |Â| ii
h f | ii
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Entanglement - CHSH-Bell InequalityWeak Measurements

p22

National Medal of Science, awarded and presented by President Barak Obama @ the White House (1.Feb. 2013).

Quantum Cheshire Cats

Yakir Aharonov1,2, Sandu Popescu3,6, Daniel Rohrlich4,6

and Paul Skrzypczyk5

Abstract. In this paper we present a quantum Cheshire Cat. In a pre- and post-
selected experiment we find the Cat in one place, and its grin in another. The Cat
is a photon, while the grin is its circular polarization.

New Journal of Physics 15 (2013) 113015 (8pp)
Received 23 January 2013

Published 7 November 2013

Online at http://www.njp.org/

doi:10.1088/1367-2630/15/11/113015
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Quantum Cheshire Cat & Weak Measurements

� ⇠ 2Å
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Weak
Interaction
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path conditioned interaction Hamiltonian  
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V̂j = �iµj(r)⇧̂j
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Quantum Cheshire Cat & Weak Measurements

� ⇠ 2Å

Post-Selection:Pre-Selection:

Spin Rotators
Phase Shifter
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Guide Field

Polarizer

⇡/2 Spin-Turner

⇡/2 Spin-Turner

V̂j = �iµj(r)⇧̂j
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Quantum Cheshire Cat: Experimental Setup @ S18 - ILL
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Entanglement - CHSH-Bell InequalityExperimental Results:  Weak Path Measurement using Absorber  

arXiv:1312.3775 [quant-ph]
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Entanglement - CHSH-Bell Inequality

Experimental Team:          
Y. Hasegawa, & M. Ozawa J. Erhart, S. Sponar, Y. Hasegawa, G. Sulyok

Ozawa‘s Universally Valid Uncertainty Relation (UVUR)
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Entanglement - CHSH-Bell InequalityQuantum Cheshire Cat

T. Denkmayr, S. Sponar

H. Geppert,               A. Matzkin T. Denkmayr

H. LemmelY. Hasegawa
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Entanglement - CHSH-Bell InequalityWeak Measurements
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National Medal of Science, awarded and presented by President Barak Obama (2010).
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Entanglement - CHSH-Bell InequalityWeak Measurements
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hAi

|�fi

Â

Y. Aharonov, D. Albert, and L. Vaidman, Phys. Rev. Lett. 60, 1351 (1988).

measurement device
(probe system)

initial state of probe: 
(broad Gaussian)

system whose observable Â is to be measured 
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Entanglement - CHSH-Bell InequalityWeak Measurements: i) Pre-Selection
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Y. Aharonov, D. Albert, and L. Vaidman, Phys. Rev. Lett. 60, 1351 (1988).
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Pre-Selection:
measurement device
(probe system)

system whose observable Â is to be measured 
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strong overlapping Gaussians peaked at expectation value of 
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h i|A| ii

do many measurements !

Y. Aharonov, D. Albert, and L. Vaidman, Phys. Rev. Lett. 60, 1351 (1988).
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Weak Measurements: ii) Weak Interaction

system-device coupling

Ĥint = ��(t� t0)q̂Â

Interaction Hamiltonian
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A

x

a1 a2 a3 a4 a5

system-device coupling
Ĥint = ��(t� t0)q̂Â

strong overlapping Gaussians peaked at weak value of Â

strong measurement on other observable B on quantum system

h f |A| ii
h f | ii

Y. Aharonov, D. Albert, and L. Vaidman, Phys. Rev. Lett. 60, 1351 (1988).

|�ii

| ii

|�fi

| fi

Weak Measurements: iii) Post-Selection

| fi = |B = bi =
X

↵0|A = aniPost-Selection:
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A

x

a1 a2 a3 a4 a5

system-device coupling
Ĥint = ��(t� t0)q̂Â

strong measurement on other observable B on quantum system

| fi = |B = bi =
X

↵0|A = ani

h f |A| ii
h f | ii

|�fi =
X

↵↵0⇤
Z

dq eiqane�q2/(442)|qi

weak value hAiw =
h f |A| ii
h f | ii

|�fi '
Z

dp e�42(p�hAiw)2 |pi

Y. Aharonov, D. Albert, and L. Vaidman, Phys. Rev. Lett. 60, 1351 (1988).

|�ii

| ii

|�fi

| fi

Weak Measurements: iii) Post-Selection

weak value is a complex number hAiw 2 C
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Neutron Interferometry

Vnuc(⇥r) =
2�~2
m

bcN ⇤ = �⇥NbcD(�)

� ⇠ Å, v ⇠ 2000m/s, E ⇠ 20meV� ⇠ 2Å

IO = �(1 + cos⇥)

IH = B � � cos⇥

3

H. Rauch, W. Treimer, and U. Bonse, PLA. 47, 369 (1974).

ν

                  0                                 π                               2π

Phase Shifter, χ [rad]

Co
un

ts 
pe

r 3
0 

se
c.

H-Beam 

O-Beam 

= 0.88
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Vnuc(⇥r) =
2�~2
m

bcN ⇤ = �⇥NbcD(�)

two-level System: 
Bloch sphere representation 

|I�, |II�

⌘

3

H. Rauch, W. Treimer, and U. Bonse, PLA. 47, 369 (1974).

ν

                  0                                 π                               2π

Phase Shifter, χ [rad]

Co
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ts 
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H-Beam 

O-Beam 

= 0.88

The Neutron Interferometry - a Qubits-System 

|Ii, |IIi
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Vnuc(⇥r) =
2�~2
m

bcN ⇤ = �⇥NbcD(�)

two-level System: 
Bloch sphere representation 

|I�, |II�

⌘

3

H. Rauch, W. Treimer, and U. Bonse, PLA. 47, 369 (1974).

ν

                  0                                 π                               2π

Phase Shifter, χ [rad]

Co
un

ts 
pe

r 3
0 

se
c.

H-Beam 

O-Beam 

= 0.88

|Ii � i|IIi

|Ii+ i|IIi
|Ii+ |IIi

|Ii � |IIi

|IIi

|Ii

The Neutron Interferometry - a Qubits-System 

|Ii, |IIi
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⌘

maximally entangled Bell state : 

|�Bell⌅ =
1⇧
2

✓
|I⌅ � | ⇥⌅+ |II⌅ � | ⇤⌅

◆

spin
flipper

|I�

|II�

Y. Hasegawa et al., Nature 425,45 (2003).

3

Neutron Interferometry: Entanglement 

ν

                  0                                 π                               2π

Phase Shifter, χ [rad]

Co
un

ts 
pe

r 3
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se
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H-Beam 

O-Beam 

= 0.88
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Entanglement - CHSH-Bell InequalityMeasurement Theory

A

x

a1 a2 a3 a4 a5

Ĥint = �g(t)q̂Â

Â

q

measurement device
(probe system)

system whose observable Â is to be measured 

J. von Neumann, Mathematical Foundations of Quantum Mechanics, Univ. Press. Princetion, (1955).
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Entanglement - CHSH-Bell Inequality

A

x

a1 a2 a3 a4 a5

Â

initial state of probe 
(Gaussian) |�ini

q

system whose observable Â is to be measured 

pointer : pf � pi

|�ini =
Z

dq e�q2/(442)|qi

Measurement Theory

|�ii |�iiq

|�iip =

Z
dp e�42p2

|pi

canonical variable & conjugated momentum q̂, p̂

initial spread (width): �q = 4, �p = 1/(24)

J. von Neumann, Mathematical Foundations of Quantum Mechanics, Univ. Press. Princetion, (1955).

measurement device
(probe system)
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Entanglement - CHSH-Bell Inequality

A

x

a1 a2 a3 a4 a5

Â

q

system whose observable Â is to be measured 

pointer : pf � pi

canonical variable & conjugated momentum q̂, p̂

|�ini =
Z

dq e�q2/(442)|qi

initial spread (width): 
state of the system expanded
in eigenstates of

A =
X

ak|akihak|

Measurement Theory

|�iiq

| ii =
X

ak|aki

|�iip =

Z
dp e�42p2

|pi

�q = 4, �p = 1/(24)

J. von Neumann, Mathematical Foundations of Quantum Mechanics, Univ. Press. Princetion, (1955).

initial state of probe 
(Gaussian) |�ini|�ii

measurement device
(probe system)
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A

x

a1 a2 a3 a4 a5

creates entanglement between system and device

Â

initial state of probe 
(Gaussian) |�ini

        canonical variable 
& conjugated momentum
q̂, p̂

final state of composite system

system-device coupling

initial spread 4

state of the system expanded
in eigenstates of Â

A =
X

ak|akihak|

q

J. von Neumann, Mathematical Foundations of Quantum Mechanics, Univ. Press. Princetion, (1955).

Ĥint = ��(t� t0)q̂Â

pf � pipointer :

Measurement Theory

|�ii =
Z

e�q2/(442)|qi

|�ii

| ii =
X

ak|aki
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Entanglement - CHSH-Bell Inequality

time evolution of composite system

| fi|�fi = e�
R
Ĥintdt| ini|�ini

a1 a2 a3 a4 a5

superposition of Gaussians of width    centered at ak4

=
X

↵k

Z
dq e�(q�ak)

2/(442)|aki|qi

Measurement Theory

i | ii|�ii

J. von Neumann, Mathematical Foundations of Quantum Mechanics, Univ. Press. Princetion, (1955).
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Entanglement - CHSH-Bell Inequality

time evolution of composite system

| fi|�fi = e�
R
Ĥintdt| ini|�ini

a1 a2 a3 a4 a5

probability distribution of the pointer states

Prop(p) =
X

|↵k|2e�242(p�ak)
2

superposition of Gaussians of width    centered at ak4

=
X

↵k

Z
dq e�(q�ak)

2/(442)|aki|qi

Measurement Theory

i | ii|�ii

J. von Neumann, Mathematical Foundations of Quantum Mechanics, Univ. Press. Princetion, (1955).
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Entanglement - CHSH-Bell Inequality

time evolution of composite system

| fi|�fi = e�
R
Ĥintdt| ini|�ini

superposition of Gaussians of width    centered at ak4

a1 a2 a3 a4 a5

probability distribution of the pointer states

usual strong measurementlim4 ! 0

only possible results are eigenvalues 
probability of outcome        is   
if measurement yields      system left
in eigenstate  

Prop(p) =
X

|↵k|2e�242(p�ak)
2

ak

ak

|↵k|2ak

|A = aki

=
X

↵k

Z
dq e�(q�ak)

2/(442)|aki|qi

Measurement Theory

i | ii|�ii

J. von Neumann, Mathematical Foundations of Quantum Mechanics, Univ. Press. Princetion, (1955).
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Entanglement - CHSH-Bell InequalityWeak Measurements

A

x

a1 a2 a3 a4 a5

initial state of probe
is broad 

hAi

|�ini

| ini

|�fi

Â

x

Y. Aharonov, D. Albert, and L. Vaidman, Phys. Rev. Lett. 60, 1351 (1988).
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Weak Measurements

A

x

a1 a2 a3 a4 a5

system-device coupling

Ĥint = ��(t� t0)q̂Â

initial state of probe
is broad 

strong overlapping Gaussians peaked at expectation value of 

|�ini

| ini

|�fi

Â

h i|A| ii

do many measurements !

Y. Aharonov, D. Albert, and L. Vaidman, Phys. Rev. Lett. 60, 1351 (1988).

Â
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A

x

a1 a2 a3 a4 a5

Entanglement - CHSH-Bell Inequality

system-device coupling
Ĥint = ��(t� t0)q̂Â

strong overlapping Gaussians peaked not a expectation value of  

Weak Measurements including Post-Selection
strong measurement on other observable B on quantum system

| fi = |B = bi =
X

↵0|A = ani

???

|�fi = h f |e�i
R
Hintdt| ii|�ii

Y. Aharonov, D. Albert, and L. Vaidman, Phys. Rev. Lett. 60, 1351 (1988).
Â
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A

x

a1 a2 a3 a4 a5

Entanglement - CHSH-Bell Inequality

system-device coupling
Ĥint = ��(t� t0)q̂Â

Weak Measurements including Post-Selection
strong measurement on other observable B on quantum system

| fi = |B = bi =
X

↵0|A = ani

???

|�fi =
X

↵↵0⇤
Z

dq eiqane�q2/(442)|qi

Y. Aharonov, D. Albert, and L. Vaidman, Phys. Rev. Lett. 60, 1351 (1988).
strong overlapping Gaussians peaked not a expectation value of  Â
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A

x

a1 a2 a3 a4 a5

Entanglement - CHSH-Bell Inequality

system-device coupling
Ĥint = ��(t� t0)q̂Â

strong overlapping Gaussians peaked at weak value of Â

Weak Measurements including Post-Selection
strong measurement on other observable B on quantum system

| fi = |B = bi =
X

↵0|A = ani

h f |A| ii
h f | ii

|�fi =
X

↵↵0⇤
Z

dq eiqane�q2/(442)|qi

weak value hAiw =
h f |A| ii
h f | ii

|�fi '
Z

dp e�42(p�hAiw)2 |pi

Y. Aharonov, D. Albert, and L. Vaidman, Phys. Rev. Lett. 60, 1351 (1988).
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Entanglement - CHSH-Bell Inequality

Properties of the weak value: 

Weak Measurements including Post-Selection
strong measurement on other observable B on quantum system

| fi = |B = bi =
X

↵0|A = ani |�fi =
X

↵↵0⇤
Z

dq eiqane�q2/(442)|qi

weak value hAiw =
h f |A| ii
h f | ii

|�fi '
Z

dp e�42(p�hAiw)2 |pi

Y. Aharonov, D. Albert, and L. Vaidman, Phys. Rev. Lett. 60, 1351 (1988).

weak value is a complex number hAiw 2 C
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Entanglement - CHSH-Bell Inequality

Properties of the weak value: 

Weak Measurements including Post-Selection
strong measurement on other observable B on quantum system

| fi = |B = bi =
X

↵0|A = ani |�fi =
X

↵↵0⇤
Z

dq eiqane�q2/(442)|qi

weak value hAiw =
h f |A| ii
h f | ii

|�fi '
Z

dp e�42(p�hAiw)2 |pi

Y. Aharonov, D. Albert, and L. Vaidman, Phys. Rev. Lett. 60, 1351 (1988).

real part: shift of pointer value of observable (shift
of center of Gaussian in p-space)

<hAiw

weak value is a complex number hAiw 2 C
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Entanglement - CHSH-Bell Inequality

Properties of the weak value: 

Weak Measurements including Post-Selection
strong measurement on other observable B on quantum system

| fi = |B = bi =
X

↵0|A = ani |�fi =
X

↵↵0⇤
Z

dq eiqane�q2/(442)|qi

weak value is a complex number 

real part: shift of pointer value of observable (shift
of center of Gaussian in p-space)

imaginary part: information on back-action (shift of
center of Gaussian in q-space; q coupled via

weak value hAiw =
h f |A| ii
h f | ii

|�fi '
Z

dp e�42(p�hAiw)2 |pi

hAiw 2 C

<hAiw

=hAiw
Ĥint = ��(t� t0)q̂Â

Y. Aharonov, D. Albert, and L. Vaidman, Phys. Rev. Lett. 60, 1351 (1988).
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Entanglement - CHSH-Bell Inequality

Meaning of the weak measurements 

Weak Measurements including Post-Selection
strong measurement on other observable B on quantum system

| fi = |B = bi =
X

↵0|A = ani |�fi =
X

↵↵0⇤
Z

dq eiqane�q2/(442)|qi

describes the effect a quantum system has on a measuring  
device (probe system) when weakly interacting (no projection) 

weak value hAiw =
h f |A| ii
h f | ii

|�fi '
Z

dp e�42(p�hAiw)2 |pi

Y. Aharonov, D. Albert, and L. Vaidman, Phys. Rev. Lett. 60, 1351 (1988).
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Entanglement - CHSH-Bell Inequality

Meaning of the weak measurements 

Weak Measurements including Post-Selection
strong measurement on other observable B on quantum system

| fi = |B = bi =
X

↵0|A = ani |�fi =
X

↵↵0⇤
Z

dq eiqane�q2/(442)|qi

weak value hAiw =
h f |A| ii
h f | ii

|�fi '
Z

dp e�42(p�hAiw)2 |pi

value an observable A would have on average (during the 
evolution) for the given pre- and post-selected ensemble  

Y. Aharonov, D. Albert, and L. Vaidman, Phys. Rev. Lett. 60, 1351 (1988).
Y. Aharonov, P. G. Bergmann, and J. L. Lebowitz, Phys. Rev. 135B, 1410 (1964).

describes the effect a quantum system has on a measuring  
device (probe system) when weakly interacting 
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Entanglement - CHSH-Bell Inequality

Meaning of the weak measurements 

Weak Measurements including Post-Selection
strong measurement on other observable B on quantum system

| fi = |B = bi =
X

↵0|A = ani |�fi =
X

↵↵0⇤
Z

dq eiqane�q2/(442)|qi

weak value hAiw =
h f |A| ii
h f | ii

|�fi '
Z

dp e�42(p�hAiw)2 |pi

value an observable A would have on average (during the 
evolution) for the given pre- and post-selected ensemble  

Y. Aharonov, D. Albert, and L. Vaidman, Phys. Rev. Lett. 60, 1351 (1988).
Y. Aharonov, P. G. Bergmann, and J. L. Lebowitz, Phys. Rev. 135B, 1410 (1964).

time symmetric formulation of QM: pre- and post-selected 
state travel in both directions of time, interfering at measurement  

B. Reznik and Y. Aharonov, Phys. Rev. A 52, 2538 (1995).

describes the effect a quantum system has on a measuring  
device (probe system) when weakly interacting 
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Entanglement - CHSH-Bell Inequality

Meaning of the weak measurements 

Weak Measurements including Post-Selection
strong measurement on other observable B on quantum system

| fi = |B = bi =
X

↵0|A = ani |�fi =
X

↵↵0⇤
Z

dq eiqane�q2/(442)|qi

describes the effect a quantum system has on a measuring  
device (probe system) when weakly interacting (no projection) 

weak value hAiw =
h f |A| ii
h f | ii

|�fi '
Z

dp e�42(p�hAiw)2 |pi

Y. Aharonov, D. Albert, and L. Vaidman, Phys. Rev. Lett. 60, 1351 (1988).
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Entanglement - CHSH-Bell Inequality

Meaning of the weak measurements 

Weak Measurements including Post-Selection
strong measurement on other observable B on quantum system

| fi = |B = bi =
X

↵0|A = ani |�fi =
X

↵↵0⇤
Z

dq eiqane�q2/(442)|qi

weak value hAiw =
h f |A| ii
h f | ii

|�fi '
Z

dp e�42(p�hAiw)2 |pi

value an observable A would have on average (during the 
evolution) for the given pre- and post-selected ensemble  

Y. Aharonov, D. Albert, and L. Vaidman, Phys. Rev. Lett. 60, 1351 (1988).
Y. Aharonov, P. G. Bergmann, and J. L. Lebowitz, Phys. Rev. 135B, 1410 (1964).

describes the effect a quantum system has on a measuring  
device (probe system) when weakly interacting 
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Entanglement - CHSH-Bell Inequality

Meaning of the weak measurements 

Weak Measurements including Post-Selection
strong measurement on other observable B on quantum system

| fi = |B = bi =
X

↵0|A = ani |�fi =
X

↵↵0⇤
Z

dq eiqane�q2/(442)|qi

weak value hAiw =
h f |A| ii
h f | ii

|�fi '
Z

dp e�42(p�hAiw)2 |pi

value an observable A would have on average (during the 
evolution) for the given pre- and post-selected ensemble  

Y. Aharonov, D. Albert, and L. Vaidman, Phys. Rev. Lett. 60, 1351 (1988).
Y. Aharonov, P. G. Bergmann, and J. L. Lebowitz, Phys. Rev. 135B, 1410 (1964).

time symmetric formulation of QM: pre- and post-selected 
state travel in both directions of time, interfering at measurement  

B. Reznik and Y. Aharonov, Phys. Rev. A 52, 2538 (1995).

describes the effect a quantum system has on a measuring  
device (probe system) when weakly interacting 
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Entanglement - CHSH-Bell Inequality

Meaning of the weak measurements 

Weak Measurements including Post-Selection
strong measurement on other observable B on quantum system

| fi = |B = bi =
X

↵0|A = ani |�fi =
X

↵↵0⇤
Z

dq eiqane�q2/(442)|qi

weak value hAiw =
h f |A| ii
h f | ii

|�fi '
Z

dp e�42(p�hAiw)2 |pi

value an observable A would have on average (during the 
evolution) for the given pre- and post-selected ensemble  

Y. Aharonov, D. Albert, and L. Vaidman, Phys. Rev. Lett. 60, 1351 (1988).
Y. Aharonov, P. G. Bergmann, and J. L. Lebowitz, Phys. Rev. 135B, 1410 (1964).

time symmetric formulation of QM: pre- and post-selected 
state travel in both directions of time, interfering at measurement  

B. Reznik and Y. Aharonov, Phys. Rev. A 52, 2538 (1995).

Outside standard Quantum Mechanics !!!

effect on a measuring  device
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Entanglement - CHSH-Bell InequalityExample:  Weak Measurements of Spin

| ii = | *
x

i
| *

x

i = 1p
2

⇣
| *

z

i+ | +
z

i
⌘

| fi = | *zi
a = �

⇠

=
1p
2
(�

x

+ �
z

)

final state 

observable  A x

z
⇠

initial state                        (pre-selection)                         
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Entanglement - CHSH-Bell InequalityExample:  Weak Measurements of Spin

initial state                        (pre-selection)                         | ii = | *
x

i
| fi = | *zi
a = �

⇠

=
1p
2
(�

x

+ �
z

)

final state 

observable  A 

| *
x

i = 1p
2

⇣
| *

z

i+ | +
z

i
⌘

x

z
⇠

weak value expectation valueh�⇠iw =
h f |�⇠| ii
h f | ii

=
p
2 h�⇠i =

1p
2
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Entanglement - CHSH-Bell InequalityExample:  Weak Measurements of Spin

initial state                        (pre-selection)                         | ii = | *
x

i
| fi = | *zi
a = �

⇠

=
1p
2
(�

x

+ �
z

)

final state 

observable  A 

| *
x

i = 1p
2

⇣
| *

z

i+ | +
z

i
⌘

x

z
⇠

Ĥint = ��(t� t0)q̂Â
|�ini =

Z
dq e�q2/(442)|qi

| *
x

i = 1

2

⇣
cos

⇡

4

| *
⇠

i+ sin

⇡

4

| +
⇠

i
⌘

weak value expectation valueh�⇠iw =
h f |�⇠| ii
h f | ii

=
p
2 h�⇠i =

1p
2
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| fi|�fi =
Z

dq
⇣
cos

⇡

4

| *⇠ie�(q�1)2/(442)
+ sin

⇡

4

| +⇠ie�(q�1)2/(442)
⌘
|qi

Entanglement - CHSH-Bell InequalityExample:  Weak Measurements of Spin

| ii = | *
x

i

Ĥint = ��(t� t0)q̂Â
|�ini =

Z
dq e�q2/(442)|qi

| fi = | *zi
a = �

⇠

=
1p
2
(�

x

+ �
z

)

final state 

weak value expectation valueh�⇠iw =
h f |�⇠| ii
h f | ii

=
p
2 h�⇠i =

1p
2

final state

Prob(q) =

⇣
cos

2 ⇡

4

e

�(q�1)2/(242)
+ sin

2 ⇡

4

e

�(q�1)2/(242)
⌘

observable  A 

| *
x

i = 1

2

⇣
cos

⇡

4

| *
⇠

i+ sin

⇡

4

| +
⇠

i
⌘

| *
x

i = 1p
2

⇣
| *

z

i+ | +
z

i
⌘

x

z
⇠

initial state                        (pre-selection)                         
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| fi|�fi =
Z

dq
⇣
cos

⇡

4

| *⇠ie�(q�1)2/(442)
+ sin

⇡

4

| +⇠ie�(q�1)2/(442)
⌘
|qi

Entanglement - CHSH-Bell InequalityExample:  Weak Measurements of Spin

Prob(q) =

⇣
cos

2 ⇡

4

e

�(q�1)2/(242)
+ sin

2 ⇡

4

e

�(q�1)2/(242)
⌘

for             strong measurement, peaks at eigenvalues
for             without post-selection, peaks at expectation value

4 ⌧ 1
4 � 1
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| fi|�fi =
Z

dq
⇣
cos

⇡

4

| *⇠ie�(q�1)2/(442)
+ sin

⇡

4

| +⇠ie�(q�1)2/(442)
⌘
|qi

Entanglement - CHSH-Bell InequalityExample:  Weak Measurements of Spin

post-selection on final state

Prob(q) =

⇣
cos

2 ⇡

4

e

�(q�1)2/(242)
+ sin

2 ⇡

4

e

�(q�1)2/(242)
⌘

for             strong measurement, peaks at eigenvalues
for             without post-selection, peaks at expectation value

4 ⌧ 1
4 � 1

| *zi =
1

2

⇣
sin

⇡

4

| *⇠i � cos

⇡

4

| +⇠i
⌘

for             strong measurement, peaks at eigenvalues
for             with post-selection, peaks at weak value

4 ⌧ 1
4 � 1

|�fi =
Z

dq
⇣
cos

⇡

4

e�(q�1)2/(442) � sin

⇡

4

e�(q�1)2/(442)
⌘
|qi

Prob(q) =

⇣
cos

⇡

4

e

�(q�1)2/(442) � sin

⇡

4

e

�(q�1)2/(442)
⌘2

| fi =
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Entanglement - CHSH-Bell Inequality

without post-selection with post-selection

weak value h�⇠iw =
p
2

expectation value h�⇠i = 1/
p
2

Example:  Weak Measurements of Spin

h�⇠i h�⇠iw
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Experimental Setup: Spin a Two-Level System 

Polarizer Spin Turner 1

Guide Field
Phase Shifter

AbsorberSpin 
Rotators

Spin Turner 2

H-Detector

Analyzer

O-Detector

» Sz ;+>

» Sz ;->

» Sy ;+>
» Sy ;->

» Sx ;+>

» Sx ;->q

f
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Experimental Setup: Spin a Two-Level System 

Polarizer Spin Turner 1

Guide Field
Phase Shifter

AbsorberSpin 
Rotators

Spin Turner 2

H-Detector

Analyzer

O-Detector

» Sz ;+>

» Sz ;->

» Sy ;+>
» Sy ;->

» Sx ;+>

» Sx ;->q

f

•            denotes the spin state in ± z-direction

•            forms a basis, so that 

• ɸ is the azimuth angle on the Bloch Sphere, Θ is the polar angle

•          denotes the Pauli matrix for the spin
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Polarizer Spin Turner 1

Guide Field
Phase Shifter

AbsorberSpin 
Rotators

Spin Turner 2

H-Detector

Analyzer

O-Detector

Experimental Setup: Path another Two-Level System 

»I>

»II>

»Py ;+>
»Py ;->

»Px ;+>

»Px ;->
c
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Polarizer Spin Turner 1

Guide Field
Phase Shifter

AbsorberSpin 
Rotators

Spin Turner 2

H-Detector

Analyzer

O-Detector

Experimental Setup: Path another Two-Level System 

• The interferometer is a two level system!

• Its basis is given by the two path states       and

•The phase shifter "  scans the xy-plane of the Bloch Sphere

•         denotes the Pauli matrix for the path

»I>

»II>

»Py ;+>
»Py ;->

»Px ;+>

»Px ;->
c
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Entanglement - CHSH-Bell InequalityProposed Setup by AAV (for massive Particles)

ξ̂

PRE-SELECTION
WEAK INTERACTION 

POST-SELECTION

ϕ

spin-path entanglement

Yakir Aharonov, Phys. Rev. Lett. 60, 1351 (1988).
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Entanglement - CHSH-Bell InequalityNeutron optical scheme @ S18 (ILL)

Sponar, Denkmayr, Geppert, Lemmel, Matzkin, Hasegawa submitted to Phys. Rev. Lett. 

Black Box

measure       weakly�̂z

Black Box

measure       weakly�̂z
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Entanglement - CHSH-Bell InequalityNeutron optical scheme @ S18 (ILL)

Sponar, Denkmayr, Geppert, Lemmel, Matzkin, Hasegawa submitted to Phys. Rev. Lett. 

probe system states not Gaussians !
two-level system: path I and II 
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Entanglement - CHSH-Bell InequalityNeutron optical scheme @ S18 (ILL)

interaction Hamiltonian
Ĥint = �~µ ~B(⇧̂I � ⇧̂II) ⌘

↵�̂s
z�̂

p
z

2

Sponar, Denkmayr, Geppert, Lemmel, Matzkin, Hasegawa submitted to Phys. Rev. Lett. 

probe system states not Gaussians !
two-level system: path I and II 
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Entanglement - CHSH-Bell InequalityNeutron optical scheme @ S18 (ILL)

Ĥint = �~µ ~B(⇧̂I � ⇧̂II) ⌘
↵�̂s

z�̂
p
z

2

real part of weak from count rates

Sponar, Denkmayr, Geppert, Lemmel, Matzkin, Hasegawa submitted to Phys. Rev. Lett. 

<h�̂s
ziw =

1

↵
arcsin

✓
I+y � I�y
I+y + I�y

◆
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Entanglement - CHSH-Bell InequalityResults

Sponar, Denkmayr, Geppert, Lemmel, Matzkin, Hasegawa submitted to Phys. Rev. Lett. 

|ψf〉 = cos
θ

2
|Sz; +〉+ sin

θ

2
|Sz;−〉finial state:

θZ

-Z

X

-X

|ψf〉 = cos
θ

2
|Sz; +〉+ sin

θ

2
|Sz;−〉finial state:

10

20

30

40

- - /2 0 /2

In
te

ns
ity

 [c
ps

]

Phase Shift,  [rad]

IN
OUT

  0

✓ =
5⇡

6

| fi = cos

✓

2

| *zi+ sin

✓

2

| *zi

I�y

I+y
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Entanglement - CHSH-Bell InequalityResults

Sponar, Denkmayr, Geppert, Lemmel, Matzkin, Hasegawa submitted to Phys. Rev. Lett. 

|ψf〉 = cos
θ

2
|Sz; +〉+ sin

θ

2
|Sz;−〉finial state:

θZ

-Z

X

-X

|ψf〉 = cos
θ

2
|Sz; +〉+ sin

θ

2
|Sz;−〉finial state: | fi = cos

✓

2

| *zi+ sin

✓

2

| *zi

-4
-2
 0
 2
 4
 6

[a
.u

.]

DATA
ANALYTIC

-6 - - /2 0 /2
Polar angle  [rad]

!
〈σ̂

s z
〉 w

✓
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Part I: Violation Error-Disturbance Uncertainty Relation
Data Treatment 
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If the      are mutually orthogonal projection operators sum and norm can be exchanged

M. Ozawa, Ann. Phys. 311, 350 (2004).

O�

Error:

�(A)2 = ||(OA �A)|⇥⇥||2 output operator:

= ||
X

�

O�(��A)|⇥||2

both experimentally inaccessible (operator different times)  !!! 

OA =
X

�

�O�

�(A)2

Error and Disturbance for Projection Operators

�(B)2 =
X

�

||[O�, B]|⇥�||2Disturbance:

M =
X

�

�|�⇥��| meter observable M has basis |λ⟩ :

measurement operators: O� = ��|U |⇥⇥ acting on obj.-space          (U on                  )Hobj Hobj �Happ

||...|| = ||X|�⇥|| = ��|X†X|�⇥ 1
2

p8



I++ = ��|O†
+B+O+|�⇥

I+� = ��|O†
+B�O+|�⇥

I�+ = ��|O†
�B+O�|�⇥

I�� = ��|O†
�B�O�|�⇥

Measurement Scheme

/

/

/

/

J. Erhart, S. Sponar, G. Sulyok, G. Badurek, M. Ozawa, Y. Hasegawa, Nature Phys. 8, 185 (2012).

Intensities:OA =
λ=+ , −

λ Oλ = O+ − O−

O+ = |+ oa + oa |

B + = |+ b + b

B − = |− b b

B =
λ=+ , −

λ B λ = B + − B −

|ψ

OA − Measurement B − Measurement

B + = |+ b + b

B − = |− b b

O− = |− oa oa |

|

|

|

|

|

|

I + +

I + −

I − +

I − −
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disturbance 

error 

�(B)

�(A)
output operator(I++ + I+�)� (I�+ + I��)

I++ + I�+ + I+� + I��
= ⇥�|OA|�⇤

(I++ + I�+)� (I+� + I��)

I++ + I�+ + I+� + I��
= ⇥�|

XBz }| {X

�=+,�
O†

�BO� |�⇤ = ⇥�|XB |�⇤

modified output operator:

Measurement Scheme

J. Erhart, S. Sponar, G. Sulyok, G. Badurek, M. Ozawa, Y. Hasegawa, Nature Phys. 8, 185 (2012).

I++ = ��|O†
+B+O+|�⇥

I+� = ��|O†
+B�O+|�⇥

I�+ = ��|O†
�B+O�|�⇥

I�� = ��|O†
�B�O�|�⇥

/

/

/

/

Intensities:OA =
λ=+ , −

λ Oλ = O+ − O−

O+ = |+ oa + oa |

B + = |+ b + b

B − = |− b b

B =
λ=+ , −

λ B λ = B + − B −

|ψ

OA − Measurement B − Measurement

B + = |+ b + b

B − = |− b b

O− = |− oa oa |

|

|

|

|

|

|

I + +

I + −

I − +

I − −
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standard deviations (measured separately):

�(�̂j)
2 = ⇥⇥|�̂2

j |⇥⇤| {z }
1

�⇥⇥|�̂j |⇥⇤2 = 1� (⇥⇥|�̂j+|⇥⇤ � ⇥⇥|�̂j�|⇥⇤)2 = 1�
✓
I+ � I�
I+ + I�

◆2

�(A)⇥(B) + �(A)⇤(B) + ⇤(A)⇥(B) � 1

2
|⇥⌅|[A,B]|⌅⇤

A = �
x

, B = �
y

, and |⇥� = |+ z�
�(�̂

x

)2 = ⇥+z|�̂2
x

|+ z⇤| {z }
1

�⇥+z|�̂
x

|+ z⇤2 = 1 = �(�̂
y

)2

Standard Deviations  for Spin-1/2 Measurements

J. Erhart, S. Sponar, G. Sulyok, G. Badurek, M. Ozawa, Y. Hasegawa, Nature Phys. 8, 185 (2012).
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  Combined Outcomes of M1 and M2 

 N
or

m
al

iz
ed

 In
te

ns
ity

 [a
.u

.]

(++) (+-) (-+) (--) (++)(+-) (-+) (--) (++)(+-) (-+) (--) (++)(+-) (-+) (--)

1

0

0.5

0.75

0.25

>>−   z+ >− y+>− x+>−   z-

φ = 0°= 0°

(++) (+-) (-+) (--) (++)(+-) (-+) (--) (++)(+-) (-+) (--) (++)(+-) (-+) (--)

1

0

0.5

0.75

0.25

φ = 40°= 40°

>−   z+ >− y+>− x+>−   z-

(++) (+-) (-+) (--) (++)(+-) (-+) (--) (++)(+-) (-+) (--) (++)(+-) (-+) (--)

>−   z+ >− y+>− x+>−   z-

φ = 90°= 90°

1

0

0.5

0.75

0.25

B = �y

A = �
x

OA = �� = �x sin⇥+ �y cos⇥

(I++ + I�+)� (I+� + I��)

I++ + I�+ + I+� + I��
= ⇥�i|XB |�i⇤

(I++ + I+�)� (I�+ + I��)

I++ + I�+ + I+� + I��
= ⇥�i|OA|�i⇤

|�i⇥ = |+ z⇥, |� z⇥, |x⇥, |y⇥

�(A)2 = 2 + ⇥+z|⇥�|+z⇤+ ⇥�z|⇥�|�z⇤ � ⇥x|⇥�|x⇤
�(B)2 = 2 + ⇥+z|XB |+ z⇤+ ⇥�z|XB |� z⇤ � ⇥y|XB |y⇤

|+ z�

|� z⇥

|x� |y�

OA

�

Experimental Data



standard deviations:

�(�̂j)
2 = ⇥⇥|�̂2

j |⇥⇤| {z }
1

�⇥⇥|�̂j |⇥⇤2 = 1� (⇥⇥|�̂j+|⇥⇤ � ⇥⇥|�̂j�|⇥⇤)2 = 1�
✓
I+ � I�
I+ + I�

◆2

limit:

�(A)⇥(B) + �(A)⇤(B) + ⇤(A)⇥(B) � 1

2
|⇥⌅|[A,B]|⌅⇤

A = �
x

, B = �
y

, and |⇥� = |+ z�
�(�̂

x

)2 = ⇥+z|�̂2
x

|+ z⇤| {z }
1

�⇥+z|�̂
x

|+ z⇤2 = 1 = �(�̂
y

)2

Standard Deviations  for Spin-1/2 Measurements

J. Erhart, S. Sponar, G. Sulyok, G. Badurek, M. Ozawa, Y. Hasegawa, Nature Phys. 8, 185 (2012).

1

2
|��|[A,B]|�⇥| = 1
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error, disturbance: trade - off not for all values of
Heisenberg‘s EDUR also above limit 

�OA

G. Sulyok, S. Sponar, J. Erhart, G. Badurek, M. Ozawa, Y. Hasegawa, in preparation

Detuning  Angle         [rad]

U
nc
er
ta
in
ty



A   B(      ) (      )
A   B(      ) (      )
A   B(      ) (      )

lower  bound
EDUR

A   B(      ) (      )    
A   B(      ) (      )
A   B(      ) (      )+    

+    

UVUR



Experimental Results ⇥ 2 [0, 2�]

27 18
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Part I: Violation Error-Disturbance Uncertainty Relation
Further Experimental Results



OA � V ariation : ⇤OA 2 [0, 2⇥], and �OA 2 [0,⇥]

�(A) =

p
2 � 2 cos⇤OA sin ⇥OA

�(B) =
q

2 � 2 sin2 ⇤OA sin2 ⇥OA

�(A) = 1, �(B) = 1

OA : �OA

OA : �OA

polar angle

azimuthal angle



19

G. Sulyok, S. Sponar, J. Erhart, G. Badurek, M. Ozawa, Y. Hasegawa, in preparation



Error:

Disturbance:

OA � V ariation : ⇤OA 2 [0, 2⇥], and �OA 2 [0,⇥]

✏(A)

⌘(B) 

19

G. Sulyok, S. Sponar, J. Erhart, G. Badurek, M. Ozawa, Y. Hasegawa, in preparation



Heisenbergs EDUR:

Ozawa‘s UVUR:

OA � V ariation : ⇤OA 2 [0, 2⇥], and �OA 2 [0,⇥]

�(A)⇥(B) + �(A)⇤(B) + ⇤(A)⇥(B)

�(A)⇥(B)



19

G. Sulyok, S. Sponar, J. Erhart, G. Badurek, M. Ozawa, Y. Hasegawa, in preparation



Entanglement - CHSH-Bell InequalityExperimental Results ⇤OA 2 [0, 2⇥], and �OA 2 [0,⇥]

, limit remains unchanged �(A) & ⇥(B) 6= 0 8⇤OA unless �OA = ⇥/2

Detuning  Angle         [rad]Detuning  Angle         [rad]


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ty

U
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ty


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A   B(      ) (      )
A   B(      ) (      )
A   B(      ) (      )

lower  bound
EDUR

A   B(      ) (      )    
A   B(      ) (      )
A   B(      ) (      )+    

+    

UVUR

19

G. Sulyok, S. Sponar, J. Erhart, G. Badurek, M. Ozawa, Y. Hasegawa, in preparation



Entanglement - CHSH-Bell InequalityExperimental Results ⇤OA 2 [0, 2⇥], and �OA 2 [0,⇥]

Theoretical Error:                                          Measured Error:

Theoretical Disturbance:                                Measured Disturbance:                                

z                                                z

x

y

y

x

z                                                  z

x

y

y

x

19

G. Sulyok, S. Sponar, J. Erhart, G. Badurek, M. Ozawa, Y. Hasegawa, in preparation



Heisenbergs EDUR :

Ozawa‘s UVUR :

OA � V ariation : ⇤OA 2 [0, 2⇥], and �OA 2 [0,⇥]

�(A)⇥(B)

�(A)⇥(B) + �(A)⇤(B) + ⇤(A)⇥(B)

z                                              z

x

y

y

x

z                                              z

x

y

y
x

Theory:

Theory:

Measurement:

Measurement:

19

G. Sulyok, S. Sponar, J. Erhart, G. Badurek, M. Ozawa, Y. Hasegawa, in preparation



Entanglement - CHSH-Bell InequalityB � V ariation : Experimental Results ⇥B 2 [0, 2�]

�(A) = 1, �(B) = 1

�(A) = 2 sin
⇥OA

2
�(B) =

⇥
2| sin(⇥OA � ⇥B)|

1

2
�⇥|[A,B]|⇥⇥ = | sin�B|

>−ψ
   z 

   y 

B A 

x

φB 

O A

20

G. Sulyok, S. Sponar, J. Erhart, G. Badurek, M. Ozawa, Y. Hasegawa, in preparation



Entanglement - CHSH-Bell Inequality

disturbance shifted, asymmetry occurs & sum approches limit 

B � V ariation : Experimental Results ⇥B 2 [0, 2�]

Detuning  Angle         [rad]Detuning  Angle         [rad]
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lower  bound
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20

G. Sulyok, S. Sponar, J. Erhart, G. Badurek, M. Ozawa, Y. Hasegawa, in preparation



V ariation of Initial State |⌅⇥ : Results ⇤ � [0, 2⇥], and � � [0,⇥]

�(A) = 2 sin
⇥OA

2
�(B)

�
2| cos⇥OA|

⇥(A) =

q
1 � cos

2 ⇤ sin

2 � 

⇥(B) =
q

1 � sin2 ⇤ sin2 � 

1

2

�⇥|[A,B]|⇥⇥ = | cos � |

state-independent}



21

G. Sulyok, S. Sponar, J. Erhart, G. Badurek, M. Ozawa, Y. Hasegawa, in preparation



Entanglement - CHSH-Bell InequalityV ariation of Initial State |⌅⇥ : Results ⇤ � [0, 2⇥], and � � [0,⇥]

limit, standard deviations and UVUR change
error  & disturbance state independent, EDUR unchanged
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lower  bound
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G. Sulyok, S. Sponar, J. Erhart, G. Badurek, M. Ozawa, Y. Hasegawa, in preparation



(I++ + I�+)� (I+� + I��)

I++ + I�+ + I+� + I��
= ⇥�i|XB |�i⇤

(I++ + I+�)� (I�+ + I��)

I++ + I�+ + I+� + I��
= ⇥�i|OA|�i⇤

Experimental Data 5 input states



A|�⇤ ⇥= B|�⇤ ⇥= |� z⇤

    Combined  Outcomes  of  M1  and  M2  
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G. Sulyok, S. Sponar, J. Erhart, G. Badurek, M. Ozawa, Y. Hasegawa, in preparation



Entanglement - CHSH-Bell InequalityB � V ariation : Experimental Results �B 2 [0,⇥]

�(A) = 2 sin
⇥OA

2
�(B) =

⇥
2| sin(⇥OA � ⇥B)|

⇥(A) = 1, ⇥(B) = sin �B
1

2
�⇥|[A,B]|⇥⇥ = sin �B



G. Sulyok, S. Sponar, J. Erhart, G. Badurek, M. Ozawa, Y. Hasegawa, in preparations



Entanglement - CHSH-Bell InequalityB � V ariation : Experimental Results �B 2 [0,⇥]

�(A) 6= 0 8⇥OA�(B) 6= 0 8⇥OA


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V ariation of Initial State |⌅⇥ : Results ⇤ � [0, 2⇥], and � � [0,⇥]

limit, standard deviations and UVUR change
error & disturbance state independent, EDUR unchanged
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disturbance shifted, asymmetry occurs & sum touches limit 

B � V ariation : Experimental Results ⇥B 2 [0, 2�]
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Entanglement - CHSH-Bell InequalitySteinberg Experiment - Weak Values of Single-Photon Polarization 

A. M. Steinberg et al., Phys.Rev.Lett. 109, 100404 (2012). University of Toronto
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X
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X

�B
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Thank you for your attention
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28. - 29. 11. 2012                                      Experiment Meets Theory           

ongoing Discussion on Atom Interferometry (AI) Experiments
re-interpretation of atom interferometry experiments:
as measurement of the gravitational redshift on the quantum clock operating at the 
Compton frequency:                                                     (m is (Cs) atom rest mass)⇥C = mc2/~ ⇠ 2� ⇥ 3.0⇥ 1025

accuracy using clocks:                                       accuracy AI:    

for metric theories of gravity (e.g. GR) 

H. Müller, A. Peters, and S. Chu, Nature 463, 926–929 (2010),
C. Cohen-Tannoudji et.at., Class. Quantum Grav. 28, 145017 (2011)

OR

proper time

                                                                                                                               p.    /6312.12. 2013                                                                                                           p.     / 28



4�grav = �ACD � �ABD

E0 =
~2k2
2mI

+mg g z

g gravitational acceleration

mI inertial mass

A

A                                                C

B                                                 D

0

4�grav = �2⇥�
mImg

~2 gA0

mg gravitational mass

28. - 29. 11. 2012                                      Experiment Meets Theory           

Gravity Quantum Phase & Equivalence Principle (EP)

effect of gravitational field on quantum particles ?

Hamiltonian:  

induced phase:

                                                                                                                               p.    /6312.12. 2013                                                                                                           p.     / 28



qbend ! X-ray measurements

4�COW = �2⇥�
mImg

~2 gA0 sin⇤

4�COW = (�qgrav � qbend) sin�+ qSagnac cos�

qSagnac = 2⇥mI⇤EarthA0/~ cos �L
✓L colatitude angle

28. - 29. 11. 2012                                      Experiment Meets Theory           

Neutrons: Colella Overhauser Werner (COW) Experiment 1975

Collela R, Overhauser A W and Werner S A, Phys. Rev. Lett. 34, 1472 (1975)

additional terms:

deviation ∼ 4% (1% repeated)

A0 = d(d+ a cos �) tan �

mI = mg

4�COW = �qgrav sin�

                                                                                                                               p.    /6312.12. 2013                                                                                                           p.     / 28



4�grav = �2⇥�
mImg

~2 gA(�) sin⇤

A(�) : separation � 0.5mm, L = 1m

mean wavelength : 100 Å

low countrate : 0.6 s�1

28. - 29. 11. 2012                                      Experiment Meets Theory           

COW  Experiment using Very-Cold Neutrons  

interferometer based solely on gratings 

deviation: 1% 
mI = mg

                                                                                                                               p.    /6312.12. 2013                                                                                                           p.     / 28

van der Zouw et. al., Nuclear Instruments and Methods in Physics Research A 440, 568 (2000)
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